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ON MATRICES WHOSE ELEMENTS ARE INTEGERS. 
By OswaLD VEBLEN AND PuHiLip FRANKLIN. 


Introduction. 


1. The purpose of this article is strictly expository. The aim is to 
set forth some of the theorems on matrices whose elements are integers. 
These theorems have applications in Analysis Situs* and the systematic 
treatment of them directly in terms of integers here given will no doubt 
be useful to students of that subject. While the closely allied algebraic 
theory is to be found in Bécher’s Introduction to Higher Algebra, and the 
matter here given is to some extent discussed in Muth’s Elementartheiler 
and in Scott and Mathews’ Determinants, there is no readily accessible 
treatment of the subject from the point of view here adopted. 

2. The object of our study will be a matrix of a rows and @ columns: 


| €,) €;2 
€5) 5” 


(1) E = |e? || =| - 


The elements of E are integers. The term “ integer” here includes 
negative integers and zero; but we shall assume that at least one element 
is different from zero. 

Our definition of the product of two matrices || ¢,/ || and || / || is: 


(2) ll p? I] = lle? | - ao? I, 
where 


; bah ‘ 
(3) Pp? = Duet m’. 


The number of rows of the second matrix must be equal to the number of 
columns of the first; and the product has as many rows as the first matrix 
and as many columns as the second. If the matrices are square, the 
product will be square, and the determinant of the product will be equal 
to the product of the determinants of the factors. 

The inverse of a square matrix A, of determinant unity, will be the 
matrix A such that: 

A1.A=A-Ao =I, 
* Cf. O. Veblen, Cambridge Colloquium Lectures on Analysis Situs. 
1 
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where J denotes the identity matrix || 6, || , a square matrix with all the 
elements in the main diagonal + 1 and all the remaining elements zeros. 
The element a,’ of A~! will evidently be the cofactor of a;' in the deter- 
minant of A. A is restricted to be of determinant unity to insure the 
elements of the inverse matrix being integers. 


Elementary Transformations. 


3. Let us consider two types of transformations of EF: 

(a) To replace each element of the rth row (e,’) by the element (e€,? + qe,’) 
where q is either +1 or —1 ands +r. This operation is described as 
adding the sth row to the rth row or subtracting the sth row from the 
rth row. 

(b) To add a column to or subtract it from another column. 

The operation (a) is equivalent to multiplying H# on the left by a 
square matrix of a rows Ay = || a, || in which all the elements are zeros 
except those of the main diagonal which are + 1, and a,* whichis gq. For 
the expressions given by (3) for the elements of the product, i.e., 


(4) pi = Da," e,7 


reduce to the single term e;/ except when 7 = r; in which case they give 
the two terms: . . 

er? + qe,’. 
That is, the operation (a) transforms EF into Ay-E. 

In like manner, the operation (b) corresponds to multiplying Z on the 
right by a square matrix of 8 rows By = || 6, || in which all the elements 
are zeros except those of the main diagonal which are 1 and b,” which is q. 

If the operation (a) be repeated n times, where n is a positive integer, 
the effect is an operation identical with (a) except that qg is replaced by 
the integer n or — n. Correspondingly, the effect of multiplying the 
matrix Ao by itself repeatedly is to change the element a,* to + n. 

The inverse of Ao if a,* = +1 is the same matrix except that the 
sign of a,* is changed. Hence the inverse of an operation of type (a) 
is an operation of the same type. The determinant of Ay is + 1. 

Similar statements hold with regard to the operation (b) and the 
matrix Bo. 

4. The operation of interchanging two rows of a matrix and changing the 
signs of all the elements of one of them can be expressed as a sequence of 
operations of type (a). For if we add the rth row to the sth, then subtract 
the sth row of the resulting matrix from the rth, and finally add the rth 
row to the sth, the elements of the rth and sth rows (and the gth column) 
will be, successively: 


(€r%, €%) ; (€r%, er? + 6%); (— e%, e-? + 6°); (— «*, a); 
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and the resulting matrix will thus be that obtained by changing the signs 
of the elements of the sth row and then interchanging the rth and sth rows. 

In like manner, the operation of interchanging two columns and changing 
the signs of the elements of one of them is expressible as a sequence of opera- 
tions of type (b). 

5. In place of our two fundamental operations (a) and (b) we might 
have restricted ourselves to the operations: 

(a’) To add a row to, or subtract it from, an adjacent row. 

(b’) To add a column to, or subtract it from, an adjacent column. 

We reduce the operation (a) to a sequence of operations (a’) in the 
following manner. For definiteness, let us speak of the sth row as follow- 
ing the rth; in the reverse case ‘‘ following ”’ is to be replaced by “ pre- 
ceding ”’ in the argument. Add each row from the rth to the (s — 1)th 
inclusive to the next following row, beginning with the (s — 1)th. Then, 
in the resulting matrix subtract each row from the (r + 1)th to the 
(s — 1)th inclusive from the following row, beginning at the (r + 1)th. 
Next add each row from the (r + 1)th to the (s — 2)th inclusive to the 
following, beginning at the (s — 2)th. Finally subtract each row from 
the rth to the (s — 2)th from the following row, beginning at the rth. 

If the reader will write out the expressions for the elements of the 
matrix in a single column, and the rows affected (from the rth to the sth), 
he will find that the resulting matrix only differs from our original matrix 
in having its rth row added to its sth (or subtracted from it). To perform 
the inverse operation we need only repeat the process, subtracting the 
rth row from the (r + 1)th in the second step, and adding it to the 
(r + 1)th in the last step; the other operations remaining as before. 

As a similar argument holds for steps (b) and (b’), if we replace rows by 
columns, we conclude that the transformations built up from steps (a) and 
(b) are no more general than those built up from steps (a’) and (’). 


Determinant Factors. 


6. Consider the set of y-rowed (0 < y =a, y = 8) determinants 
which can be formed from E by omitting a — vy of the rows and 8 — vy 
of the columns in all possible ways. The highest common factor (H. C. 
F.) of such a set of determinants, if the determinants are not all zero, is 
denoted by D, and is called the yth determinant factor* of E. 

The determinant factors are unchanged when the matrix is operated on 
by transformations of type (a) or (b). For, consider the effect of an opera- 
tion of type (a) which consists in adding the rth row to (or subtracting it 
from) the sth, on the y-rowed determinants in question. All such de- 
* Cf. Scott and Mathews’ Determinants, p. 76. 
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terminants which do not contain elements from the sth row are obviously 
unaffected, while those that contain elements from both the rth row and 
the sth are not affected because of an elementary theorem on determinants. 
The remaining y-rowed determinants, as A,, which contain elements from 
the sth row and not from the rth, are converted into determinants of the 
form A, + A,’ where A,’ is the y-rowed determinant obtained from A, 
by replacing the elements from the sth row by elements from the same 
columns of the matrix and from the rth row. 

The proof for operations of type (b) is similar. 

7. The following theorem has an application in Analysis Situs: Jf a 
matrix E is such that each column either consists entirely of zeros or contains 
just two elements different from 0, one + 1 and the other — 1, all the de- 
terminant factors of the matrix are + 1 or — 1. 

The theorem follows immediately from the definition of a determinant 
factor, if we observe that any y-rowed determinant formed by striking 
out (a — y) rows and (8 — vy) columns of the given matrix has either 
two, none or one element in each column different from zero. If no 
column is of the third type the determinant is zero, since the sum of all 
the elements in each column is zero. If there is a column of the third 
type we evaluate the determinant with reference to such a column and 
then evaluate the minor with reference to a column with a single non-zero 
element in the minor, and so on. In this way we either arrive finally at 
+ 1 for the value of the determinant, or else come to a minor with two 
or no non-zero elements in each column, in which case the determinant 


is zero. 
Reduction to Normal Form. 


8. Let us now consider a series of reductions of the matrix E which 
ean be effected by transformations of types (a) and (6). If the first 
column consists entirely of zeros, add one of the other columns to it. Thus 
by a transformation of type (b) # is converted into a matrix H; which has 
at least one non-zero element in the first column. If the first element 
of the first column is zero, add a row which contains a non-zero element 
in the first column to the first row. Thus by a transformation of type (a) 
FE, is converted into a matrix EL; for which the element of the first row and 
column is not zero. 

We shall now prove that if this non-zero element e¢,;! is not a factor 
of all the elements of the matrix, we can, by a series of transformations 
of types (a) and (6), replace it by a numerically smaller element different 
from zero. 

First, if one of the elements in the first column, e',, is not divisible by 
e,!, upon adding the first row to (or subtracting it from) the rth a number of 
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times equal to the largest integer in the quotient of ¢', by e,', an element 
numerically smaller than e¢,' is obtained in the first column and rth row. 
_Then, on subtracting the rth row from (or adding it to) the first row the 
matrix is converted into one with a smaller non-zero element in place of 
e;. This has been done by a succession of operations of type (a). Sim- 
ilarly, if there were an element in the first row which did not contain e,' 
as a factor, transformations of type (b), strictly analogous to those of 
type (a) just described, could be set up which would reduce the numerical 
value of €,'. 

Second, if ¢,' is a factor of all the elements of the first row and first 
column, but is not a factor of the element in the rth row and. sth column, 
e,*, we proceed as follows. Upon subtracting the first column from (or 
adding it to) the sth ¢,*/e,! times (transformations of type (b)), the first 
element in the sth column becomes zero, while the rth is still not divisible 
by e,', since it has been changed by a multiple of ¢,1. If we now add the 
sth column to the first (an operation of type (b)), the element in the first 
row and column remains ¢;', while the rth element in the first column is 
now not divisible by «1. Hence we may replace ¢,! by a numerically 
smaller element by the method of the preceding paragraph. 

If the element which replaces ¢,;' is not a factor of all the elements of 
the matrix, it may be still further reduced by a repetition of the process 
described in the two paragraphs above. If this process be continued, 
we must arrive after a finite number of steps—the number being less 
than the absolute value of ¢,\—at a matrix whose first element d; is a 
factor of all the others. When this point is reached, we may reduce all 
the elements in the first column except the first to zeros by operations of 
type (a), for we have merely to add the first row to (or subtract it from) 
any other row the number of times the first element of this row contains d,. 
The elements of the first row, with the exception of the first, may be re- 
duced to zeros by similar operations of type (b). It is evident that all the 
elements of the matrix thus obtained contain the first elem ent as a factor. 

Thus we arrive at a matrix E#; in which the first element d, of the 
first column is the H. C. F. of all the elements of #3; and in which all the 
other elements of the first row and of the first column are zero. By § 6, 
d, is the H. C. F. of all the elements of £. 

9. Let EZ; be the matrix obtained from E; by deleting its first row and 
first column. By § 8, E; may be reduced to a matrix with a leading ele- 
ment which is the H. C. F. of all its elements, and having all the other 
elements of the first row and column zero. 

As the transformations of types (a) and (b) which effect this reduction 
on E£; determine transformations of E; of the same type, which leave its 
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first row and first column unchanged, we may reduce the matrix E; to 
a matrix EF, in which the first element of the main diagonal, d,, is the 
H. C. F. of all the elements of the matrix, the second element of the main 
diagonal, dz, is the H. C. F. of all the elements except d;, and all the remain- 
ing elements of the first two rows and first two columns are zero. 

By a continuation of this process we arrive by a finite sequence of 
operations of types (a) and (b) at a matrix: 


d, O -+- 0 O 
0 dd. --- 0 O 
0 --- d, 
0 O --- 0 O 
in which all the elements are zero except a sequence of elements d;, 
(0 <7=r) common to the 7th row and column and such that d; is the 
H. C. F. of all d;’s such that 1 =7 =r. 

The d;’s may be positive or negative integers. We can make all ex- 
cept the last positive by a sequence of operations of type (a). For if 
d; is negative, and we interchange the 7th and rth rows, changing the sign 
of the elements in the rth, a permissible operation by § 4, and repeat the 
process, we arrive at a form in which d; is positive and d, has changed 
sign. We may thus obtain a form in which d; (i < r) is positive, and d, 
will be positive or negative according as the number of negative signs in 
the form we started with was even or odd. We shall take this matrix, 
with at most one negative element, as the normal form E* in the dis- 
cussion which follows. 

Each operation of type (a) amounts, according to § 3, to multiplying 
the matrix to which it is applied on the left by a square matrix of type Ao 
of a rows, and each operation of type (b) amounts to multiplying the 
matrix to which it is applied on the right by a square matrix of type Bo 


of 8B rows. Hence 
(6) E* = A-E-B, 


where A is a product of matrices of type A» and B a product of matrices 
of type By. It is to be noted that the determinants of A and B are each 
+1. 

Let us introduce the notation D; = di, De = d-d2, --- D, = di-de- 
--+ d,, and observe that D, (0 < y = 71) is the H. C. F. of all the y-rowed 
determinants which can be formed by striking out a — y rows and 
8 — y columns from E*. That is, referring to § 6, they are the successive 
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determinant factors of Z*. Since H* was derived from E by operations 
of types (a) and (b), they are also the determinant factors of EZ. 

Since the D,’s are invariant under transformations of types (a) and 
(b), the d;’s, which are the quotients of successive D,’s, (dis; = Dj4,/D;), 
are also invariant under these transformations. They are called in- 
variant factors or elementary divisors.* 

The number r is also invariant under transformations of types (a) and 
(b) and is called the rank of the matrix E. 


The Matrices of Transformation. 


10. In the special case where EF is a square matrix of a rows whose 
determinant is + 1, equation (6) implies that the determinant of E* is 
+1. Hencer = a, and the numbers d; must be + 1. 

We therefore have: 

(7) A-E-B =T, 


in which A is a product of matrices of type Ao, B a product of matrices 
of type B, and J is the identity matrix. We may write (7) in the form 


(8) E = At.[-B? = A.B", 


It is evident from § 2 that when a = £8 every matrix of type By can be 
regarded also as one of type Ao, and the same is true of matrices inverse 
to those of types Ay or Bo. As the above equation shows that EF is equal 
to a product of such matrices, we have the theorem: Any square matrix 
of determinant unity is expressible as a product of matrices which may be 
considered to be of type Ao, or to be of type Bo. . 

Hence to multiply a matrix E of a rows and 8 columns on the left by a 
square matrix of a rows and determinant unity is equivalent to operating on 
E by a sequence of operations of type (a); and to multiply E on the right by 
a square matrix of 8 columns and determinant unity is equivalent to operating 
on E by a sequence of operations of type (6). 

Also, since we may write (8) in either of the forms: 


(9) B-A-E=I or E-B-A =I, 


it follows that if E is a square matrix of determinant unity, it may be reduced 

to the form I by operations on rows only, or by operations on columns only. 
11. In the case of a general matrix EH, we have from (6) 

(10) A-E = E*-B™, 


Since the determinant of B- is 1, the H. C. F. of the elements of its first 


* We shall use the term invariant factor, following Bécher, Introduction to Higher Algebra, 
pp. 269-70, since the term elementary divisor is sometimes used in another sense. 
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row is 1. Hence the H. C. F. of the elements of the first row of the 
matrix #*-B is d,;. As a similar statement applies to the remaining 
rows, we have the theorem: 

The matrix A has the property that the H. C. F. of the elements of the rth 
row of the matrix A-E is d,, the rth invariant factor of E. 

This suggests a method of building up A by means of the theorems: 

(1) That for any:set of integers «;} (0 <j =a), a set of integers 
ay (0 <j = a) can be found which are relatively prime and such that 


j=a |. 
Dare) = ty 


where ¢,; is the H. C. F. of the a e;"’s; and 

(2) That there exists a matrix A of determinant unity with the numbers 
a,’ as the elements of its first row. 

The derivation of equation (6) by this method is longer than that 
given in §§ 8 and 9 and is therefore omitted. 


Diophantine Equations of the First Degree. 


12. Consider the problem of finding the integral solutions of the 
following set of equations: 


€1'X1 + €1°%2 + +++ + €1°X— = pi, 
(11) €0'X1 + €2°%2 + +++ + €2°Xg = Po, 


€.01 + €,°t2 +--+ + €°ag = p,. 


If X denotes the matrix of one column, and 6 rows 


Xi 
Xe | 
° | 








| Xp 


and P a similar matrix with p1, p2 --- p, as the elements of its one column 
and a rows, equations (11) may be written 


(12) E-X =P. 

But from (6) we have 

(13) E = A-.E*.B™, 
and consequently 

(14) A.H*-.Bo.X = P, 


or 
(15) E*.Bo.X = A-P. 





ES Eee 


FRY) esd eS hah ES 


Bee 
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Let us set Q = A-P, a matrix of one column and a rows, and denote 
its elements by q:, d2 --- Ga. Also let yi, yo --- yg be the elements of the 
matrix Y = B™.X, which is of one column and 6 rows. Then (15) 
becomes: 

(16) E*.Y = Q, 


which is equivalent to the set of a equations: 
dyi = di (0<isr) 

17) , : 

( 0= qj (r <jJ= a), 


where r is the rank of #. If equations (17) are to be consistent, the q;’s 
must all be zero, and in this case the solution is: 


(18) Yi oF 3 (0 <t= r), 
y; is arbitrary (r<j= 8). 

To express the condition that equations (17) be consistent and solvable 
in integers, in terms of the coefficients of (11), we proceed as follows. 
Form the “ augmented matrix” of the system, a matrix E of a rows 
and 6 + 1 columns whose 7th row has as its elements: 


1 2 
Ei, Er, oe, @f, — Pi. 


The matrix S formed by multiplying Z on the left by A will have as the 
elements of its ith row (0 < i= a): 


8;, 87, yo oe sf, — Qi, 
where the s,/’s are the elements of the matrix: 
S =| s/ || = A-#. 


Since multiplying the matrix S by B reduces it to the normal form, it may 
be reduced to the form E* by operations on columns only; which shows 
that S may be reduced by operations on columns only to the form: 





ld, O +--+» O O ---, 0 —@q! 

10 de --+ 0 QO --- Q — Q2| 

ne .. 1" . eee . ° wh os ri “i. 

(19) E ~ 10 0 -+- d O +--+ O —@! 
10 0 --- 0 O -+- 0 —@,| 





In order that (11) be solvable at all, we found that qg; must be zero for 
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values of i greater than r. This shows that the rank of E* is r. If in 
addition we require the solutions to be integers, g; must be divisible by 
d; fori <r. Hence E* may be reduced to normal form by adding the 
ith column to the last q;/d; times. Hence its invariant factors must be 
the same as the d,’s, i.e., those of H. Conversely, if this condition is 
satisfied, each q; will be divisible by the corresponding d;, and the solu- 
tions of (11) will be integers. 

Since E* was obtained from E by elementary transformations, it 
has the same rank and invariant factors as E. Hence we have proved 
the two theorems: 

A necessary and sufficient condition that the equations (11) have a set of 
integral solutions is that the augmented matrix E have the same rank and 
invariant factors as the matrix of the coefficients E. 

13. Since the solutions of (17) are given by (18), and since X = B-Y, 
the solutions of (11) are: 


j=8 j=r_ ig. j=8 
(20) zi =>) b#y; = DOPL+ DY bHy; (0 <i=8), 
j=i j=1 dj; ~ = jartl 


in which y,41, Yr+2, +++, Yg are arbitrary integers. 

If the equations were homogeneous, the p,’s would all be zero, and 
hence the q,’s would also be zero. Hence the solutions would be of the 
form: 

(21) r= Dbéy; O<i=—), 
j=rt+ 
in which y;+1, Yr42, °**, Yg are arbitrary integers. 

Consequently, for such equations we have the theorem: 

A set of linear homogeneous equations whose coefficients are integers has 
a set of B — r linearly independent solutions each of which is a set of relatively 
prime integers, if B is the number of unknowns and r the rank of the matrix 
of the coefficients. All other solutions in integers are linearly dependent on 
these 8 — r linearly independent solutions, the coefficients of the linear rela- 
tions being integers. 

This result was to be expected, since if a set of linear homogeneous 
equations are solvable in rational numbers, they are solvable in integers. 

By comparing (20) and (21) we obtain the further result: 

If one set of integers satisfying equations (11) be given, the other solutions 
are obtained by adding to it the solutions of the homogeneous equations which 
result when the right members of (11) are replaced by zeros. 

The theorems of this paragraph were first given in complete form by 
H. J. S. Smith,* although he was anticipated to some extent by Heger.7 


* Smith, H. J. S., On Systems of Linear Indeterminate Equations and Congruences, Philos. 
Transactions, Vol. 151, pp. 293f. Collected Works, XII, pp. 367 ff. 
+t Heger, Ignaz, Mem. Vienna Academy, Vol. XIV, second part, p. 111. 
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Skew-Symmetric Matrices. 
14. A skew-symmetric matrix is one in which 
(22) ei = — €;'. 
Let us define as the conjugate of a square matrix the matrix obtained from 
it by interchanging rows and columns. Evidently if a skew-symmetric 
matrix be pre-multiplied by any square matrix, and post-multiplied by 


the conjugate of this matrix, it will remain skew-symmetric. 

If A is the matrix defined in § 9 such that 
(6) A-E-B = E*, 
the matrix A-H, by § 11, has d; as the H. C. F. of the elements of the 
first row. Since multiplication on the right corresponds to operations on 
columns only and leaves the H. C. F. of the elements of the first row un- 
changed, d; is also the H. C. F. of the elements of the first row of A-E-A’ 
where A’ denotes the conjugate of A. Since A-E-A’ is skew-symmetric, 
d, will also be the H. C. F. of the elements of its first column. 

We reduce A-H-A’ further as follows: If the second element of the 
first row does not divide all the remaining elements in that row, let €,/ be 
one which it does not divide. Subtract the second column from (or add 
it to) the 7th a number of times equal to the greatest integer in the quotient 
e;’/e;", thus replacing €;/ by an element numerically less than ¢€;?.. Upon 
subtracting the jth column from (or adding it to) the second, we obtain 
an element in the first place of the second column smaller than the one 
there before. All these operations leave the first column unchanged, and 
since the matrix was skew-symmetric, a similar set of operations on the 
rows reduces the matrix to a skew-symmetric matrix with the first element 
in the second column numerically smaller than before. By repeating 
these operations a sufficient number of times—at most |¢,?| times—this 
first element will be the highest common factor of the elements in the 
first row, and consequently of the elements of the matrix. When this 
condition is reached, we combine the second column with the other 
columns such a number of times that all the elements in the first row after 
the second will be zero, and perform similar operations on the rows. Then 
we combine the first column with the other columns such a number of 
times that all the elements in the second row after the first will be zero, 
and perform similar operations on the rows. This will reduce our matrix 
to the form: 


(23) 
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The matrix obtained from E; by deleting its first two rows and columns 
is skew-symmetric, and by applying the above process to it, in a way 
wholly analogous to the way by which we extended our initial process of 
reduction in § 9, we may, by a finite number of operations, reduce our 
matrix to one, HL = || e,/||, in which . 


€o;-12" = d;; €o;°7 1 = d; (0 <i p) 


and the remaining elements are zero. That is, our matrix consists of a 
series of skew blocks of two non-zero elements each along the main 
diagonal, surrounded by zero elements. 

Since in the above process we have always performed identical opera- 
tions on rows and columns, we may write: 


(24) E =U-E.-U' 


where U and U’ are conjugate matrices whose determinants are + 1. 

Since interchanging the first and second, third and fourth, --- (2n 
— 1)th and 2nth rows, and changing the signs of the even rows would 
reduce this matrix to the usual normal form E*, the d,’s appearing in E 
must be identical with those of E*, i.e., the invariant factors of H. Hence, 
we have the result: 

The invariant factors of a skew-symmetric matrix are equal in pairs, and 
the rank of such a matrix is an even number. A skew-symmetric matrix 
may be reduced to the “ skew” normal form, E, by multiplying on the left 
by a unimodular matrix U and on the right by its conjugate, U’. 


Symmetric Matrices. 


15. A symmetric matrix is one in which: 
(25) e; = €;’. 


Since a symmetric matrix retains its symmetry when we perform any 
operations on its rows, provided we perform the same operations on its 
columns, the question naturally arises whether a process similar to that 
of the preceding paragraph exists which will enable us to reduce such 
matrices to their normal form by means of a matrix and its conjugate. 
This question must be answered in the negative,* as is proved by the 
following example. The matrix 


’ 
| 


12 111 
j1 


(26) E = | 





*On p. 189 of Scott and Mathews’ Determinants the erroneous statement is made that 
symmetric matrices with integral elements can always be reduced to normal form by identical 
operations on rows and columns. 
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can not be reduced to its normal form, 
|1 Of 


|? 


* 
(27) E =l0 3] 


by a matrix 
(28) U= 


a b|| 
ec d) 


and its conjugate U’, where a, b, c and d are integers, since one of the 
conditions the elements of U would have to satisfy is: 


(29) 2a? + 2ab + 2b? = 1. 


The reduction and classification of symmetric matrices by identical 
operations on rows and columns is thus a problem of a different order 
from those which have been considered in this paper. Equivalence under 
such operations involves much more than the equivalence of invariant 
factors. This classification is the fundamental problem of the arithmetic 
theory of quadratic forms.* 


Matrices with Elements Reduced, Modulo 2. 


16. In many applications of matrices to Analysis Situs, it is found 
convenient to reduce the elements of the matrices modulo 2. On re- 
ducing modulo 2, the equation (6) becomes 


(30) A-E-B = E*, 


in which Z can represent an arbitrary matrix of a rows and 8 columns 
whose elements are 0 and 1, A and B represent square matrices of de- 
terminant unity (mod. 2) of a and 8 rows respectively, and £ is a matrix 
all of whose elements are 0 except a sequence of elements along the main 
diagonal which are 1. This follows from the fact that if one of the in- 
variant factors of E* is even, so are all the following invariant factors 
since they contain this one as a factor. The number of 1’s in E* is the 
rank of E*. It is less than or equal to the rank of E*, and differs from 
it by the number of even invariant factors of E. 


Symmetric Matrices, Modulo 2. 


17. The theory of symmetric matrices, mod. 2, is not subject to the 
difficulties referred to in §15. The reduction of such a matrix to normal 
form may be effected as follows: First interchange rows (performing the 
same interchange of columns) until the main diagonal consists of a series 
of 1’s followed by a series of 0’s. This can be effected by elementary 


* Cf. Encyclopédie des Sciences Mathématiques, Tome I, vol. 3, p. 101. 
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transformations according to § 4 because the negative of any element is 
the same as the element itself, modulo 2. Add the first row to every row 
whose first element is a 1, and the first column to the corresponding 
columns. Repeat this for the second row and column performing a new 
interchange of rows and columns, if necessary, and continue until there 
are no elements different from zero in the main diagonal after those used. 

The part of the matrix still to be normalized is now in the skew-sym- 
metric form, since + 1 = — 1 (mod. 2) and may be normalized by the 
process of § 14. Thus by identical operations on rows and columns we 
have reduced our matrix to the form E* = || e; || in which: 


ef =~1(0O<t=p); Cope =—1; Cpe t= 110 <1=4Q), 


and all the remaining elements of the matrix are zero. That is, the non- 
zero elements consist of a series of 1’s in the main diagonal, followed by 
a series of skew blocks, each containing two 1’s. If p = 0, this matrix 
can not be reduced further; but if p + 0, it may be reduced to a form con- 
taining one or two 1’s in the main diagonal (according as p is odd or even) 
and a series of skew blocks, or to a form containing a series of 1’s in the 
main diagonal and no skew blocks. This further reduction depends on 
the fact that a group of three 1’s in the main diagonal of a matrix in the 
above form may be replaced by a single 1 in the main diagonal and a skew 
block of two. 

The steps of the process in the case of a three-rowed square matrix 
are, first adding the first row and column to the second row and column 
respectively, then adding the third row and column to the first row and 
column respectively, and finally adding the second row and column to 
the third. The matrix becomes successively: 


1 1 0| \o 1 


11 0 Ol, Fr 0 
0 0 1) /1 0 


These steps may be made in reverse order to effect the inverse transforma- 


tion, and are obv’ sly typical of the steps which can be applied to any 
matrix E* for whi »> 0. 


. ymmetric Matrices, Modulo p. 


18. In the case of an odd prime modulus, the reduction of a sym- 
metric matrix is even simpler than in the modulo 2 case, and the normal 
form is a matrix all of whose elements are 0 except a sequence down the 
main diagonal. For, by a set of interchanges on rows, followed by 
similar ones on columns, we can obtain a non-zero element in the first row 
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of the matrix. If this is not the leading element, by adding the column 
containing it to the first column, and the corresponding row to the first 
row, we obtain a leading element, «;', which is not zero. We may then 
add the first row to the others so as to make all the other elements in the 
first column 0, and operate similarly on the columns. The number of 
times, n, we must add the first row to a row with first element e,! is given 
by solving the congruence: 


(31) ne} + «1 = 0 (mod. p) 


which has a root since p is prime. The reduction is continued as in § 9. 
By interchanges of rows and columns after we have reduced our matrix 
to a form similar to that given by (5), we can change the order of the d;’s, 
and have to decide on some definite order to get a single normal form. 
We may, for example, write the p — 1 non-zero elements of our system as 
the integers from 1 to (p — 1)/2 with plus and minus signs; and take as 
the normal order that of absolute value of the elements when written in 
this form. 








AN ALGORISM FOR DIFFERENTIAL INVARIANT THEORY. 
By Oniver E. GLENN. 


It is my purpose to formulate in this paper, for the theory of differential 
invariants as derived by transformation of binary differential quantics, 
an algorism of fundamental simplicity* which I have described for alge- 
braic concomitants in research papers written heretofore. Briefly stated 
the methods relate to certain irrational expressions In the arbitrary fune- 
tions occurring in the coefficients of the transformations, which serve to 
define a domain of rationality FR within which all differential invariants 
previously known are functions of certain elementary invariants, in RP, 
and their derivatives, together with arbitrary functions and their deriva- 
tives. These elementary invariants, to be designated, in the present 
paper at least, as invariant elements, have served to unify and to simplify 
to an apprecia! le degree algebraic theories such as those of boolean? and 
orthogonal concomitants, and in fact also that of the general algebraic 
concomitants, as, by their use, I developed a new proof of Gordan’s 
theorems$ which is at least as ~Imple as any other known proof of this 
important finiteness theorem. 

1. Differential forms. Suppose that two quadratic differential forms 


id Ady + 2Bdy,dy, + Cdy-’, 


f = adr, + 2bdr.dr. + cdr.’. 


in which a, b, c are functions of x2;, 7. and A, B, C are functions of 1), ¥, 
can be so related by an arbitrary functional connection between the 
variables, that is, 


(] xy Ti, Yo), I: L2(Yr, Yo), 


that when (1) is substituted in f it becomes f’. This implies transforma- 
tion of the variables and also the differentials, the latter by the sub- 
stitutions 


or Ou 


9 eo i wy . ‘ 
2) T : dz; = — dy, +—dy. (i = 1, 2). 
OY, ° Cu. * ; 
* Lemoine, “ Considérations générales sur la mesure de la simplicité dans les sciences 0 ‘ 
matiques, ete.” Mathematical Papers, International Math. Congr., Chicago, 1893. 


t Boole, Cambr. Math. Journ., vol. 3 (1843), p. 1. 
¢ Elliott, Proce. Lond. Math. Soc., vol. 33 (1901), p. 226. 
§ Cayley, Coll. Math. Papers, vol. 2, p. 250; Gordan, Journ. fir Math., vol. 69 (1868), p 
Q. E. Glenn, Trans. Amer. Math. Soc., vol. 20 1919), p. 203. 
16 
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i nder these conditions 








0x, \? OX, OX» ( Ox, \* 
A=4@4{ >= 2b =—— =—— i>: 
,' be * OY OY1 " OY 
Ox; Ox; Ox; OX» Or, OX» OX» OX» 
a B=8s=->— a Rae (reay = 9 
OY; OY2 OY OY? OY2 OY; OY OY2 


; Ox, \? ay OL1 OX2 OX» \° 
C=at=— + 2b—=+ c{ = }. 
OYs OY2 OY? OY? 
These three differential equations of the first order, if solved, would give 
the transformations (1). 
We next write the general form F of order m under the notation 


Fe> ( - ) a,dxy"~"dx2" 


Ls 


and express it as a symbolical mth power, employing equivalent symbols 
ve, «++, and writing 0f/dr, = f;, Of dx. = fo, f being, symbolically, 
4 function of 2, 2. Thus we may write 
FP = (fiday + fodxo)™ _ (df)™ - (dg)™ si 
wl ence 
oy a, = fifo" ‘" @ 0, 


*, Mm). 


2. The domain R(1, 7’, A). The poles of the transformations (2) in the 
differentials dx,, da. are the zeros of the linear forms 


OX» OX» Or, 
h +1 => ys dix, a ( = + A ) dxo, 


~ OY, AY» OY 


(OY Ox, \° OX, 02». |! 
Adres OY; OY2 OY _ 


and two functions f.; which satisfy the equalities 


here 


. Of. 1 Of. 1 
df sp == dx; +: dx =h, ly 
‘ OX, OXo 
‘ . Of_, of 
; df. , => = dx, + —— dx hei, 
: Or; OX2 


will evidently be such that their functional determinant is equal to 
!\dx./dy;. Thus we may write dfs: = h.; provided A + 0; the condition 
that the substitutions 7’ be non-parabolic, and provided 022/dy; + 0, or 
that the funetions 21, 2 be independent and contain both variables y:, y2 
explicitly. Thus these considerations in connection with the poles of 
’ give a transformation on the differentials whose coefficients appertain 
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toa domain R\1, 7. A), the notation for which indicates that the functio 
therein are expressions with numerical coefficients in the functions, and 


4 


ii 


partial derivatives thereof, occurring in the transformations (1) and (2), 
in the functional coefficients of F and their derivatives and so forth: and 
in A. 

Besides this it is important to observe that integracion of the equations 
df.; = hz, would give x, 2, as functions of f,1, f-1 so that the sets x, x,: 
Yi, Yoi tor. f-1 are functionally interrelated. 

The quanties df., are formally invariantive under 7; the multipliers 
in the invariant relations however are powers of the two factors, in the 
domain R(1, 7, A), of 


‘a OL» Oo Ol 
D oar 
O'My, OU OV Ol 
That is, df.; are differential covariants the invariant relations for whic] 
a) df 1 = 2) df ; df 1! G1 df 1 p 1D ‘df 


y* 


primes indicating functions of ;, ye, and where 


3. Theinvariant elements. We employ henceforth the following abbr 
ations: 


whence the inverse of the transformations (4) takes the form 


gr. [dtr = (— 4504) "L 91 — Addfa — (v1 + Addfa], 
" | dx — 43,4 | 23o(— df., + df 1 ] Y1 (iy = 4 


The substitution 7’ operated upon the form F gives a unique expansion of 
the latter whose symbolical expression is 


dD F = (— 48,A)-" i ¥1 — Abhi — 28ofo ldf., 
Hence 

. ry = di » @ 

6) FP = > ( ' Jer » Gf "-‘df_1 «, 


in which 
wo, Om-2s = [ (41 — Alf, — 2Bofe PT — (vy, + Alli + BBahe I 
7) Lt ¥ Ii ar t+ Ady iofo | 


4 


TueoreM I. The functions ¢m which belong to the domain R(1, T, 3), 


are differential invariants. 
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Transformation of F by (1), (2) gives F’ = F, and expansion of F in 
arguments df,;, df_1 yields the formula (6). We can also expand F’ 
the covariant arguments 


si OX» OX» Ox 
dfay’ = 2. "dy + (2° -—.'+ Addy, 
dy) dy. dys 


with the result 
” Mh , . ym— ° 
‘ i’ = > ( . )em 2 Af. df -l 
r\ 1 
Henee, by substitution from (5,), we obtain, after equating coefficients 
of like powers of df.1, the following invariant relations for ¢m~9;: 
) Cut * Ga? OP eu.2 i= 0, +--+, m). 


~ i ~i 


We can prove, accordingly, a quite general theorem on the reducibility 
of a differential invariant. Transformation 7’ can be written 


On, . . OL . 
jaar = ee ow ae 
oe Ofa1 ~ Of — 
.s4 : “ 
Ota Od 
| de = df. + ——df_i, 
: Oo} 0} 1 


nd is as general as the transformation 7. Let B be any differential 
variant Whatsoever of F under 7 for which B’ = aB, that is, 


IQ) Bia,’; dy;, dy2) = aBla,; dx, dre). 
Then a cognate relation holds when the transformed form is (6), viz., 


B( omer; far, Of.) = aBla,; dx,, dro) 

It is desirable however to state this result in more general terms. 
Note first that any arbitrary function u of a, (r = 0, +--+, m), dx, dre, 
vy virtue merely of its being arbitrary, satisfies the relation u’ = u under 
the transformation 7. Let @ be a function of the functions a, and of 
their wy, ve derivatives and dx,, dxe, and also of a certain number of other 
pecified funetions uw, ue, -:+ for which a relation uw’ = u holds, among 
hich funetions some which are arbitrary functions may be comprised, 
vether with the x1, 22 derivatives of uw, uw, ---. Let Q’ be the same 
function of a,’ and the y;, ys derivatives of a,’ (r = 0, ---, m) and of 
diy, dys, together with uy’, us’, --- and their y;, yz derivatives. Then, 
2’ = a, Q is called a differential parameter. In particular when there 
we no arbitrary funetions actually involved in Q it is a differential in- 


Variant. Henee, 


TueoremM II. Every differential parameter Q is reducible in the domain 
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Ri, T, A), in terms of the m + 1 invariant elements ¢m- ‘ee 
and their x), v2 derivatives, together with arbitrary functions and the differential 
covariants df .4, df_. 

Note that all of the elements in terms of which © is thus reducible are 
invariantive with the exception of the derivatives of ¢,—2; (7 = 0, +++, m), 
and we shall prove that these derivatives, also, satisfy an extended form 
of invariant relation. 

The exact form in which an invariant appears as a function of in- 
Variant elements will be illustrated by means of two well-known differential 
parameters, V1Z., 


Ou ou j Ou Ou Ou Ou 
AWW = a2, : “+ 601. : 1 Go; 


These appertain to the case m 2. A pure invariant for this case is 
the discriminant 6 = a,° — a,ao, and 


4. Types of parameters. The algorism established by the preceding 
theorems affords a Classification of differential parameters into types sol 
of which consist of invariants of what seem to be entirely new categories. 

a) The formal type. The quantie F is formally analogous to a bir 
algebraical quantic, the transformations (2) to the linear transformations 
of such a quantie employed in algebraic invariant theory and the relations 

3) and their generalizations to the transformations of the induced group 
in that theory. There is therefore a tvpe of concomitant and a theor\ 
appertaining thereto closely analogous to formal algebraic invariant 
theory, the concomitants being expressible rationally in terms of symbols* 
Si, fos G1, G2, +++3 day, dre, and reducible in terms of invariant element 


. ] 
? 


Om, ***s Gam; O41, df_, in the manner illustrated in the example ol the 
discriminant of the quadratic in the preceding section. There are dil- 
ferential identities for the reduction of sueh concomitants which ean 

cast in a formal mould SO as to be, in effect, similar to the symbolism of 


* Maschke, Trans. Amer. Math. Soe., vol. 1 1900), p. 197, and ibid., vol. 4 (1903), p. | 
Haskins, Trans. Amer. Math. Soc., vol. 3 (1902). p. 71. A.W. Smith, Trans. Amer. M 
Soc., vol. 7 (1906), p. 33. Ricei and Levi-Civita, Math. Annalen, vol. 54 (1901). 
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Aronhold and Clebsch. Thus when we abbreviate as follows: 
au ‘ 7Uu 
, =l ——, 
OZ ; OX OX; 
11 U,V, — U2V, = (U, V), 
and assume m = 2, we get 
’ ’ ie 
a’(F, ¢)’ =alF, ¢) (a = 1/V85), 
where F, ¢ are any parameters, and 
Aw = a°(F, u)?, 


Viu, v) = a (F, u)(F, v), 
(a, b)(c, d) + (a, c)(d, b) + (a, d)(b, c) = 0. 


} 


') The extended formal type. From (3,) there follows 


aa r ° . ie se 

- s = , { ed i J l ide -+ Toi ] ve ‘Je a 

Or} 

oa, a , . F\S mee 9 

: = ((M — PL)fioJo T Thaedi)fr” J2 (r = Q, ---, m). 
OL» 


Hence differential parameters involving the first derivatives of the func- 


! 
~ ( 


are represented symbolically by means of expressions constructed 
ni the combinations below and generalizations to higher derivatives 
|] he obvious: 

J oir, gi ge" G11, Fifa" Sar, fi faTfiry 
d so forth. 


\n example* is the following for the quadratic form which we write 
under the notation 


F = Yoaydzdx, (ay; = ay): 
€.k:=1 


’ ‘ 22 ia 
Asu a F. a F,u)) => A, o-u — FAndal | \oe 


"OX OX, k lox, 
ia | I is the so-called triple index symbol due to Christoffel; 


7s 1 /da,, OA, Od,. : 
‘ Sot Mpc Pte =f, 
ke 2k OX. Ox; ON} : 


nd A,, denotes the minor of a,,in 6 = a,,'. The 
-vinbols is 


~. 


expression in terms of 


Avu = ef fi(fiete — foot) — fol firte — fists) J eee 


lhe symbolism of the paragraphs (a), (b) was discovered by Maschke. 
expression of Au in terms of invariant elements is obtained by forming its 
invariant relation, according to theorem II. 


* | 
i 


icltrami’s second differential parameter. 
itial Forms (Cambridge Tracts, 1908). 


Compare J. E. Wright, Invariants of Quadratic 
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c The orthogonal fype. I shall designate as the orthogonal type of 
differential parameter those which ean be generated in totality by forming 
rational expressions In invariant elements ¢m—2; (t= O, +++, m), dfsy, df_, 
which simplify by multiplication into functions appertaining to the domain 
Ril. T. 0). The essential forms from which to construct this totality 
are ¢ vidently P+ () where P is of the type 


1? P ha e eis “¢ ai “lf, df 
and Q is the conjugate of P, 
15 QWJ=e¢ Pian ee ae | h df. “ie 


An exal] le f¢ r the quadratic quantile, I ad dy, a 2a, dx,dxo tT aQd 
is the following: 


\ a pom an / 
am 4 f — t 
) y } } 
oo ( ) ( ) Ol 9 Od } ] 
( en anf oa w(l AT yf 
( OC} Ol Ov Ol/} 
> Ol do 0 
aa, - al —_ @ ( 
OV Olfo Oljy 


The extended orthogonal type. The 2, x2 derivatives of an in- 


Variant element ¢ o; are not invarlantive. In the quadratic case 
instance, or generally, we can obtain the relations which replace invariat 
relations for @¢,—-2; OX, (J 1, 2) by applying to the members of the 
re! TWO? () the One] = 
‘ a ( a ( d ad Og ad aoa a 
} ; 14 
( ( ( Ols+0 Oi iJoO 1 GOljo 0 


Notwithstanding this fact certain rational combinations of invariant 
elements, arbitrary functions, and their derivatives will belong to the domai 
Ri, 7,0) and be invariantive. Such expressions will be called differential 
parameters of the extended orthogonal typ 


' 
( Ul nelas: ified 


parameters. Certain invariants, such as some irra- 
tional expressions in invariants of the above types, will not belong to 
any of the above cate gorles and such as do not we leave unclassified. 

5. Parameters of the orthogonal type. The invariant systems deter- 
mined in this section are derived by means of the irreducible soluti 
of a certain linear diophantine equation and the generality of the con- 
ceptions involved is such that the same equation and the analogous 
algorism concerning Invariant ele ments vields the corresponding S\ steni> 
for binary algebraic forms under orthogonal substitutions (the orthogon: 
invariants proper), under boolean transformations, the transformatio 
of Einstein (invariants of relat ivity and the general systems in R(1, 7, 9), 
all of which I have treated previously having published enumerations 











AN ALGORISM FOR DIFFERENTIAL INVARIANT THEORY. 23 


‘or the orders from one to five inclusive. Hence I treat in detail in this 
aper the parameters of the orthogonal type for the differential quantic 
ol rder SIX. 
We are concerned with concomitant expressions in the invariant 
elements which belong to R(1, 7, 0). 
To construct such an expression from products such as P in (12) it 
necessary, though not sufficient, that the exponent of p,, in the in- 
inant relation for P: 
15 P" = p.,*D’P, 


hould be zero (compare (9)). That is, 


The concomitants P, Q do not belong to R(1, 7, 0), but they are in 
correspondence with P + Q, P — Q which, when deprived of irrelevant 
vs, do appertain to that domain. Hence, according to Hilbert’s 
na, the finite set of irreducible solutions of (16) furnish the exponents 
my 01, 62 Of a complete system in the domain R(1, 7, 0). The 


em for the quantie 
. &té | 
yr 2 ( )arde 'azo" 
r 


tained, therefore, by solving the equation 


G29 + 42, + 2r2 + oe = o; + 27, + 42; + O7e, 


d if an irreducible solution giving a product P is (.%, 1, Le, 4, Xs, Xs 


Pe “Ade 


the solution which gives the conjugate product () is (2X, X5, Ws, Xe, 
oo, 01). The table below furnishes the irreducible solutions, in 
conjugate pairs, under the suggestive notation a+; = P+Q. Thus, 


lor example, a quadratic covariant 1s 

Near = gee—Pdf_y + ¢-cesdfyy*. 
To solve (17) I wrote it in the form 
Is 6x + 4y + 22+ w = 0, 


19) 


r= X% — Xe, y= 2% — 2s, 2=%— 2s, w= ~~ Fy 


9 
“ 


\n appropriate number of solutions of (18) in both positive and negative 
integers being determined, the sets for (17) are furnished by solving (19). 
hus the problem is subdivided into a large number of mutually ex- 
ive subproblems. Including the invariant ¢o not furnished by (17) 
and the covariant » = df,,df_;, the number of concomitants in the system 
is 31. There are 14 invariants (0; = ¢2 = 0) and 17 covariants. 


] 
City 
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; 2 l l 
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ee 
l > 2 
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6. Parameters of the extended orthogonal type. From (8) it follows, }) 
correspondence, that if B(a,: dz,, dz2, +++) is any differential parameter 
of F there exists a relation 


Ble, a3 W...', i,’ -s-) = QB(om-2r3 df .1, df eee 
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We next prove certain results concerning the derivatives of invariant 
elements. From equations (14), 


2() = =a, = + Bo 2 ; = = a = + Bi f.. 
OY) OX, OX» OYs OX, OX» 

and henee one obtains, by differentiation of the relation 

21 Cu-2¢ = pat” "Deas = QO Gua: (0 = 0, ---, m), 

the following formulas: 


O"e ‘ 
} m—2 —ar " 1) 
£2 — : = a," *31°Q ; 


Oy" *OY2" Gti" “Gz-* 


r=0, 1, 2, ---; ¢=0, 1, ---, r; = =0, 1, ---, m), 


ra] ji Cm 2; ra] ra] ™ ‘s 
- : ci - ai- +. Bo = ae *"3."°0 + Or—1 ) 
ON} : 0X" OX, OX» 


j r—a—] “ 1) 
— . Bo Q - ee —-. 
~ @x,"~*"O2r-°t! 


Ove m—2i 


Thus while the derivatives of the invariant elements are not invari- 
tive they satisfy equations which are obtained by adding increments 
to what would be, except for the increments, invariant relations of 
regular type for these derivatives. Hence we obtain 
THureoreM III. Jn order that a homogeneous function of the coefficients 


a, and their derivatives, 
Bia,: oa, /O2;*"*0z-": dx), dx2), 
id be a concomitant, it is necessary that the increment to 


23 B(em—2r; O'Gm—2r/021'" "9X0"; dfiidf_1), 


the appropriate equations (22), should be zero. Subject to evident 
conditions of isobarism, this condition is also sufficient. 
When r = 1 we derive from the relations (22), which then reduce to 


ade 4 


ar ra] Dm 9 ra] pm 2; f ¢) : 
; ; art) ; us = -+- BQ ’ = . + (a2Q,,' + 3iQ:, ")Om—2 iy 
OY> OX; OL: 
rs ta 4 ra) Dm—9s 0 O m—9 ) ‘ 
: = aid 7 a sin -t- BoQ” 4 a a (aiQ,,\” a BoQs,\”) &m—2is 
Ol OX, OX2 
the formulae of transvection (ef. (11)), 
! ’ , xy ‘ ‘) 
o{ Ym—2i = (Pm—2i ; () ")2= (Q) D(¢m-2i; ()' ) » ) 
Of _ pag DD ( Onntis Qe ) 


— QO DY m—2i aad QW m—2i (v = 0, ee m), 


and this establishes the following theorem: 


ri 
| 
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THEOREM Ty. The transvectants y, Fs which belong lo the doma; 
| R(1, T, A), are re lative dish rential paramete rs invol ing first order derivati 
of invariant elements Em—2; (1 QO, -+-, m), and conse quently also first ¢ 
de ") at } eS of COE hier nis a of the grou) d form . 

The relation (24) expressing the invarianey of ¥, 2; is formally iden- 
tical, save for the replacement of i by ¢ + 1 in the exponent of D, with th 
corresponding relation for ¢,—2; We can therefore form relations in 
the derivatives of the parameters ¥,,.2; similar to those employed in the 
derivation of the transvectants (24) and thus describe a process of itera- 
tion whose equivalent, by formula, is 

25 ¢ () () | D ¢ () Q) 
Thus 

; 

+ g () () 
is a differential parameter involving derivatives of the second degree of 
invariant elements, and the extension to parameters of the rth iterat 
functiol = Ol the th derivatives Ol the Invariant elements. is evid 
Upon the basis of these iterated transvectants we construct a theor 
param ters oO! t] e extencde d orthogonal t\ pe. 

The invariant ¢ Ix conjugate toy ee hence svstems of param- 

eters in Ri1, 7, 0), of the extended orthogonal type, involving, as to 
derivatives, powers of first derivatives, only, of invariant elements, ca! 
be formed upon the basis of combinations ? + Q, where 
? y ) - o . - i sin BY ’ =, ie . '” 
/ Cy & ‘ ¢ Y 44 co 2 ine dy} 


and @ is the product conjugate to ?. That is, in accordance with 


lemma of Hilbert, a complete system is given by forms a4; = P + Q ob- 


tained from the totality of sets of irreducible solutions of the linear 


diophantine equation 


26 > (m — 2r)x, + > (m — 2: Ye — O1 + Oe 0). 
The complete system for the differentia] quadratic is obtained, there- 
fore, from the irreducible solutions of the equation 
ine 9 9 \ 


al Tr < ce oie 7 2i2 F<. 


shown in the table below: 
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I y Yo a} a | 
‘ . = ‘ —— 
l l ; a oa 
l I _ pea 
| I | 
| l 
] 2 7 
l Y 
l 2 
l 2 


vstem consists of 11 forms, viz., ¢o, wo and 


Ne SVS 


0 = ¢2¢—2, p = Yo, P+1 ¢ ge 
- q | Col us, Pp Cu9\ Yo, P-r1 
= yr “as > 9, Pp. df t 0.9, pI df "e 
Sar = godf. + ¢_.df_i’, n = df.,df_,. 


Note the equality of the indices, i.e., the power of D appearing as a 
iplier in the invariant relations for the terms of each binomial quantic 
Furthermore, the corresponding index for P is equal to that 
Let the first iteration 


the list. 


(J but we can prove a still more general result. 


of the transvectant y, = _y,-2,;) in relation (25) be designated by 
y , «2 ta —-.i1? () ’ C) } l — 0, eed Ml), 
nd let the ith iterated transvectant | ey, _o;\*t) so that ¢m 9% = WV m—2i 
Then the conjugate to ¥, 0,7) is Peay *?? and the concomitant Q 
Which is conjugate to 


: P= TET Yann "dard 


ix obtained by the corresponding changes of sign of subscripts. 
THrorem V. The quantics as; = P+ Q are differential invariants 
ic extended orthogonal type appertaining to the domain R(1, T, 0). They 
¢ derivatives of invariant elements, and therefore of the functional 
cocflicients a, of the ground-form F itself, of all orders from zero to the nth and 
fitute an infinitude of quantics which possesses the property of finiteness. 
complete system is given by the finite set of irreducible solutions in positive 


( 


(yers of the linear diophantine equation 
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(29) a= > YS (m — 2i)rn +o. —o, = 0. 


We need only the proof that the index for P equals that of Q. These 
indices are, respectively, 


a= 2 7 ith)ry — oo, 


oo = 2 > m+k—. i 


) 


But 3 — a =a = 0: hence a = B. 

I remark in conclusion that properly chosen polynomials in the ex- 
pressions characteristic of parameters of the extended orthogonal type, 
no assumption here being made that these are generally expressible in 
any particular form except as polynomials in invariant elements and the 
derivatives of these, will be, when multiphed out, expressions which are 
free from the functions involved in the transformations, that is, param- 
eters which belong to the domain R(1,0,0).. These are the concomitants 
to which the investigations of former writers relate. It is apparent that 
a finiteness theorem can be stated for the parameters in the latter domair 


and treated in the Way analogous to that exemplified in mv proof of the 


theorem of Gordan, quoted previously in this paper, and these and ot! 


developments would probably be of sufficient importance to’ warra 
detailed treatment. 

Differential parameters of the orthogonal types, containing arbitrary 
functions other than those involved in the transformations (1) and (2), 
are obtained from the relations 


0 dG \ 
ley - 4. 1 ( = = F 
Ol» Ol 


If Bia,; d°a, dxy"'dr0'; dry, dr.) is any covariantive parameter, then, a 
parameter involving an additional arbitrary function u is 

Bia,: 0'a, O2;° 'Aro': 0 OXo, — 0. 02;)U. 
This method can be employed to derive an infinitude of concomitants In- 
volving arbitrary functions u, v, ---, from the systems derived in preceding 
sections. 


THe University oF PENNSYLVANIA, 
July, 1920. 
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THE GENERAL THEORY OF CYCLIC-HARMONIC CURVES. 


Moritz. 


By Rosert E. 
1. Introduction. 


Cyclic-harmonic motion may appropriately be defined as motion re- 


as 
from the composition of simple-harmonic motion in a straight 
The 


iting 
e with uniform rotatory motion about a fixed point in this line. 


us of the resultant motion is a cyclic-harmonic curve. 
1.2. Let the simple-harmonic motion be represented by the equation 


a cos pt + k, 


p 


where ais the amplitude of the vibration, 27, p the period, k the distance 


( 


he mean point of vibration from the origin of coérdinates and ¢ the 
ime. The rotatory motion of a line about the origin may be represented 
the equation 
9= qt, 
On eliminating ¢ from these two equations 


wh 


here g is the rate of rotation. 


we obtain 
a 
p=a cos 6 + k, 
q 
the equation of the eyelie-harmonie curve expressed in polar coérdinates. 
1.3. The foregoing derivation of equation (1) suggests the following 
convenient method of constructing by points any eyclic-harmonic curve 


hose equation Is given. 








Fic. 1. 


99 


~* 











a\ 
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Let OA (Fig. 1 represent the initial line, O the pole. From O on 0-4 


lay off OC equal to / and with C as a center and a radius equal to a de- 


scribe the circle of reference of the simple-harmoniec motion. Select ay 
convenient unit of angular measure and construct angles ACR and AO} 
equal to pt and gt units respectively, ¢ being any arbitrarily chosen integer, 
From R draw RS perpendicular to OA and from O as a center and OS 
as a radius describe the are SP cutting OB at PP. Then P is a point on the 
eyclic-harmonic¢ curve p = a cos (p q)# + k, for 
0 = OP =O0S =0C+CS i +acos pt =acos£0+k, 
q 
since 6 = qt. 
1.4. By choosing the angular unit sufficiently small, and taking 


2.35 as many points may be constructed as desired 


turn t = 0, 1, 2, 3, etc., 
and at intervals small at will. Figures 2, 3, 4, 5 show the method applied 
to the construction of the evclie-harmonics p a cos 


k a, Ks a a. } vy. respectively. Correspondil f 


a 
20+, for the 


values / = 3a, 


on the circle of reference and the evelic-harmonie are numbered 








1.5. An inspection of the preceding figures discloses certain propel 
which are independent of the particular value of the ratlo pq employ (| 
and which are therefore common to all the species of the genus determined 
by pq. Figure 2 has an open center and it follows from the mode | 
construction, as is otherwise obvious from the form of the equation, that 
the curve is confined between two circles whose radii are k — a 
k+a respectively. Figure 3 consists of leaves which meet in cusps 
the origin. The axial diameter of these leaves is k + a. Figure 4 
sists of two sets of leaves with bases meeting at the origin. The avi: 
diameter of one set 6f leaves ick ~ “id tin ced rn Figure 5 i 


sists of a single whorl of equal leaves whose axial diameter is a. 
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|.4. These properties serve as a convenient basis for the classification 
ihe eyelie-harmonics of a given genus p/g. We shall call a cyclic- 
rmonie eurve curtate if k > a, cuspitate if k = a, prolate if k <a < 0, 
joliate if k = 0. 








\ \ Pe; tn 
ie { 3 a 
- = 
ae 
\ La 
\ { _ 
». 1 ait 
J ol 
a 
Fic. a 


1.7. We have assumed the phase of the harmonic motion equal to 
This restriction may be removed by writing the equation of the 
onic motion in the form 


p = acos (pt —e) +h, 











« «pis the phase of the vibration; the equation of the resultant 


tion then becomes 
) 
p = aecos (! g — <) + k. 
q 


' uation (2) is only apparently more general than equation (1) for the 
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former goes over into the latter if we put 6 = 6’ + eq/p, that is, if we turn 
the initial line through an angle eq p. There is, therefore, no loss in 
venerality in the curves to be considered if we assume the phase of the 


vibration equal to zero. 














1.8. Furthermore, in studying the properties of eyelie-harmonic cu 


we may assume a and i both positive. For if a is negative, a i 
‘ } ‘ } , ) 
(3) p = acos 694 I; — @ €OSs Fe i, a COs (/ 6+ fr 
Y q q 
if / is negative, k = — k’, then 
} ) 
(4 p = 1 COS / a) . ] 1 COS / };’ 
q q 


- | acos (P04 x ) t sf 
’ 4 





and if a and / are both negative. a ae a’, k= — k’, then 

my ) ) \ 

\9) p = a COS Foti _ ( a’ cos § 6 +k’). 
| q 


] 1 


Now (3) is of the form (2), and (4) and (5) differ from (2) and |! 
respectively only in the sign of p, that is, the curves represented b) 
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1), and (5) differ from those represented by (1) in position only. In 
-tudving the properties of the curves represented by the equation 


) ok . 
(} p = acos (! 6 + c) + k, a, k, € positive or negative, 
q 


we may therefore, without loss in generality, assume a and k positive and e 
equal to zero. 

1.9. Cyclie-harmonie curves are algebraic or transcendental according 
us pq is rational or irrational. For since the curve lies entirely within 
he circle of radius a + k, it will cut a straight line in a finite or infinite 
number of points according as it does or does not return into itself, that is, 
according as it is, or is not, possible to satisfy the equation 

a. = cos£ 6 = cos —(0 + 2nr ie n integral. 
a q q ; 


This equation is satisfied only provided 


p p 


-(06+ 2nr7 ) 6 + 2mr, m integral, 
q q 
that is, provided 
pP adi - ° 
=—, a rational fraction. 
q Vi 


We shall throughout the remainder of this paper impose the restriction 

hat pg be rational and, unless otherwise stated, shall use the term eyclic- 
harmonie subject to this restriction. 

1.10. Cyelie-harmonie curves, as is apparent from their equation, 

embrace a considerable number of well-known curves. Notable among 

hese are the eardioids and Paseal’s limagon,* Freeth’s nephroid,t 

Miinger’s double egg curve,t and the roses or foliate curves.$ But the 

ple mode of generation, which gives rise to all of these curves and an 

nite number of others, seems to have escaped the observation of 

revious investigators, there appears not even a record of a common class 

une or of any attempt at classification. So likewise the many beautiful 

\ properties common to all of these curves appear never to have been brought 

licht, for the reason, no doubt, that in the special cases, which have 

cen carefully studied, these properties are so veiled as to elude detection. 

lt is only from the larger point of view and for the larger values of p and q 


hat these general properties appear in their real significance. 


Roberval, Observations sur la composition des mouvements, Mem. de l’Acad. Royal des 
VI, Paris, 1730. 

Proc. Lond. Math. Soc., vol. 10 (1879). 

Die ciformigen Kurven; Dissertation, Bern, 1894. 

Grandi, Flores geometrici, ete., Florence, 1728. Auth. Dissertation, Marburg, 1866, 

loliate Curves, The Analyst, I], 1875. Himstedt, Progr. Lébau, 1888. 
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2. Cyclic-harmonics in Cartesian Codrdinates. 

2.1. We assume that p q is positive, rational, and reduced to its lowest 
terms, so that p is relatively prime to gq. Furthermore, unless the eon- 
trary is explicitly stated, we shall assume that & + 0.* The eyelic- 
harmonic, p = a cos (p q)@ + k, may then be rationally expressed in 
terms of Cartesian codrdinates, x, y, as follows: 

Consider the identity 

cos 6 + isin 6 cos pe + i sin pe = (cos? a + 2 sin (o) 
‘ q qY 
If we expand the first member of this identity in terms of powers of 
cos # and sin # and the last member in terms of powers of cos (p q)@ and 
sin p qe and then equate the real parts of the two expansions we obtain 
the new identity 


a i _— ] ws COS A sin Al 


_~- 
& [= rent coor (20) sim (8) 


where 7 and j represent the integral parts of p 2 and q 2 respectively. 
Now cos # = x p, sin@ = yp, and from the equation of the eyelic- 
harmonic curve we have 


On substituting these values in the foregoing identity and multiplyvit 
through by the factor a%p” to avoid fractions, we obtain 


a : ws — 1])"¢ 


—— 


a rational equation between wx, y, and p. 

2.2. The left member of equation 7) isa polynomial, homogeneo 
degree P; In rand i. The right member is a polynomial of degree p 
in p, consisting of p” multiplied into a polynomial of degree q in (p 
The coefficients of the successive terms (p — k)%, (p — k)*2, (p 
p—k)«*", are 

B,, — a°B,_2, + a'B,_s, ---, (— 1)"a’"B 


where 


B | ( ( ( 
It will be shown that / O gives rise to degenerate forms for which many of t 
theorems here leduced break Gow! Nor Is if nees irs to consider the se special ea ( 
} i” ad r ty) t : 
since their properties have been repeated! Investigated. See Loria, Spezielle ilgebraiseh 
transscendente ebene Kurven, Leipzig (1902), Abseh. 5 Kap. 8. 
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Bo-y = Cyt + CCe? + CoC 5? + CPCio? + ---, 


By. = C24 + CPC + C2Ce? + C3'Cy4 + ---, 


bB om = Com? + NP ae tT + ts OT + CaP ense* + it 


[1 is now easy to write out the coefficients of the various powers of p in 
« expanded form of the right member of equation (7). Denoting the 
coefficient of p?*” by C, we have 


b,, 
( — kC\7B,, 
( ?C24B, — a By, 
( — °C34B, + ka’Cy* "Bs, 
CB, — k*-*a?C,-27 "By. + hk’ ta'C,_4* $B, — 


+(-—1 ile ee) ee 
eording as ris even or odd. We note in particular that 
8) C Fd +1)4+ (1 — 1)4)2 = 27, Cyr = — kg 2", 
( i (kB, — |: ws, otk’ tabi, — 
+[(k+ vie —a@’)?4+ (k — Vie -— a@)7] 


2.3. It is obvious that the coefficients of the terms in p of the right 
ember of equation (7) are independent of p, that is, these coefficients 
invariant for all eyelic-harmoniecs having the same value of g. Sim- 
lv, the coefficients of the terms in x and y of the left member are, 
ig the factor a’, independent of g, hence these coefficients are in- 

ut for all values of g. This property greatly facilitates the computa- 

f the Cartesian equations of the various genera of evclic-harmonics. 


lt should further be observed that the computation of the B's which 
enter (’s may be expedited by superimposing one on the other the two 
( C7 ¢ C2 ¢ Co C! Ce ¢ Cy 
C27 Cy C, Cyt Cy9" C; Cer Ce ¢ f. 
( C Ce Cut Cr Cz Cf C Ce C, 
( Cs@ Cyt Cit Cu? C) Ci C!S Cs C 
bs Crt Cyt Cut Crgt- ce ¢e Cs CF Ce 


required value B, 2, may then be obtained by adding the products 
ol the superimposed terms in the (rn + 1)th row or column. 
“1. The following table contains the coefficients B,-», for all values 
0! ¢ trom 1 to 10 inelusive. 


ee aE 


s 


a 
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b, 
2 5 F 7 s 9 
0 l 2 t S 16 Ls tt 128 256 
i . 20 is 112 256 576 12 
2 : Is 6 160 132 1120 
l 7 2 120 (K) 


abi y The foregoing table forms the hasis for the computation of the 


coefficients iP - Which are tabulated below. 





( 
l - ) 7 s ’ 10 
i 2 S 2 OH 1S 256 12 
l ] i 12 2 SU) 2 14s 1O24 2304 120 
: 2 12 4S ) 480 134 S$ 9216-23040 
5 BO Is 112-256 576 1280 
) » 1H) O40 2240 716s 21504 O1440 
} lt) ty) Jt vy) 1536 1032 10240 
} s si} twit) POV) KOM) B99 565 107520 
} s ty) 2s ] me) Bs40 12006 25840) 
I 3 1s ab 1H) 4:39) 1120 
; ' 5 1t) 102 13-44 T1OS 29956) 120024 
~ v2 1120 5120 20160 71680 
ot 16s O40 2160 6720 
0 32 i4s 3584 P1504 107520 
1S Ht) jN40 2O1LH0 SOHO 
Is hs GH) eve0 1Oso0 
I 7 oe 120 10) 
‘ tt 1024 216 61440 
112 1o36 1200") 71680 
ty O40 1320 40K) 
7 4 300 1600 
: 128 2304 23040 
256 1032 35840 
160 2160 16800 
K yA 360 2400 
] sf) 50 
y a - 

256 5120 
576 10240 
132 6720 
120 1600 
9 100 

( = , 

” 512 KI 
1280 
' 1120 

100 xX = 

50 7 
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2.6. The foregoing table of coefficients enables us to write the Cartesian 
equation of each of the 63 genera of cyclic-harmonie curves, p, g = 10, 
1 decreasing powers of p. The degree of the equation in p is p + q for 

(S) the coefficient p’*? is different from zero. Now p* = a2? + 7°, 
henee the equation is not rational in x and y unless only even powers of 
p occur, but it appears from (8) that for / + 0 at least one odd power of p 

present in the equation. One quadrature is therefore necessary and 

iflicient to rationalize the equation. 

2.7. The process of rationalization is exceedingly laborious for all but 

e lower values of gq. It required several days intense work on the part 
of the writer to compute the coefficients in the Cartesian equation whose 
equivalent polar form is p = a cos (#10) +k. Written at length this 


equation Is? 


22, 144 (ar? + y*?)"! — (2,621,440%?+ 1,310,720a") (2? + y?)'°+ (11 ,796,480%4 
9.175, 040/°a? + 2,785,280a*) (2? + yy")? — (31,457, 2804+ 26,214, 400k 4a? 
13,107, 200k?%a* + 3,276,800a®) (2? + 7) ° + (55,050,240k5 + 36,700, 160/%a? 
22.937 COOK at + 9,830, 400/7%a® + 2,329, 6005) (2? + y?)* — (66,060, 288k" 
IS.350,0S0/5a? + 18,350, ,080/%a' + 9,830, 400/'a° + 4,147 200K7a* 

1 025,024") (2? + y7)&+ 595.050.2407" — 18.350.0S8S0/a? + 11.468. S00K%a4 

~ 3.276, S00/%a® + 2,176, 000k4a5 + 977 920k a + 274,560a") (227+ y" 

31.457 280k! — 36,700, 160k"a? + 18,350, 080%'"'at — 3,276, S00Kk%a® 

7 16,S00/%a> +-215,040k'a + 120,320k"a? + 42,240a") (27+ y*)! 

11.796, 480/418 — 26,214, 4004 'a? + 22,937 600k" at — 9,830, 400k a® 
2 176, 000k3a> — 215, 040/%a” + 19 200k4a? +6,400%2a'! +3,300a'®) (x? + y*)° 
2 62144005 —9,175,040k'%a? + 13,107, 200kat —9,830,400k Pa® 


1147,200k"a5 — 977 920k 5a + 120,320k%a!? — 6,400k'a + 200K7a?® 
+ 100a'*) (a? + y?)? + (262, 1444 — 1,310,720k'Sa? + 2,785,280k' a! 


3.276, SO0kMa® + 2,329, 600k"a> — 1,025,024/ a + 274,560/ 5a? 

1? 240/%a +3, 300k4a'® — 100K a's + a) (x? +?) — 10,240h aa ( ar? t+ y 
IP? SSO? — 20,4807) kar x+y" + (958 O4Si4 — 143. 36027 a7 
1344004) hala (x? + y?)8 — (122, 8806 — 143, 360k4a? + 44,800/7 a! 

200°) hala( ax? + y?)? — (10,2405 — 20,4804 %a? + 13,440/a? —3,200/°a® 


2000>) hala (a? + y?) —a% x? =0. 


2.8. We have seen that every cyclic-harmonic curve, k + 0, leads to 
n algebraic equation of degree p + qin the p’s which requires one quad- 
rature in order to make the equation rational in x and y, therefore, 
Every cyclic-harmonic curve, p = a cos (p.q)0 +k, k +9, tis an alge- 
c curve of order 2(p + q). 


yee 


If k = 0 the second member of (7) reduces to 


.) 


p?>[ — 1)"€C2,,p7-"(a@ — p*)”™ |, 
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whose degree in p is odd or even according as p . q is odd or even. If 
P= Gg is even, that is, if both p and q are odd, the equation is rational in 
x and y as it stands, hence 

Cyclic-harmonic CUPVES for which both Pp and q are odd, and |: QO, ar 
alge hraic CUrlveS of orde Z pwr q. 

Every evelic-harmoniec curve is, therefore, an algebraic curve of even 
order. 

2.10. By considering the rationalized form of the equation of the 


general evelic-harmonie curve we see that when both p and q are odd and 


} 0 this equation reduces to the product of two equal factors. JT 
evelic-harmonic curve correspol ding to this ease consists of two equa 
and coincident branches each of order Dp 1 @. We shall eall a singh 
branch of such a curve a degenerate evcli -harmonie curve. It is obvious 
that all results derived for the general case will require modification before 
thev ean be applied to the degenerate case. Unlike degenerate forms 
of many other plane curves, degenerate evelie-harmonic curves cannot 
be readily recognize d by their form alone. 

2.11. The number of genera of evclice-harmonic curves of a given ordet 
is readily determined as follows. Let 2n be the given order, then 
number in question is evidently the number of integral solutions, p, 4, 
of the equation D+ @ } subject to the restriction that Pp, g and n be 


relatively prime to each other. It follows that any pair of integers, p and 
i 


‘4 , J n 
wt — Pp, Ol WHICA Pp Is 


ess than n and relatively prime to n, constituts 
solution, for if p Ix relatively prime to nso also Is n - p. The numbet 
sought is, therefore, the totient function ¢(n), and we have the theorem, 
The number of genera of cyt lic-harmonic curves, k + 0. having a ive n¢ 
Pn is the totient number ci) 

The foregoing enumeration does hot include degenerate evelie-har- 
monies. Of such there are ¢/2n) having a given order 2n. 

The number of genera of eyclic-harmonic curves, k + 0, whose ord 
2n or less is j gin). Besides these there are y g(2n deqe ne 
forms of order 2n or lowe r order. 

2.12. Another interesting inquiry concerns the number of genera of 
evelic-harmonic curves for which neither p nor gq exceeds a given numbe! 


] 
byl 


Suppose first p > qg, then for a given value of p there are ¢(p) admissible 
values of g and hence of the ratio pq. Now p may take all values trom 
1 toninclusive, hence there are }°* ,¢(n) genera subject to the restriction 
n=) > ¢. HM vidently there Is an equal number subject to the restriction 
n= qQ>p. Finally there is the case Pp q 1. Hence 

The number of genera of cyclic-harmonic curves, k + 0, subject to th 


condition that neither p nor q shall exceed a given number nis $e i¢(N) 
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2.13. Returning to equation (7) we see that the order of the terms of 
lowest degree in x and y is p, after rationalization 2p, hence 

Every cyclic-harmonic curve, k + 0, has a multiple point of order 2p at 

origin, 

Every degenerate cyclic-harmonic curve has a multiple point of order 
pal the origin. 

2.14. The terms of highest order in the rationalized form of equation 
7) result from the expansion of 


a prte) : a? 4 y?)Prd = (z + iy)? xr — iy ptq- 


each of the circular rays « + iy = 0, x — ty = 0, must therefore inter- 
sect the curve in p + gq coincident points on the line at infinity, hence 
very cyclic-harmonic curve, k + 0, has p+q- ] fold contact with 
ne at infinity at each of the circular points. 
The line at infinity is thus seen to be a double tangent to every cyclic- 


« 


harmonie curve; it is an ordinary or inflectional tangent according as 
g is even or odd; moreover since the order of the curve is 2(p + q) 

t can meet the line at infinity in no points other than the circular points. 
2.15. That evelic-harmonie curves are unipartite is sufficiently obvious 
from their definition; that they are also unicursal or rational may be 


~-hown as follows. Since p = acos (\p qe + i 


ZX: (« COS Pg +} ) cos 6, y = (« cos . g@ + k) sin 6. 
q q 


Now let 6q = ¢, then 6 = q¢, and we have 

x (a COS Pe — I) COS JP, y = (a COS Dg +F h) sin q¢. 
Now p and qg being integers, cos pg cos gg and sin gg, may each be 
rationally expressed in terms of sin ¢ and cos ¢ so that on making the 
substitution 
2) 


COS ¢ 1-—#f)/1+ 8), sing = 2(/(14+ 0), { = tan (¢ 


¢ ’ 


and y may each be expressed rationally in terms of the single param- 


eter ¢, hence 
All cyclic-harmonic curves are rational or unicursal curves. 








MORE THEOREMS ON THE COMPLETE QUADRILATERAL. 


By J. W. Crawson. 


In a paper on ‘‘The Complete Quadrilateral’ published in these 
Annals,* a number of theorems were given. These divide themselves 
naturally into theorems in connection with (A) the circumcentric circle, 
#8 determined by the cireumcenters of the four triangles of the quadri- 
lateral, (B) the mid-diagonal line, m, determined by the middle points of 
lines joining opposite vertices, (C) the orthocentric line, o, determined by 
the four orthocenters, and the pedal line, p, which are both perpendicular 
tO 777, D the ince ntric lines, which are connected with the bisectors of 
angles of the quadrilateral. These four divisions of the subject are some- 
what loosely connected, in the paper referred to, by the facts that the 


focal point, F, at which the four circumceenters meet, (A) lies on .. 3 


is the focus of the most Important of the conics whose centers are on 
C’) is simply related to p, and (D) is the intersection of the incentric 
lines. 

In this note some further connective theorems are added. In 1 and 2, 
A), (B) and (C) are more closely linked, in 3, (A) and (D) are bound 
together, and in 4, relations are given connecting (A), (B) and (D). 

The notation of my former paper is preserved, and most of the refer- 
ences are to it. The contents of this note are original, except where 
otherwise stated. 

1. (1) The mid-diagonal line, m, of the quadrilateral bisects the line 
joining the center, C, of the cireumcentrie circle and the mean center, 
H, of the four orthocenters of the triangles of the quadrilateral. 

I have discovered two proofs of this theorem, both too long for inser- 
tion in full. The first is analytical. Taking the focal point for origin, 
and taking the equation of the line /; to be pe+qny = p+ ar, the mid-. 
diagonal line is found, after considerable reduction, to have for its equation 
y = 22%, the point C, the center of the cireumcentric circle, is 

(z — PING + 199s Pl — 2919293 
4p’ 4p° ): 


and the point H, the mean center or center of gravity of equal masses 
* Vol. 20, pp. 232-261. 


1) 
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p ic*e d at Hi, Ho, H;, H;, is 
(2p, 3prq ee), 
4p" 


Hence the middle point of CH has } q, for its ordinate. 
The second proof is statical. It ean be proved, using trigonometrical 
thods, that masses sin 2A; at Cy, sin 2Ay3 at Co, sin 2A, at C3, and 
{., sin Ay3 sin Aye at each of the four points H,, H», H:, Hy are equiv- 
to masses 4 sin Ao; sin Aqy3 sin Ay at C and at H, and hence to the 


wle mass S sin Aes sin Ay sin Ay at the middle point of CH. 


\vnin, the masses at C; and H,; may be replaced by certain masses 
eocnter are C,; and H,. In this way the seven original masses may be 
laced by masses at the six vertices; and it can be proved, laboriously, 


the vertices of the triangle A»3;A.,;A3, whose cireumecenter and ortho- 


the masses at opposite vertices are equal; hence that the seven masses 
placeable by three masses at B,, B., Bs, the middle points of the 
nals. But the centroid of these three masses is at a point on the 
diagonal line. Henee the middle point of CH lies on this line. 
2) (, the center of gravity of equal masses placed at the six vertices 
the quadrilateral, is the centroid of the triangle whose vertices are 
(’, H/, and the orthie center,* O, of the quadrangle CyC2C3C;. 
This is easily established statically. For masses 2m at each of the 
vertices may be replaced by 3m at the centroid of each of the four 
gles of the quadrilateral. But, since the centroid of a triangle is 
third of the distance from the cireumcenter to the orthocenter, these 
tay be replaced by four masses of m each at H,, Ho, H3, Hs and four 
es of 2m each at Cy, Co, Cs, Cy. Now the mean center? of the quad- 
(10.C3C, biseetst the line joining C, its center, to O, its orthie 
center, the point where perpendiculars to each side from the middle 
nt of the opposite side concur.* Hence these masses may be replaced 
lout H, and 4m at Cand 4m at O. But the six masses of 2m each at 
ertices may also be replaced by a mass of 12m at U. Hence U is the 
ceutroid of equal masses at H, C and O. 
Since OU produced bisects CH, and since, by (1), the mid-diagonal 
e, Which contains U,$ biseets CH, it follows that: 
3) The mid-diagonal line of a complete quadrilateral contains the 
hic center of the cireumeentrie quadrangle. 
Let hy, ho, hz, hy be the orthocenters of the triangles C2C3Cy, CsCs@1, 


. 202 (y), Annals, le. 
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C;C;C2, C,C2C,; respectively. Then Cyhy, Cohe, Cgh3, Cshy are bisected ai 
O.* and the quadrangle hikehshi; is directly similar to the cireumcentric 
quadrangle C,C2C3C;. Let A be the center of the circle cireumscribing 
hihohshy Then CK is bisected at O. Also AC, is equal and parallel to h,C, 





a 
A 
el ad 
cx sacs ly Pa F / 
i / 
~ a 
) 7 4 
_ Sr J 
ae ; te \ / S 
x \ ig, © — 
< \ , \ VA 
I —_ k 4 
~ ) / 
i 
\ 
4 os 
HH; H, H If, il, 


Ii | 


Again the triangles As3;Aigli. and C,C.C3 are directly similar, the 
triangles having a center of perspective at the intersection of C, and C7 
other than F, viz., &;. The orthocenters of these triangles are //,. 
their circumecenters are (,, C: their radii are R;, R. Then H,C; |i, 
=R;R. Hence H,C; AC; R, PR. 

Now consider the triangles 7;C,A and C,FC. By the last statement, 
A.C, KC; = CF CF. But 4 KC.H, is equal to the angle between fC 
and H;C;. But h,C makes the same angle with C.C; that H,C, makes 
with Aj;Ay, considering the similar figures. Hence % ACH, is equal 
to the angle between C2C; and Ajy,Ay.. But C.C; is perpendicular to 
FA); Hence 4 KC;H; is the complement of 4 Ay3,A uF. 

Again % CFC, is the complement of % C,C2F, ie., of % AyAnl’. 

Hence the above-named triangles are similar. But triangle C\/’C 1s 
isosceles. Hence KC; is equal to AH;. Thus K lies on the perpendicular 
bisector of CH. 

=F. 250), 


T P. 235 (5). 
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Similarly A lies on the perpendicular bisectors of C,H), CoH»e, C3H3. 
This gives a new proof of Hervey’s theorem* that 

{) The perpendicular bisectors of the lines joining the circumcenters 
| orthoeenters are concurrent. 

It also connects this point with other points of the quadrilateral, since 
5) The line joining this point of concurrence to the center of the 
imeentrie cirele is bisected by the orthie center of the cireumcentric 
drangle. 

\loreover 

6) HK is parallel to the mid-diagonal line. 

Starting?T from the fact that the sixteen centers of the circles in- 
bed and eseribed to the four triangles of the quadrilateral are four 
four coneycelic, giving rise to eight new circles, whose centers Y,, Yo, 

}.. VY, and Z,, Zo, Zs, Z, are on the incentric lines,? it is easy to see that 

7) The circle on ¥,Z, as diameter passes through the points common 

the (orthogonal) circles just named whose centers are at ¥, and Z. 

;. This circle also passes through F and through 

he middle points of JyJqs, Leide3, [sf5;, as is easily proved. There are 
ixteen circles of this kind which all pass through F’. 


One of these points is I. 


ut it is more remarkable that 
S) The centers of these sixteen circles are the incenters and excenters 
the circumeentrie quadrangle Cy) CoC3Cy. 
For ©)C., CyCs are perpendicular respectively to FA3;, FAs. Hence 
hisector of X C.C,C3 is perpendicular to the bisector of % Asif Ao. 
Now the cirele C, is the nine-point circle of the triangle Decks. Let 
1 J,eut Cyat XY. Then X is the middle point of J,;J;;.. Also the bisector 
4 AF As; euts C; at NX. Hence the bisector of ¥ C,C,C3 is per- 
pendicularto FN. But the cireles ¥,FZ, and C; have X and F in common. 
Ilenee the center of Y FZ, lies on the bisector of x C.C\C3. Call this 
/,’. In this way the theorem is proved. 
From the facet that the middle points of ¥\Z,, ¥iZ2, ¥:Zs, ¥iZ lie on 
line parallel to Z,;Z.Z;Z;, it follows that 
9%) The centers of these sixteen circles lie four by four on four lines 
rallel to one of the incentrie lines and also four by four on lines parallel 
the other ineentrie line. 
*P. 244 (25). 
lam indebted to a paper by F. V. Morley in the American Mathematical Monthly for 
1920 (vol. 27, p. 252), for all the facts contained in this section. Mr. Morley derives the 
sa special case from a chain of theorems concerning the incenters of directed lines. 
worth while to state the theorems in different order and language and to derive them by 


metry from simpler rather than from more complex theorems. 


t P. 245 (27). p. 246 (27a). 
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Moreover 

10) The incentrie lines of the quadrilatezal are parallel to the bi- 
sectors of the angles between pairs of opposite sides of the cireumcentric 
quadrangle. * 

4. If the figure that we are considering is inverted with respect to 
the center F, I have shown elsewhere7 that a new figure results whieh 
is inversely similar to the old one, one of the incentrie lines being an axis 
of similitude: and that the circumecentriec circle and orthocentric line 
the old figure invert into the orthocentric line and cireumecentrie circle 
of the new one, while the incentrie lines invert into themselves. [i 
follows at once from these facts that 

11) FC and the mid-diagonal lines are equally inclined to the in- 
centric lines of the quadrilateral. 

It further appears that 

12) If the incentric lines cut the circumeentrie circle at F, J and 
F, J’, respectively, the diameter JJ’ is parallel to the mid-diagonal line. 








A THEOREM ON CROSS-RATIOS IN THE GEOMETRY OF INVERSION. 


Br J. L. Watuse. 


lt is the purpose of this paper to present a solution of the following 


problem. Let Cy, Ce, Cs, Cy be four fixed distinct non-null circles in the 
Let 21, 22, Zs, 2, be the inverses of a variable point z regarding 


- circles respectively. What are the geometrical characteristics of 


nfiguration of these four circles if the cross-ratio (z), zo, 23, 23) is a 


constant independent of the position of the point z? A complete answer 


< question is given in Theorem IIT below. 

\s is usual in the geometry of inversion, we adjoin to the finite plane 
vle point at infinity, and we use the term circle to inelude straight 
lines us well as circles in the ordinary sense of the word. In proving 

Theorem II] we shall give several preliminary theorems. 
‘THEOREM ‘. Let Q@1, G@o, @3, 4 be any four fixed non-concyclic points 
ane. Denote by C; (t 1. 2. 3, 4) the circle passing through the 
hese points obtained by omitting a;; and denote by z, the inverse of a 
point zw ith re spect to C Then the cross-ratio (21, 22, 23, 23) does not 
lon the position of the wats z but ts constantly equal to (ay, G2, a3, a;).* 
hy means of a linear transformation, transform a; to infinity, a, to 
int 1, and the inverse of a; with respect to C; to the origin. This 
isformation is always possible. The cirele C; is the unit circle whose 
center is the origin, and z. and z,; are points on C, distinct from each other 
nd from the point 1. The circle Cy is the line through 1 and ag, C; is the 


through 1 and ae, C's is the line through Qs and Q3. 


The funetion z, (¢ = 1, 2, 3, 4) is a linear function of z, the conjugate 
Mae ary of z. lor we may consider Zi obtained from z by reflection 
the axis of reals (which brings us to z) followed by reflection in the circle 
( Successive reflection in two circles is always a linear transformation. 
Let us compute z; in terms of z. Of course we have z; = 1,2. The 
cr functions z; are integral functions of z since z = % corresponds to 
-. Moreover z = z. when z = 1 or a3, z = z3 When z = 1 or az, 
when z = ae Ora. Since aces = 1, a3;3a3 = 1, we have 
(22 = —az;z +1+ 43, 
.2z3= —axz +1t+ay, 
4 | Ps = — A2A32 + Qe -+- Q3- 
9 ' Strictly speaking, there is an exception if z for the cross-ratio (21, 22, Z3, 24) is then not 


The theorem is true in the sense that ate never the cross-ratio (z:, Z2, Zs, 24) is defined, it 


lue (aj, a2, a3, a4). A similar remark applies to Theorems II and III below. 


15 





— 
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The cross-ratio which we are considering is 


e a i ~~ 
( 
Z Z Z 24 
~. w » - 
Zly 22) 23) 24 ; 
ms et . 9 
Zo é “4 Z1 


which reduces to 


This completes the proof.* 

It will be noted that the constant cross-ratio referred to in Theorem | 
is never real. A theorem analogous to Theorem I but referring instead 
to real cross-ratios is 

THeorem II. If we denote by Sly 225 23, 2 the re spective inverses of 
variable point so 7% garding four fired non-null coaral circles oF Gas Pa Oe 
then the cross-ratio (2;, 22, 23. 24) ws real and independent of the position of 

The four given circles may have two common points, they may all 
be tangent at a single point, or they may have no common point. We 
consider these cases in order. 

If all four circles have two common points, we transform one of thes: 
points to infinity and the other to the origin. The eircles C,, Co, Cs. ¢ 
are transformed into straight lines through the origin: we denote by 

where & = I, 2, 3, 4 any angle which the line C, makes with the axis of 
reals. The inverse of the point Zz re’? with respect to the circle (, is 
then re'°**~*’, and the cross-ratio with which we are concerned is therefore 


a a 
i¢ >. ré — ‘ 
~ J ? a ’ 
Te eae fe re . — 7 
which reduces to 
f —_ ‘ - ‘ 2 | 
7? 
( — “ ‘ ‘+ — §¢ | 


a number independent of z In the form in which it is written, this 
number represents the cross-ratio of the four inverses of z 1. These al 
lie on the unit circle whose center is the origin and hence their cross-ratio 
is real. 


We indicate briefly another proof of Theorem | Suppose the configuration transtorr 
indicated. The function 2 ‘ Z;) Is a ration | fu 

ofz. It can become infinite only when z or z4 ‘thet is whens “a: as. oc, of ae ! 
definiteness consider the point as, and illow z to lis on the ecirele C, and to approach the | 

- Phe ¢ lotien ~ Ppr Cl unity, the quotients 

—— 2) — 24) approach finite limits and hence the rational function does not becom 
finite at z = Sunilarly it ean be proved not to become infinite at any of the point 
Qo, OF a4, and henes Is a4 constant. It remains to evaluate the constant 

Let z 0, so that z z. The points z 1 + az, 2 1 + a2, 2, a rT @ ire 
vertices of a tri ingle congruent to the tri ingle whose vertices “ATC ato, Oty, Oy 8 Then the cro 
ratio (21, 22, 22, 24) = (a, a2, as, a4) for z = O and hence for all values of z. 
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if the four original circles are all tangent at a single point, we transform 
that point to infinity and the circles into lines parallel to the axis of 
vinaries. The cireles Cy, Co, C3, Cy will be lines x = ay, ay, a3, ay re- 
cctively. The inverse of a point z = x + vy with regard to the circle 
(is the point (2a, — x) + ty. The cross-ratio of the four inverses is 


(; — Ge)(A3 — Ay) 


(do == a3) ls —_ a;) 


which is not only real and independent of the position of z but is also the 
eposs-ratio of the points in which the lines are cut by any transversal. 
lf the four original circles have no point in common, there are two 
null circles of the coaxal family. Transform one of these to infinity and 
ther to the origin, so that C), Cs, Cs, Cs become circles whose common 
center is the origin; we denote their respective radii by r;, rz, 73, 73. The 
rse of z = re'*’ with regard to C, is r,2e'* r, and the cross-ratio of the 


inverses reduces to 


i ain with 
To — 7 I's acs yy . 
Which is real and independent of z. The proof of Theorem II is thus 


complete. 
Suppose now we have four distinet fixed non-null circles C,, Co, C3, C4, 
nd that the eross-ratio (z;, z2, 23, 2;) of the four inverses of a point z is a 
constant independent of z. We shall prove that we have a situation such 

ppears either in Theorem I or Theorem II. 

he cross-ratio can have none of the degenerate values 0,1, *.  Sup- 
for definiteness that it has the constant value zero. Then either 
or 2 =; for an infinite number of values of z. From the reason- 


previously used, z, is a linear function of z. and z; is a linear function of 
lence we must have 2; Zo OF 23 z,, which means that C, coincides 
(. or Cs coincides with Cy; either of these suppositions Is contrary 
lr hypothesis. 

I} any two of the circles C,, Co, Cs, C,, say for definiteness C; and Co, 


© a point a in common, a third circle of the set must pass through a. 


| we may choose z = a, so that 21 = 22 a. If the eross-ratio is not 
ive the value zero we must have either z. = z3 = @orzy = 21 = a;a 
point coincides with its inverse only when it is on the circle of Inversion, 


(; or (y must pass through a. 

It any two of the original four circles, for definiteness C; and C,, have 

ho point in common, a third cirele of the set is coaxal with them. For 
there exist two points @ and 8 mutually inverse regarding both C; and C2. 


> 


a and we have z; = z. = 8. Hence we must have z2. = 23 = 9 
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or 2; = 2; = 3: that is, the inverse of a with respect to C3 or Cyis 8.) Then 
C; or Cy is coaxal with C; and (>. 

If two of the circles C;, C2, C3, Cy have no point in common, all four 
circles are coaxal. For we have just shown three—for definiteness 
C;, Co, C3—to be coaxal; no two of these three circles can have a point in 
common. Then (C; can have no point in common with any of the circles 
C,, Cx C3. If it has no point in common with (, the circles Cy, Cs, (, 
or (,, Cs, Cy must be coaxal. Hence all four circles are coaxal. 

If two, sav C, and (., of the original four circles are tangent at a 
point a, all four circles are mutually tangent ata. If C3 is not tangent to 
C, and does not pass through a, it must cut C; in two points distinct from 
Then C; m<st pass through @ and through these two points and hence 
coincide with C;. Therefore each of the circles C3; and C,; must either 
pass through a or be tangent to both C'; and C's in points distinct from a. 
Both C; and C; eannot pass through @ unless both are tangent at a to ( 
and C.; both C3; and C; cannot be tangent to C; and C, in points distinet 
from a. Suppose for definiteness that C, does not pass through a but 
is tangent to C; and C, respectively in points 3 and y distinct from a. 
Then C; must passthrougha, 3g,andy. Transforma,3,y to *, + 1, —1, 
respectively. Then Cs becomes the axis of reals, ( ; becomes the ul it 
circle whose center is the origin, and ('; and C. become the lines tangent 
to C's at + ] and — | respectively. These four circles do not satisfy the 
hypothesis we have made. For when zis on C3, all the points 2), z2, 2s, 2; 
are also on C; and hence their cross-ratio is real. On the other hand, if 
zis not on (; but is on (), z; is interior to the triangle formed by 2, z 
the four points are not coneyelic, their cross-ratio is not real and therefore 
not constant. 

If two of the circles C,, Co, C3, Cy, say Cy and C2, have two distinct 
points a and 3 in common, the four circles either are coaxal or form 2 
configuration such as that described in Theorem I. For either C3 or (, 
say C3, must pass through a. If C3; passes through 8 as well, Cy must 
pass through both @ and 3 and hence the statement is proved. If € 
passes through @ but not through 3, it interseets C, and C, respectively in 
points y and 6 distinct from each other and from @ and 8. Then (’; must 
pass through 3, y, and 6, so we have the kind of configuration described 
in Theorem I. This completes the proof of 

THEOREM II. Let 4 Cs, C:. CU; he four distinct fixe d non-null cir f 
Denote by 21, 22, 23, 2, the inverses of a variable point z with re gard to th 
four circles respectively. A nece ssary and sufficient condition that the cross- 
ratio (21, Zo, Z3, 2;) be real and ind pe ndent of the position of z is that C,, ¢ 


f 


Cz, Cy be coazal. A necessary and sufficient condition that the cross-ratio 
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be non-real and independent of the position of z is that the four circles pass by 
cos through four distinet points. If we denote by a; the point through which 


the three circles which do not include C,, we shall have* 


\ Zils S35 Se, Zaz (ay, Qio, @3, 4). 


In Theorem III we have supposed none of the circles C,, Co, C3, Cy 
he «a null cirele. We shall now consider the possibility that some or 
these may be null circles, but shall suppose that all four circles are 
distinct. It follows as before that the cross-ratio does not degenerate. 
If we choose any four points of the plane, aj, a2, a3, ay, consider them 
- null cireles, and consider the inverse of a point z with regard to a; to 
he point a, itself, of course the cross-ratio (z;, 22, 23, 24) 18 constantly 
a, a3). Three of the four original circles cannot be null circles 


- the fourth is also a null cirele. For three of the points 2;, 22, 23, 24 
La constant cross-ratio determine uniquely the fourth of those points, 
is therefore fixed independent of z. 
Suppose two of the original circles, for definiteness C, and C., are 
circles while the other two are non-null circles. We consider in 
the possibilities that C3; and C, have two points in common, are 
ent, or have no point in common. If C3; and C; have two points in 
on, the proof formerly given shows that C; and C, must he at the 
tersections of C; and C;. Transform C, and C, to the origin and 
finity respectively, and denote by 63 and 4, the respective angles which 


(and (,--now straight lines through the origin—make with the axis of 
reals. If we choose any point z = r'*, the corresponding inverses are 
0, 2 Liz, = rei) 2, = rele), ~The cross-ratio Is 
: €~ (— Ee 2 
~ «2 a <4) e- ‘ ’ 


his independent of the position of the point z. 

lf (, and C, are tangent, their point of tangeney must be either C; or 
( ay for definiteness C;. Transform C, to infinity, C, to the origin, 
nd (, and (, into lines parallel to the axis of imaginaries. When z is 
|, its four inverses are coneyclic and hence their cross-ratio is real. 
When z is not real, the four inverses are not coneyelic and their cross- 

(io is not real and hence not constant. 
li (, and Cy have no point in common, the proof formerly given shows 
] that Cy, Cs, Cs, Cy are eoaxal. Hence C; and C, are the null circles of the 
coaxal family determined by C; and Cy. The reader can easily compute 
le cross-ratio of the four inverses of z and show that it is independent of z. 
rt of the proof of so much of Theorem III as refers to the necessity of the condition was 


it jointly by Professor J. L. Coolidge and myself. Theorem 1V was suggested to me by 


r ( ‘oolidge. 
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We give now the results if one and only one of the original circles is » 
null circle. The proofs are so similar to the foregoing that they are 
omitted. If two of the original circles have two points in common. 
third is ecoaxal with them and the fourth is-a point common to them all. 
If two of the circles are tangent, a third is coaxal with them and the 
fourth is the common point of tangency. If two of the circles have no 
point in common, a third is coaxal with them and the fourth is a null 
circle of that coaxal family. In all of these cases the cross-ratio 
23, 24 is a constant independent of the position of the point a 

A theorem closely connected with the first part of Theorem IIT is the 
following: 

; THEOREM IV. Let there be given four distinet fired non-null cirel 
the plane. Denote by 2, 22. 2s, 2, the inverses in these circles respectively of 
a variable point zZ OJ the plane. A nece SSary and sufficu nt condition 
2x. 25, Ba. 2 he concyclic whatever be the position of z is that the four (J 
circles be coaxal. 

The necessity of the condition is easily proved by methods somewhat 
similar to those previously used. Denote the given circles by Ly, * 
‘oe respectively. (‘hoose zon C, but on none of the other circles: the 

| coincides with zz; The circle C through z;, 22, z3, 2; passes through tl 
) | | pairs of distinct points mutually inverse regarding Cs, Cs, Cy, and hence 
C is orthogonal to (2, C,, C;. We can choose z on (’, but on none of t! 
) circles Ce, C3, Cy in an infinite variety of ways and hence we have eithe1 


an infinity of circles C orthogonal to Cs, C3, Cy in which case these thr 
circles are coaxal or we have ( coinciding with (';, so that C; is orthogo! 
to oF C's, és Similarly, we can of course choose Ras (...0r C. iInste ad of ( 
and prove for example that either C,, Cs, C; are coaxal or C» is orthogon | 
to them all. 

Ii any three of the four circles C,. C.. C “$8 Say for definiteness ( 


} 


(’., ©, are coaxal, all four circles are coaxal. For we know that ei 
C;, C3, Cy are coaxal or C; Is orthogonal to them all. Since Cy Is Coax 
with C; and C; it is not orthogonal to both C. and a: Hence C,, C3, ( 
are coaxal and therefore all four circles are coaxal. 

If no set of three of the four original circles is eoaxal, each of those 
four circles is orthogonal to the other three, which is of course impossib! 
In fact two of the circles are easily transformed into two perpendiculat 
lines: a third circle must have its eenter at their intersection: there 
evidently no fourth cirele orthogonal to all three. 





The necessity of the condition of Theorem IV has thus been proved: 
its sufficiency follows from the reality of the cross-ratio in Theorem I! 


and hence completes the proof. In Theorem IV the four points 21, 
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_are not only coneyclie but are concyclic with z. This follows from 
nection of the proof of Theorem II. It immediately suggests 
TueoremM V. Let there be given three distinct fired non-null circles in 
plane. Denote by 21, 22, 23 the inverses in these circles respectively of a 
ible point z of the plane. A necessary and sufficient condition that z, 21, 
he concyclic whatever be the position of z is that the three given circles 

coaral, 

First we prove the necessity of the condition. Through any point z 
on one of the given circles and through its inverses z;, z2, z; there 
es a circle which is orthogonal to the three given circles. Hence 
e circles are coaxal. 

The sufficieney of the condition follows easily by the method of proof 


Theorem IT. 


Harnvarp UNIVERSITY. 








THE CONDITION FOR AN ISOTHERMAL FAMILY ON A SURFACE, 
By James WK. WHitTeMore. 


Consider a real surface and let the rectangular coérdinates of its points 
be civen as functions of the two real parameters u, Uv; suppose the linear 
element given by 

ds Edu + 2Fdudv + Gar. 


The condition that a family of curves on the surface, ACu, 1 c, be 
isothermal, as generally given, is that As!A) AA) be a function of X, 
where A;(A) and A.(\) are the first and second differential parameters 


formed with respect to the linear element of the surface.* This condition 
is not applicable in the case of frequent occurrence where the family ot 
curves is given not in finite form but by a differential equation. Lie has 
proved? that if uw, rv are isothermic parameters In 2 plane the integral 


curves of the differential equation dv du alu, v) form an isothermal 


family when and only when are tan a is a harmonie function of uw and 
and that in this case the equation may he integrated by quadratures. 
It may be remarked that the theorem is given by Lie as an application of 
his method of solving a’ differential equation admitting a known in- 
finitesimal transformation: further, that his proof applies without change 
To the case of any surface v1IVen in terms of isothermic parameters. Lie 


has also shown? that the equation can be integrated by two quadratures 


lf it define San isothermal hal ily On any surface given with any coordinat: 5; 
but he has elven ho method of determining when this is the case. 

In this paper we obtain by a simple method, quite different from 
Lie’s, the condition that the differential equation, dv du a. define an 
isothermal family on any real surface given with any real parameters 
u,v, a condition which is a generalization of Lie’s condition for isothermic 
parameters; we prove Lie’s theorem that the equation can be integrated 
by two quadratures when it defines an isothermal family; finally we give 
the geometrical significance of the angles of the complex integrating 
factors of the differential equations of the minimal lines of the surface. 

Let w be the angle measured from the positive direction of (v) to the 
positive direction of (w), where (w) and (v) mean the curves wu constant 
*See Eisenhart, Differential Geometry (1909), pp. 84, 89, 96. 


t Lie-Scheffers, Differentialgleichungen (1891), pp. 156, 157. 
1 &s..'€.; pp. 160-162. 


iw 
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and v constant respectively. Then 


sIn w = H ; COS w= F ) 

VEG VEG 
here VEG is positive and H is the positive square root of EG — F°. 
et ¢ be the angle measured in the same direction as w from the positive 
direction of (v) to the positive direction on that integral curve C of dv/du 
which passes through the point u, v. The positive directions on (v) 
and on C are the directions in which the parameter wu increases. Con- 
idering the infinitesimal triangle whose sides are (rv), (u + du), C, we have 

VGdp VG sin ¢ VEG 


! = a * . =_ = 
Viedu VE sin (w— ¢) H cot o- I 
1 which 
E t ! Ha 
=* 39 an ¢ = = spat 
H cot ¢ — I E+ Fo 
The minimal lines of the surface are given by ds? = 0. Since 
Eds? Edu + Fdv)? + H dye 
minimal lines are the integral curves of the two equations, 
| Edu +(F —iH)dv = 0, Edu + (F +iH)dv = 0. 
We may assume since FE, Ff, H, u, v are real that integrating factors of 
equations (2) are respectively pe’? and pe~"*. Then 


i, pe *"| Edu +(F —iH dv | = dr + idy, 
pe~*[ Edu + (F + iH)drv] = dx — idy. 
since these equations give 


, I - . 
ds? = |. (dx? + dy’) 
pols 


and y are isothermic parameters of the surface, and are, with a suitable 
Either 


choice of p, @, any pair of isothermie parameters of the surface. 
| equations (3) gives 


dx : pl. Kedu = Fdv) cos 6 + H sin Adv |, 


| 
dy pL Edu + Fdv) sin @ — H cos Adv |. 
he conditions of integrability for equations (4) are 
ra] " ‘a ? : " 
—(pK cos 0) = —-(pF cos 6+ pH sin 8), 
Ov Ou 
0 a ‘ 0 — 
— (pk sin 6) = -—(pF sin 6 — pH cos 6). 
Ov Ou 
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Expanding and combining the last two equations, we have 


5 “H+H,+ £0, — Fo, = 0, 
p 
P: FH + H(E. — F, — Hé,) + F(H.'+ E6. — F0,) = 0, 
where subscripts denote partial differentiation. The condition of in- 
tegrability of (5), eonsidered as equations in Pp, is 
aé7H, + Fé, — Fo, | 
al H 
: _ Of HE, — Fy, — Hd.) + F(A, + £6, — Fe 
au EH 


The last equation may be reduced to 


6 ag =i 2f 2 (1 E\ Ha F 
) OU — ——- . 

A I Ou dG 1) Ik Ou i) 
If 6 is a solution of (6), p is found from (5) by a quadrature, then y from 


+ by a quadrature. The equation y c gives an isothermal famuly 


and is the general solution of dy Qoor 


‘) | ul H Cot vy — I 


f ) Comparing the last equation with (1) it appears that the necessary and 
sufficient condition that the differential equation, dv du = Q, define al 
isothermal family is that the angle ¢ measured from (vr) to the integral 
curve C and equal to 

Hea 

Po 


are tan 


be a solution A of ). The angles of the complex integrating factors ()] 
the two differential equations of the minimal lines (2) are plus and minus 
» the angle of intersection of the curves of an isothermal family with the 
; curves (7 
When wu, v are isothermic parameters, the condition given is that of 
Lie, for equations (1) and (6) become 





3A yA 
tan ¢ =a, ce ae a ee 
Ou- ow 
We remark that if 4, and @ are two solutions of (6), then Ao(6; — 42) = 9, 


that is, the angle of intersection ¥ of two isothermal families is such that 
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0, in particular a harmonic function of any pair of isothermic 
uneters. It may also be easily proved that when u, v are isothermic 
neters the necessary and sufficient condition that the equation, 


du? — dv* + 2 tan ¢gdudv = 0, 


an isothermal system is that ¢ be harmonic. 


HAVEN, 
December 3, 1920. 














THE REVERSION OF CLASS NUMBER RELATIONS AND THE TOTAL 
REPRESENTATION OF INTEGERS AS SUMS OF 
SQUARES OR TRIANGULAR NUMBERS. 


By E. T. Bett. 
We shall discuss a set of new arithmetical functions defined in $$ 7,8 
relating to representations as sums of square or triangular numbers, the 
connection of these with class numbers, and means for calculating by 
recurrence the numerical values of the functions. The new functions 
first present themselves in reversing the class number formulas of the 
classical types due to Kronecker, Hermite and Liouville. They are them- 
selves connected by many relations of a like simplicity, and seem to deserve 
attention on their own account. In section I we fix the notation and 
state the sense in which reversion is used throughout; in IT the functions 
are defined and their generating series determined, the absolute con- 
vergence of these being proved incidentally; II] contains four examples ot 
the reversion of simple class number relations, and IV gives a short selec- 
tion from the numerous recurrences between the functions, those chosen 
for presentation being among the most useful for numerical computations. 


I. Novation; REVERSIONS. 


In the customary notation let Fin . fF, n denote the number of odd, 
of even classes respectively of binary quadratie forms for the determinant 
— n, so that Gin) = F, nN + fin) is the whole number of classes, and 
write 


Hin Fin) — F,(n). 


By the usual conventions a Class equivalent to alae + y contributes 
14 to F or Fy; one equivalent to a(2a° + 2ry + 2y*) counts for 1 4 inf 
It is simpler in the sequel to ignore the other conventions F(0 (), 
f 


(0) = — 1 12; hence all formulas involving F(n), F\(n) or other arith- 
metical functions will be so stated as to preclude the occurrence of zero 


values of the argument 7. 
Henceforth, without further references, (a 3) is the Jacobi-Legendre 


symbol; m, pw, n, a, b, t are integers > 0, of which m, pw are odd, n, «, 


arbitrary, ¢ is triangular 1, 3,6, 10, ---), and k is an integer > 0. In 
all power series in q, in particular in those for the elliptic theta constants 
= Jal), 31’ = Iodod3, V 1+ 2>(— 1)"q”™, do(q') = 22q", Ys 


56 
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osg, oy (q) = 22(— 1|m)mq™, the summations refer to all values 
rom 1 to « of the exponents consistent with the m, n notation. But in 
sums independent of g, such as =f(2m — a*), the Y is with respect to 
letters yu, a, b, or t involved, and extends only to all those values (of 

the u, a, b, or t) that make the argument > 0, so that any such sum con- 
ts of only a finite number of terms and zero values of the argument 
snot occur. When in any sum any of the integers are restricted beyond 
notation already explained the restrictions will be given explicitly. 


m = 8k +3: 2f(2m — a’) =0 


indicates that the sum vanishes only when m = 3 mod 8. 
2. \ function f(2) which takes a single definite value when z is an 


integer > O is ealled arithmetical. Let a, 8 denote arithmetical func- 


ns between which there is the relation 


a(n) = — 1)" B(1) Bl2) Bs B3(n) 
l B(1) p(2) ---» Bin —1) 
0) ] B( 1 3(n — 2) 
0 0) ] jin — 3 
() () () ses 3(2) 
0 () () wes) BCL) 
0) (0) 0) te ] 


> 


We shall eall a(n) the inverse of 8(n), or simply a@ the inverse of 8, 
reason for this nomenclature appearing in a moment. On expanding 
the determinant by minors of the elements in its last column, we see that 
I) is equivalent to 


- a(n) + B(n) + Lala)s(n — a) = 0; 


nd this being symmetrie in a, 8, it follows that if @ is the inverse of 8, 
3 is the inverse of a. 

’. The problem of reversing class number relations is presently re- 
duced to finding the inverses of certain elementary arithmetical functions. 
When @ is arithmetieally defined it is not always easy A priori to give an 
explicit arithmetical definition of its inverse 6. Thus if H’(n) is the 
inverse of 12H(n) defined in $1, it may be verified from Dirichlet’s 

rmiulas for the class number combined with Gauss’ theorems on decompo- 
ious into sums of three squares that 


n 


H'(n) = SO(— 1)'t4iN,'(n), 


ral 
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in which ¢, denotes the ath triangular number and N,’(n) is the total 
number of representations of mas asum ofr squares whose roots are ° (), 
But the verification is artificial and involved, and all such questions are 
better treated by direct algebraic methods, one of which is elaborated in 
this paper in detail sufficient for the reversions of class number formulas 
of any of the classical types. 

4. Consider three pairs of arithmetical functions, (P, P’), (Q, Q 
R, RP’), the functions in any pair being inverses of each other, and let 
FP, (), R be connected by the relation 


3 Pin) + Qin) + 2PiajQin — a Rin), 


which may conveniently be symbolized by PQR in which, note, the func- 
tion given explicitly in terms of the other two oceurs last. The process 
of solving PQR for P is called the reversion of PQR with respect to P, 


> 


and the solution the P-reverse of (3). We will show that 
+ Rin) + Qin) + TQ'aRin — a) = P(n 


that is, the P-reverse of PQR is RQ'P, or what is the same thing, by 
symmetry, GRP. Hence we have the rule: To reverse any relation ot 
the form PQR with respect to either function given implicitly, inter- 
change the function given explicitly and the function with respect to 
which the reversion is taken, and replace the other function by its inverse. 


It is easily seen that (3) implies (4), viz., that PQR implies RQ'P. 
For if in (4) we replace Rin), Rin — a) by their values as given by (3), 
] 


the latter being 
R nw =— € = P y= €@ ? () imi=- @) «4 He h () yt - ¢&—_ h ; 


and collect coefficients of Pa), we find 


+ 


(J 4) «> € (nm) 4 zQ’ a () n—a 


“fr TQ n-—a)- () n—a)- SQ'(b Qn —-—a-— h - a 0), 


Which is an identity, each square bracket vanishing separately since Q, 
()’ are inverses. 

We have just shown that PQR implies RQ’P. From this it follows, 
since if Q’ is the inverse of Q then Q is the inverse of Q’, that RQ’P implies 
PQR. Hence in the meaning of mathematical logic PQR and RQ'P are 
formally equivalent, PQR ROP. 

It is evident that from any relation of the type PQR we can by rever- 
sions obtain six and only six relations of the same type, 


QRP,  P'RQ, —-PQR, ~— QR'P’", — PR'Q’, = P'Q'R’. 
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« determine, in the same order, P, Q, R, P’, Q’, R’ from the given 
ion PQR; and clearly from what precedes, any two of the six are 
ally equivalent and each implies all. 

\ relation of type PQR is thus six-valued, and the six values constitute 
plete reversion. When considering the reversion of class number 
ns we shall confine the discussion to the partial reversions which 

the class number functions explicitly in terms of known functions 


their inverses. 
5. We need also the reverses of another type of relation, (PQR), viz., 


Pin) + =P(a\Q(n — a) = Rin 


\s before it is seen at once that this is two-valued, and the complete 
rsion Is 
(POR),  (RQ'P). 


(i. If for all values of q defined by 0 <'q, < ¢ where ¢ is a constant, 

the series 

y(f) = 1+ LZq"f(n) 

verges absolutely, y(f) is called the generator of f. Let f, f’ be in- 
, and suppose that for the same q both y(f) and v(f’) are absolutely 

Then from (2) we have, on collecting coefficients of q", 


convergent. é 
Vfyvf) = 1. 
Hence if for the same q the generators of a function and its inverse are 


bsolutely convergent, the generator of the inverse is the reciprocal of 
the generator of the function. 
Suppose ¥(P), y(P’), 7(Q), ¥(Q’), y(R), y(R’) are absolutely con- 
cent for the same gq, the functions being those in $4, and suppose 
ther that y(P?)y(Q) = y(R). On equating coefficients of g" in this we 
PQR of $4. Multiplying the identity between the generators 
broughout by ¥(Q’) we get y(R)y(Q’) = y(P), which yields the relation 
RP, viz., the P-reverse of PQR. In this way we find by the appropriate 
Niultiplications all six of the relations in the complete reversion of PQR, 
and similarly for (PQR). 
\s ull of the generators giving rise to class number relations, likewise 


{ 
4 


il of those for the inverses of the several functions occurring in these 
absolutely convergent for the same q (see § 9), we shall use the method 
of generators exclusively in finding the reversions. This method, when 
it can be applied, is preferable to a direct use of (4), (7) as even in simple 
cases the necessary arithmetical reductions for the latter are not always 


rent. 
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Il. Tota Functions ANd THEIR GENERATORS. 

7. The functions defined in § 8 may be regarded as a natural extension 

of certain functions occurring in the theory of partitions, as they relate 
to the total number of ways in which an integer may be written as a 
sum of square or triangular numbers of preassigned forms. By the total 
number of ways in which n may be written as a sum of squares we mean 
the sum of the number of Ways in which » mav be represented as & sum 


ail 


of y squares whose roots are = U, for i l, ya cee. S. the order of the 


squares in any representation being essential. Similarly for the other 
total functions; all the representations of the kinds specified are to be 
counted, and in each case only squares whose roots are different from ZeTO, 
or positive triangular numbers, are enumerated in any representation. 

It will be noticed in the following functions that the suffix 1 or 2 is 
of the same parity as the total numbers of odd squares occurring in the 
several representations of the kinds even (| /), or odd (O, 2), with a similar 
device for the triangular 7, so that the meanings and elementary properties 
of all the symbols are easily retained. 

8. Let Fyn), Fain), «++, denote the total numbers of representations 
of n as sums of the following kinds: 


S) £y(n): even number of squares, the total number of odd squares 


in each of the representations enumerated being odd; £,(2n (). 

9) Es(n): even number of squares, the total number of odd squares 
in each of the representations enumerated being even; /2(m 0. 

10) Fin): even number of squares; Ein BE y(n) + E.(n). 

11) Oynj: odd number of squares, the total number of odd squares 
in each of the representations enumerated being odd; O,;(2n (). 

12) O.(n): odd number of squares, the total number of odd squares 
in each of the representations enumerated being even; 0), m) = 0. 

13) Ovn): odd number of squares; O(n O(n) + Oo(n 

14) Nin): squares ; Nin Ein + (Jin 

15) Qy(n): odd number of odd squares; Q;(2n (). 

16) @.(n): even number of odd squares;-Q.(m > VU. 

17) Qn): odd squares; 20 Qi(n) + Q2(n). 


IS) V,(n): odd number of triangular numbers. 
19) To(n): even number of triangular numbers. 


20) Tin): triangular numbers: 7'(n T\(n) + T2(n). 

21) ®’(n) = &.(n) — O(n), & BE. 0, &. 7. 

(22) Din) = E(n) — O(n): D'(n) k’in) -— O'(n). 

Since £,(2n) = 0, F2(2n I(2n), ete., it may seem that /,, bs, 


O;, Os, Q;, Qo are superfluous, and that /, O, 2 only are necessary. his 


of course is true. Nevertheless the statement of many processes 1s much 
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¥e 
Simpl 


fied by retaining all, which we shall do, using one set or the other 
From the definitions we have the useful identities 


_ ] )” WV nm) = Wy’ n ), 7 — E, 0, Q, 5). 


“As ( nvenient. 


The funetions (8)—(22) are those most frequently required in class 


nuniber reversions. 

Let ¢ denote any one of the functions defined in (8)—(22) except 
involving Z 7 or T's. Then obviously Nin) -~|O(n) |. Hence 
hsolute convergeney of y(.V) for 0 < q < ¢ implies that of y(¢) for 

eq. Weshall prove that ¢ | ensures the absolute convergency 
\\). This value also makes each of #,, 3;', and hence also their 


ve integral powers J,° and products #,%d,’, ete., absolutely con- 
vent. .\ larger c (= 1) may be found making y(.V) absolutely con- 
vent; but as this is needed in nothing that follows, and as the proof 
ver, We omit consideration of this point. 
Let Vin) denote the total number of representations of n as a sum 
iires Whose roots are > O, and N,’(n) the total number of repre- 


ions of nm as a sum of r squares whose roots are = 0. Then N,’ nN) 


\ 
Nin) = DLN,'(n >2"N,.(n) = 2°>-N,(n). 
Hence Nin) 2" = the total number of ways in which n may be written 
or squares whose roots are > 0. But clearly this last number 
2 for 2"! is the total number of ways into which x may be par- 
cd into n or fewer positive non-zero integers. Hence N(n) = 2°77); 
herefore since 1 + Sq"2°""! converges absolutely if 0 < q < 4, 


Jute convergence of y(¢) for the same range is established. And 
obvious that by a few slight changes this argument can be modified 
hose funetions of (18)—(20) which involve 7, 7;, T:. Henceforth 
slue of g is assumed in all the series. , 
10. Expanding 337! in powers of 3; — 1, 
65) = [1 + (@ = DP = 14+ 2(= I — D* 


‘at onee that the coefficient of g" is Din). Thus we have the first 


ndamental generator, 
y(D) = 1/93. 


Change g into — q and apply (23): 
=") ¥ D’) = 1/dp. 
Similarly from [1 — (3; — 1)}-! we derive the second fundamental 


-| y(.N) = 1 (2 — 03); 
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whence, as before, 


9” , +. Yq’ n) + O'(n)] SED we 


From (24), (26 by addition and subtraction, 


28) y(E) = 11(20, — 93° 
was) % ()) — l v~1 = l 2) _— 33°) * 


and from these on replacing q by — q, or independently from (25), 
30 VE 1 (28, — 0 
1 7(O’) — 1 = (dp — 1) (20) — 9 

By combining (28)—(31) by addition and subtraction we find (> 
for @= E,, E:, 


simple forms on factoring numerators and denominators, need not 


0),, Oo. The results, which reduce to comparative! 


written out here, as they are required in nothing that follows. 
The third fundamental series generates 7’; and as before the following 
are readily Seen . 


32 1+ Sq"T'(n) = 29 d2(q' 
33 L + Sqg"Tin) = 29 [4q — 82(q')7 
4 l a a T; } fy Pal by | 


whence, replacing g by  yq7 we have at once 


yt) ] <4 G2() | l i} q 

° L+ 3972") 11 + v0(q')); 

305 | —4 {? >) | | ~ oe q ] 

4 

3) Sq”"Qy(m) = doiqi) [1 — de2(q*)] 


For convenience in hut erical che ‘ks there is a short table at thy 
of the paper. All formulas from how On have heen checked 1 l 
of the table, which was calculated independently. Note that our class 
number functions will not all agree with those read off from Cav! 
table,* as he does not adopt the conventions of $1. The values 11) 
paper are those which will check in the class number relations of Kroneck« 
Hermite, Liouville and Humbert. the final form of Kronecker’s being 1! 
followed. 


* Collects | Pape rs. vol. 5. p. 141. 
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THE 


III. ReEvVERSIONS OF CLASS NUMBER RECURRENCES. 
\1. The range of possibilities being very extensive we shall discuss 
the four elass number relations arising from Hermite’s (or Kro- 
ker's) developments* of 33°, do°, Jods", Jord. 
‘To state the relations we require the functions # rs e, A: ((n) = the 
of all the divisors of N; c’(n) = the sum of the odd divisors of n, 


C(m); e(n) = 1 or O according as n is or is not the square of an 


fil + 2(— 1)" ]e'(n); “.A(m) = — F(m), A(2n) = 3¢'(n). 


From the developments of the elliptic constants in the Fundamenta 
or from the theorems on representations of integers as sums of 


* 
‘squares, we have 
1() Pa ] =e Srq"av nm). * = 16q” C Hl 
y} q Us q° 4Xq"¢ m ?} ” = 1 + Srq""d n 
| Ilermite’s series are 
Zz v} |} + 12Sq"H n), Us q°)ve(q = 4Sq"F 2m : 
) aL {7 + 1: dQ )ds(qi) = 4%q "Fim 
aT Si: 4. 2° I(q') = Sq’ Fim). 


the last after replacing q by — q, 


l1?. Using the series in (42), (40 
J;' the class number 


nd in the usual way from the identity J; X ds 


iz OHin) + 122Hin — a 4(/— 1)"A(n) — e(n) 
lo reverse this we proceed as in $6, finding the H-reverse from the 
d3' KX 1d; hy means of (24), getting at once 


IPH in S(— 1)"A(n) + Din) + SS(— 1)*A(a)Din — a 


13. Similarly from 3.* XK d. d.' we find by (44) the relation 


ty YF (4m — pw?) = Sim 


om. do! X 1 dy by (32) the F-reverse of this, 


: , ses ni Mm pw 
I\4m — 1) C(m) + Se(w)7 ( = ) 


on making an obvious change in notation, may be written more 


niently, 


: _fm+1\, xo. aw, {(m—4tu4+ 1 
Ml S/: ‘ fe Fim) = «( )- p> u)7 ( - Q 4 


4 


te, J. des Math., 1862, p. 25, and formulas 
Notice his convention regarding F in formula 


A), (B), (C) of Oeuvres, vol. 4, p. 138. 


, 
B » see 


(‘) is a misprint for J3°(q). 
y 14. 
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14. From 0.8;? X Jd. = 3.°d;7 we have in the same way by (43), (4] 
a0 2SF (2m — p*) C(m); 

1 — . oe F ” ' 
and from 2 yqd2d3 = dds X 2 vq J: on using (32), we find the F-reyerse 


~ ’ cr a rrve we 
a1 2F\2m - 1 C(m) + $SE1 + (—-1 | pm) [i(p)7 ( » 


The factor 3[1 + (—1 um) ] l or O according as gp, m are con- 
eruent or incongruent modulo 4. In (50), (51), as always, F ois taker 
with the usual conventions* for Kronecker’s formulas. 

15. As a last example we find the F-reverse of 


52 F(2m) + 25F(2m — 4a c(m 


which comes from #.°3; & # Uo 





Je 
—“—_ 
to 
| A 
~~ 
~ 
a 

~ 

| 
—— 


By $4 each of the pairs (45) and (46), (47) and (49), (50) and (51 
J) are formally equivalent in the sense that each member 
pair implies the other, and it is possible to transform each into the oth 


arithmetically. Again, the first member in any pair is a reverse of 


second member with respect to a certain function; thus (52) Is the ¢.- 
reverse of (53), where és( 7 l or O according as nis or is not the s 

of an even integer > 0, Keach of the pairs may be reduced to several 
different forms by means of the elementary properties of FP, Fy, G, I. 


The other relations of the Classical tvpes involve what Hermite e: lled 


incomplete functions instead of the complete functions ¢, ¢', 2, 
functions of the divisors d, 6 of n subject to inequalities, such as d 
The reversion of such relations requires the definitions of several (in- 
complete) functions, but introduces no principle distinet from the pre- 
ceding. 
IV. RectrRENCES FoR THE ToTAL FUNCTIONS. 

l6. To state these we require but one more well-known functio! 
E(n), = the excess of the number of divisors of n that are 1 mod 4 over 
the number 3 mod 4, so that é(4k + 3 QO, and 4£&(n) the number 
of representations of nm as a sum of two squares Whose roots are = “im 


recurrences are derived by the same simple process as the class number 


* This Is ¢ mphasized beea ise there see ms to be some confusion in Hermite ‘’s notatior 


development of 3292 (Oeuvres, vol. 4. pp. 138, 148). We must take F(1), F(9), F(25), F 
F(81), «+ 1/2, 5/2, 5/2, 9/2, 17/2, +--+ in accord with the usual conventions and not, as I 
appears to intend, 0, 2, 2,4,8, +--+. This may be verified by putting m 1. 5, 13, Zo, Hl, - 


50). 
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relations and their reversions in the preceding section. Some are obvious 
1 the definitions, others are less evident. 
17. Multiplying both sides of (24) by 3; and equating coefficients of 
_ we get 


54 Din) + 2=D(n — a’) = — 2e(n): 


| from (26) in the same way 
Nin) —_ 2=N n—a’) = 2 2): 
ence, by adding and subtracting, 
Ein) = 2=0(n — a’*), O(n) = Q2ZEE(n — a*) + e(n 


which with the initial condition £(1) = 0, O, F, and hence O,, Os, 
I. ky may be rapidly ealeulated. It is advantageous in practice to 
rate the cases. Replacing F, O by F£; + E2, O; + O2 respectively 


H2), and combining, we have 
I y(m) - 2=[0; m — 4a°) + Oo(m — p*) |, 
aan K.(2n PST O(2n — pw?) + O2(2n — 4a) ], 
. );(m 23 Ey(m — 4a°) + Bel(m — we 1 + 2e(m), 
(). mi) = y 0A E, 2n — Le) + E. 2n — 4a ] + PYe(2n 
ch, with the initial conditions 
£,(1) = 0, E.(2) = 4, O,(1) = 2, 0.(2) = 0, 


for the simultaneous computation by recurrence of the four fune- 
Obviously the suffixes in (57) may be suppressed. 

is. We may eliminate O, # in turn from (56), getting thus recurrences 

lving O, FE separately. On reduction of the results by means of the 

ems for the representations of a number as a sum of two squares, 

recurrences may be cast into forms involving single summations in 

ce of the double introduced by the elimination. It is simpler, how- 

ever, to derive these otherwise. .We have #;? = 1 + 4Zq"é(n); hence 
It 28), proceeding as in § 17, we find 


os E(n) — 48[E(a) — e(a) ]JE(n — a) = 4[E(n) — e(n) J; 
ds milarly from (29), 
oo O(n) — 4E[E(a) — e(a) JO(n — a) = 2e(n); 


ce, adding and subtracting, we have 


w Nin) — 4E[E(a) — e(a)JN(n — a) = 202E(n 


— e(n) ], 


01 Din) — 43[é(a) — e(a)JD(n — a) = 2[2e(n) — 8e(n)]. 
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In using these we require the successive values of &(n), which pre- 


suppose the resolution of 1, 2, ---, nm into prime factors. To avoid this 
tentative process we find a recurrence for the computation of £1 


s from 
the identity &) X dod, v,' 
62) m=4k +1: fim) + 2BSi— 1)2E0m — 4a*) = e(m)vm(— 1) vp 
which, with g(4/ + 3 QO and &2"m £(m), is sufficient for the non- 


tentative ealeulation of all the coefficients in (58)—(61). There is another 
recurrence for €(n), but it is less simple than (62). Ineidentally we note 
that (62) enables us to ealeulate the number of representations of 
integer as a sum of two squares by recurrence. There are similar theorems 
for any odd number of squares up to 13.* 

19. Passing to recurrences for the 7 functions we have from (32) on 


multiplying throughout by #./q'), and equating coefficients of like powers 


' es hihi o Ll 
m = 8k +1: V7 ) —e(m 
Ss 


whence, by an obvious change in notation, 


of q; 


63 T’(n) + t= ene as —e(Sn + 1 


S 
In the same way from (35 


Sn +1—(n+2 ; 
| 64 T(n) —=T( ) e(8n + 1 


~ 


and combining (63), (64) we have the following for the ecaleulation simul- 
taneously of 7,, T 


ee sa Fes Sn+1—(n+2 
bo T (n e(Sn +1) 4-4 ST, ( } 


1 - + 2 
—_ ). 


From 34 Leo. We fincl recurrences for the separate ealeulation (] ¢ 


Ss) 


66 T2(n po ( 


67) Ty(n e(8n +1) + Seda + 1) — Qe(Sa + 1)]T (nr — a 
T2(n E(4n + 1) — Ze(Sn + 1) 


t4 
ban 
2 
} 
poet 
to 
~ 
F 
< 
= 
{ 
ba 
— 





69) Tin El 4n ome 1 
S[i(4a + 1) — 2e(8a + 1)]T0 
(7()) T’(n) = &(4n + 1) — 3e(8n 4+ 1 
, + S[é(4a + 1) — 2e(8a + 1) ]T"(n 
: * American Journal, July, 1920. 








__ 
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2). From (36)-(39) we similarly derive the following for the Q- 
functions: 


O(n) = [1 — (— 1)" Je(n) + 222(n — 2°), 


=) Q’'(n) = [ —]jr— 1 | n) — 2E0'(n — p®), 
aa 2.(2n) = 2[ — (— 1)" jg n) + 42 E(p)Q.(2n — 2p), 
7 Q:(m) = 2Ze(m) + 42E(w)Q)(m — 2p). 
21. The appended table with F(11) = 3, F(19) = 3, F(27) = 4, wil] 
found sufficient for the numerical verification of all formulas in sections 
lil, IV. In using the table we make the elementary transformations 
K.(2) B(2n), Nin) = E(n) + O(n), ete., whenever necessary. 


| () 2 l () 2 W2 12 1 1 — ] 
y } 0) (0) l 4 l l ] } } 
; () S 2 () S l 23 O t{ — 4 
i 16 2 () 3 16 l , l 7 } 
5 S 32 4 0) 32 + : @ 6 — 6 
() O64 24 l 6 4 y 4 2 Q 12 12 
7 64 12S ) ys 12S l 0 QO g, —- g 
S 260 160 3 is 256 2 l 1 15 3 
a) 384. 53S 19 6 o14 352 52 1 13 =-13 
1O 1128 896 12 28 1032 2 Z 2 18 IS 


ITY OF WASHINGTON. 


a 
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NOTE ON THE TERM MAXIMAL SUBGROUP. 
By G. A. MILLER. 


The term maximal subgroup, or maximum subgroup, is the source of 
so much confusion on the part of the student of group theory that it 
seems worth while to consider the feasibility of replacing it by some othe 
term. As such a term we would suggest primary subgroup. Instead « 
saving that the subgroup composed of all the substitions of a primitive 
group which omit a letter is maximal we should then say that this sub- 
group is primary, and thus associate the terms primary and _ primitiv: 
Even if such a change of terms should hot appear feasible a econsiderat) nn 
of the objectional features of the term maximal subgroup may tend to 
reduce the confusion due to its use. This confusion is the more regretab! 


because of the fact that it relates to elem ntaryv and fundamental propertis . 


The size of a finite group ix commonly measured by its order. If two 
groups have different orders, the one which has the larger order is said to 
be the larger group. This method of determining the relative magni- 
tudes is also commonly used as regards subgroups. On the other hand, 
it is Customary to call a subgroup a maximal subgroup, or a largest sub- 
group, even when the group contains subgroups whose orders are larg: 
than that of this maximal subgroup. A necessary and sufficient condit 
that a subgroup is maximal is that it is not contained in a larger subgroup. 
In particular, the icosahedral group contains maximal subgroups of each 
of the following orders: 6, 10, 12. 

It is possible to find a series of subgroups of any group G, beginning with 
any maximal subgroup G; and ending with the identity 


G;, G., «+», G, = Il, 


such that the smallest subgroup of G which contains any of these sub- 
groups besides G, is the one which precedes it in this series, while G, is) 
contained in any subgroup of G. The position of G, in this series seems 


] 
} 


to justify the term primary subgroup as a suggestive term for it. The 
subgroup which immediately precedes the identity in this series is | 
prime order, When the order of G is iP yp being a prime number, 

In a group of prime power order every maximal subgroup is also 
subgroup of maximal order and every maximal invariant subgroup 
also of maximal order. Hence it might at first appear that the use of | 
term maximal subgroup as regards these groups would be unobjectionabl: ? 


Os 
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‘That this is not the case results directly from the use of the term maximal 

clian invariant subgroup.* If such a subgroup of a non-abelian group 

f order p™ is of order p%, this group may contain larger invariant abelian 

vroups as may be seen from the group of order 2" defined as follows: 

Let 81, S2, 83, 84, Ss, Se, Sz, Ss ANA S$}, So, $3, $4, 85, Ss, ts, ts be sets of generators 

of two abelian groups of order 2° and of type (1, 1, 1, ---) and suppose that 
los-le = $1Sz, tesla = SoS tsSrls = S3Ss, tScls = SiS. 


’ $ 


a generated by the ten operators 81, S2, 83, Ss, 85, S¢ 


, 


The croup of orde , 
_t;, 4, has the interesting property that it contains two and only two 
lian subgroups of order 2°. A similar group can easily be constructed 
every value of p and each of the groups thus constructed contains two 
d only two abelian subgroups of order p*. These two subgroups are 
dently both invariant and maximal abelian subgroups. They illustrate 
tement made without proof in the Finite Groups by Miller, Blichfeldt, 
kson, 1916, page 126. 


This group of order 2" is transformed into itself by an operator f¢, 
ch is of order 2 and satisfies the following conditions: 


lySsly = 8185, loSely = 8486, lyszty = tr, lySslo = ts. 


We thus obtain a group of order 2" which has two conjugate abelian 


roups of order 2° but no invariant abelian subgroup whose order 
eds 2°.) The abelian subgroup of order 2° generated by s;, so, 83. 84, 


.f; is a@ maximal invariant abelian subgroup of the given group of 


notwithstanding the facet that this group contains invariant 
subgroups of larger order. As similar subgroups exist for all 
es of pit results that there are groups of order p", p being any prime 
ber, which contain larger invariant abelian subgroups than some of 
Inaximal invariant abelian subgroups. Hence it is clear that the 
ximal subgroup Is apt to lead to confusion even with respect to 
e power groups. 
It may be of interest to note in this connection that from the known 
rem that every abelian subgroup of order p which is contained in a 
of order p”™ is found in 1 + kp abelian subgroups of order pt"! when- 
is found in at least one such abelian subgroupt it results directly 
every invariant abelian subgroup of order p* is found in a number of 
rant abelian subgroups of order p**! which is of the form 1 + /p 
never it is contained in at least one such subgroup. In particular, 
invariant subgroup of any group of order p”™ contains a primary or 
imal invariant abelian subgroup which is invariant under the entire 
ip. This theorem was proved in a different manner by Burnside in 
article to which reference was made. 


Cr. W Burnside, Proceedings of the London Mat he matical Society, vol. 13 (1914), p. ve 


Miller, Messenger of Mathematies, vol. 36 (1907), p. 70. 


ong 














‘ 
REDUCIBLE CUBIC FORMS EXPRESSIBLE RATIONALLY 
AS DETERMINANTS. 
By L. EB. Dick 

1. A quadratie form q in three or four variables can be expressed in 
ceneral in the form ry — 2 or wy — 2, each of which is a determinant 
of order two. Henee if 7 is any linear form, /q¢ equals a determinant of 
order three whose elements are linear funetions of the variables. 

He neeforth, let and q have rational coefficients. (‘an we expres 
rationally in determinantal form, ie... as a determinant whose elements are 
linear functions with rational coeflicients? We eannot ordinarily emp! 
the above =pecial method in which the elements of a row are /, 0, 0, sit 
the two linear functions in a row of the minor vanish for rational values, 
not all zero, of the variables, while q need not vanish for such values. Ws 
introduce | as the hew variable F lor three variables, Yq Is alw: yo €x- 
pressible rationally in determinantal form, as shown by taking w = 0 i1 

} the formula of S 2. For four variables, the question Is not so simple, 
is answered completely by the following 

) THEOREM. Let gq be a quadratic form in four variables wit) 
coe fli rents. If q var ‘shes at some rational point having Y (), 

EL pre: Ahi ratiop ally 'y lefermar a} fal form. 2 If q ; Q for every ral 
point having y = Oj the i] i: C0 press hl rationally in dete rminantal | 
if and only if either iq r equivalent toa he rnary form, or the determinant 
1s the square of a ational number += O and the determinant of gir, Y, 
is + (0). V7 If hot} of the preced ) (J } jpotheses he denied, so that () 
every rational point having Vf QO, and q 0) for some rational point ha 
y = O, then yq is not ex pressibl rationally in dete rminantal form, 


The respective cases are in geometrical language: (7) The quadric 
surface has a rational point In common with the plane. il livery rational 
point of the surface lies in the plane. (i77) The surface contains a rational 
point, but contains no rational point of the plane. 


If ¢ = yl, yq equals a determinant whose diagonal elements are 





y,¥, Ll. But if g contains terms free of y, we can apply a linear transforma- 
tion On tf, 2, W with rational coefficients which replaces q by a form 
which the coefficient of 2? is ¢c +0. We may assume that ¢ = 1, since 
cy may be taken as a new y in yg. After making a suitable addition to <, 
we obtain yQ, where Q = x? + f, and fis a quadratic form in y, Z, Uv’ 


“uy 
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/ 


2. First, let Q vanish at a rational point P = (z’, 0, 2’, w’) for which 
0. Since 2’, w’ are not both zero, we may take w’ + 0, interchanging 
dw if necessary. Taking zw’ — wz’ as a new variable z, we have 

a,0,0,1). Let yZ denote the sum of the terms of f with the factor y; 


r+ aw y 0) 
() vo t+ yl + dz? + ezw — a’u’, yQ = — ff r—aw 2 
dz + ew Q) y 


3. Second, let Q + 0 for every rational point having y + 0. Assume 

2 equals a determinant D whose nine elements are linear functions 

>, w with rational coefficients. Since z°y is the only term involving 

(, we may assume that 2 occurs, with coefficient unity, in the first 

of the first row of D and in none of the remaining elements of the 

row and first column; also that 2 occurs, with coefficient unity, in 

econd element of the second row and not elsewhere in the second row 
limn: and that the last element of the third row is y. Hence 


ao l, l, l; 
D l, ~~ = l, l, 
l. l. U 


re the U's are free of 2, while ds, ls, l;, 6 may be assumed free also of y 

ew of the element y), and where the preliminary entry /; has been 

aced by its value — 1, In fact, the terms linear in x were xy(l; + 1s) 
ll), whenee 1, + 1; = 0 and 


ce D 0 when x —~l,L=I, 0 (which are satisfied by an 
tude of rational values of x, y, z, w), these linear relations must 
¥ i 0, in view of our hypothesis that yQ + O if y + 0. Hence y 
I< a linear homogeneous function of 1, and l;. But /; is free of y. 


“I? 


l= pytols, p +0. 
(ing similarly the elements of the second row, first and second columns, 
Ce that 
l, ry + tle, r + U, 
is a linear function of y and U;, and that /, is a linear function of 
nad | ; Thus, if als + 0, 
ls = vls, l; — vl, v + 0, 
hy (2): the same follow also if tl, aE Q. By (3), 


D = y (2° — l,? _— lol;) _ Ur, DN = Plilsls +- lol? nee 1371s. 


rT 2 


) 
\ 
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By (3) and (4 
= 1,1,(21, + ols — tls) + pyle? — ryl;?. 


Sinee D shall have the factor y, we conclude that 
reg f 0 eae oe 


} 


if I,l; = 0 and if 


} 


like 7; and /,;) is free of y. This is accomplished 9s 


} 


follows. Add the products of the elements of the first row of D by to 
the elements of the second row, and then subtract the products ot 
elements of the second column Hy /; from the elements of the first colu 
We obtain a determinant of the same form as (1) with 7; — J. in 


of Pt By choice rf eS we mav assume that I, lacks Ye. We how have 


‘J () D / of =" : es | l, — upl / 
Inserting the values (3), (4), (6) of do, J. dl), we obtain a quadratic lor 
/, ls, ls, whose determinant equals (rom)*, where 
oO 


ir ' dp’ 


while the determinant of the part in Js, l; only is — vrpm. Or we 1 


avoid this computation by completing the square of the terms in 


) The determinant of Q is seen by inspection to be (roam)*. If m 0. 1 
() 0 when x ) QO, which Imply / () only when Y Y, ana 
j() Is by} ry forn 
It remains to consider the special cases excluded above. — If / ), 
S () Dy ; a | - rpy 
anishes when « — / al l i, a he. a 3, which 
y = 0 only when J; 0, and then yQ is a binary form. 
If / 0,0, #0, then / QO by (2). Using (3) and (4), we get 


Q= Dy = 2? — 1,2 — py(ry + tle) + pled. 


Now () 0 when z i, y l,, ry + él, l-, which imply 7] 0 
when [; is proportional to l;. Hence let ly = kl, Then Q = 0 





l y¥,z— l, ay, r+, OY, ans pir+t—k)a +8, which i 
y () only when l, 0, and then yQ) is a ternary form in wv, Y, Lg. 
If 1; #0, 1, 0, we interchange the first two rows and first two 


columns of (1) and are led to the preceding case. 
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Finally, let dsl, = 0. By the remarks accompanying (5), it remains 
consider only the case in which o = lt = 0, whence I, = py, i, = ry. 

2) 1, or 1, is divisible by l;. In the second alternative, we have (5), 
if 1, = 0, then 1; = 0 and D is of the form (8). Hence I; = sls, 

0, so that — sl, by (2). The only term of D lacking y is — 2sl Isls, 
chenee Ul, = 0. But ls = 0 was seen to lead to (8). Hence 1, = 0 and 


Dy x? — rpy? + (r — s’p)dlals 


when x =r, y = 8, Gls = —r. But 1; and l, can be given any 
red values by choice of z and w unless they are proportional, which 
e case (5) already treated. 
Conversely, let the determinant of 2° + f be a rational square + 0 
the determinant of f(0, z, w) be + 0. By a linear transformation 
ing neither « nor y and having rational coefficients we can evidently 
te the terms in zw, yz, yw. We obtain a form of the following type, 

simplest representation as a determinant is obtained by taking 

Qin (1)-(7 


M pl l. 
yor? — rpy? + rely? — prl, ry es 
— | l, l l 7 Y 


1 ) 


!. If Y falls under neither $2 nor $3, then Q + 0 for every rational 
having y O, and @ QO for some rational point P with y + 0, 
1, 2’, uw’). We shall prove* that yQ is not equal to a de- 


nant (1) with rational elements. Taking z — 2’y and w — w’y as 
arlables z, w, we may write P a, 1, 0, 0). In view of (2), the 


mn of (1) gives 


D y(a? — 12 — lel olils + lolol + Qlylsls. 


t, let one of 1, 1, contain y. Interchanging rows and columns if 


ary, We May assume that 
l, = py + Le, l, = ry + Ly, p + 0, 


¢ Lo, Ly are functions of z, vw. By the argument just above (7) in 


ve may assume that J; lacks y.  Sinee (9) shall equal yQ, 


i? - lol, { rll. — pll-, R lslsL4 . Ish» ad 21,1 l; = 0. 


i / l, 0, @ 0 when x l,,y = 0, L. = 0, contrary to hypoth- 
If / 0, 1, = 0, then l, 0 by (2), GL 0 by R = 0, and Q = 0 
lL, y = 0, Lely = pels, which implies a linear relation between 


li. Henee 1; = 0, and, similarly, /, = 0, + 0, ls = 0. 


1@ lhe hypotheses are satisfied if Q = x2? — y? + 222 + 3w%, P = (1, 1, 0, 0). 


—— 
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or l, is divisible by /;. In the first case, 
10 Z al ‘. l- > alk. a z= 0), 


whence Ly l iP —_ 2 # by R is Then () a | for 


<=. ge, l, = 0 


s) ad y 
contrary to hypothesis. Hence l and l are not proportional and 
1] l, = ols, = — Bly, 8 & i, 


whence [7L, — 172. — 2h)! Oby R=0. Thus L, = kl, and 
—([,L. — 21,l 0, whence L pls, 21 kl; — pl. Thus 


(J w sie ; / ~ l ade J T pl ry T Ki T rl eo ae 3/ 
Since Q is zero at P, pr = a, whence r pl*, t ap. Thus 
() xr — M? + 3pit — 1,"), M ,(Al; + pl 


so that Q Otor y ae Ml ‘ls, contrary to hy pothesis. 
second, let /, and /,; both lack y. Let / cy + Ly. Then, by (9 
| Y ’ 


ih + 1k + hhh = @. 

if i. 0. Q 0 when wv a 6, & 0, contrary to hypothesis. 
Thus J;l; = 0 and, similarly, [./, #0. Then [ls = 0 by (2). We have 

| 10) or (11). By (10), S  imphes Val, l, — als. Then Q = 0 


‘ 


By ik}, © 9 [. F — |. — 2. (), Hence l. dl and the 
l; els, 2L él, — dl,. Thus Q 0 when y l; =< pals, CON 








NOTE ON THE PICARD METHOD OF SUCCESSIVE APPROXIMATIONS. 


By Dunnam JACKSON. 


fhe Pieard method of successive approximations, as applied to the 


of the existence of a solution of a differential equation of the first 


ix commonly introduced somewhat after the following manner: 
‘We shall develop the method on an equation of the first order 


dy 
da 


NZ. By, 


-ing first that the variables are real. We shall assume that the 
n f is continuous when «x varies from az» to 2) + a and when y 
hetween the limits (yy) — b, yo + 6); that the absolute value of the 
f/ remains less than a positive number VW when the variables x, y 
within the preceding limits; and, finally, that there exists a positive 
er A such that we have 


f(z,y) —firy')|<Aly-y 


} sitions of the points em and (2, y in the preceding region. 
‘Let us suppose, for ease in the reasoning, a > 0, and let h be the 
er of the two positive numbers a, b M. We shall prove that the 

1) has an integral which is continuous in the interval (2, x + h) 
ch lakes on the value y for rk rd 
particular language is quoted substantially from Goursat’s 
hematical Analysis, translated by Hedrick and Dunkel,* except 
the statement there is for a pair of differential equations in two un- 
functions. The italies are kept from the original French. After 
of has been given, the following remark is added:t 
If --- we go over the proof again, we see that the condition h <b M 
ded only to make sure that the intermediate functions y1, Y2, 
uccessive approximations to the solution] do not get out of the 


val (Yo — b, yo +b), so that the functions f(x, y;) shall be continuous 

ons of x between x» and x) +h. If the function f(x, y) remains 

continuous when a2 varies from 2o to x» + a, and when y varies from 
‘10 + #%, it is unnecessary to make this requirement.” 


+s past 2: pp. Ol 4), 
-Cit., p. 64; the statement is again simplified from two unknowns to one, in quoting. 


409 
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The purpose of this note is to point out that even if f zt, ¥ is or] 
defined only in a rectangle, it is a <iImple matter to extend its definit} 1) 
outside the rectangle, so that the conditions of the hypothesis shall hol 
for tv) = 2 = xy +a and for all real values of y, the Lipschitz con 
as well as the mere continuity. It is sufficient, for example, to let 

Af oe fir, Yo + 5), ¥ = Yo + 5b, 
f(a, y fir, Yo — D), Y= Yo — OD. 


The process of successive approximations then gives, at a single strok 
a funetion Yr which is cle fined and satisfies the differential] equat 
with the extended definition of fir, y), for ry = x t= xy + a. It satisfies 
the . ‘qui al equation as long as the x and y of the solution remait 

the original rectangle, whatever the behavior of the appr tC 
functions may be. The solution is unique as long as it stays in 
rectangle. The original equation of course has no authority outside its 
own domain, and corresponding to the infinitely many possible 


ly many different ex- 


extending the definition of f there will be infinite 
tensions of the solution, if it leaves the rectangle before x reaches 

It mav seem that this observation is trivial, and it Is perhay . 
probable that it is made here for the first time;* but its omissio1 
standard presentations of the subject is notable. In the treatise 
quoted, for example, after the Cauchy-Lipschitz proof has been expl: 


the two demonstrations are compared as follows:7 


1 


auchy's first method [the Cauehy-Lipsenitz method ] and 


the SUCCESSIVE approxin atiol - cIVe, as we see the SHme lin it 
interval in «whieh ¢] canal ] ‘ = Pe +} 
Ntverval IN Whieh the Mmtegrali surelv exists. But from a theor 


of view Cauchy's method is unquestionably superior: we shal 


fact, that this method enables us to find the integral in every finite int 


In Which the integral is continuous 

\g ! the | neveloy fait’ (ae =clences mathématiques, in t] 
ik. istence de V7) ley “ale der ra le. Det “mination dune integral pa 
Par SE: ral Hrs initiales, after rong nto <ome detail on the quest 
length of the interval of convergence, says: 


‘On ne connait encore aucun moven de déterminer Vintervall 
dans lequel la méthode de KE. Picard converge. Suivant les ¢ 
intervalle peut embrasser, comme dans la méthode de Cauchy-Li 
tout Vintervalle de régularité de la solution, ou étre au contrall 
petit que Vintervalle de convergence des séries de Taylor en (x 
représentent la solution, quand elle est holomorphe.”’ 


“Since this note was written, I have learned that Professor Wedderburn mad 


ne sugge m,in unpublished form, a number of years ago. 
T Loc cit J io 
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\Vhile the present remarks do not perhaps invalidate either of these 

ments, it does seem fair to say that they have a bearing on the 
eon parison. . 

is readily seen that the method outlined above can be extended to 

‘ase of a system of n differential equations in nm unknown functions. 


here are two equations, for example, 


dy ; dz 
= SS BLS B. 2), : = QT, ¥, 2); 
dx y dx * y 
right-hand members defined for a Sr =ajpt+ta, y—-bsSy 
bz=-¢€ Sz Bvt C, it is possible to set 
ij r, Yo + 5b. a). Y= Yo 7 b, Zo — € = 2 = Bo T C; 
f(x, y, 20 + ¢), HFS Suto, sz te + C; 
flax, Yo + b, 29 + ©), y=yrt+b, zZzurte; 


inilarly in the other regions of the yz-plane, with a corresponding 
nt for ¢. More concisely, for any number of dimensions, the 


Tried - 
eof each function at any point outside its original domain of definition 
to be the same as the value which it has at the nearest point of that 
ill. 
he same method, though of course not the same formulas, can be 
leven if the original domain is not rectangular, provided that it has 
derately regular boundary, so that the functions can be extended 
- the boundary with the requisite degree of continuity. 


UNIVERSITY OF MINNESOTA, 


MINNEAPOLIS, MINN. 





A FUNDAMENTAL SYSTEM OF COVARIANTS OF THE 
TERNARY CUBIC FORM. 


By L. E. Dr 


1. In many different mathematical investigations use is made of 
eovariants of the ternary cubie form F. Less frequent use is made of 
the further coneomitants involving line coordinates, and these wil 


be discussed here. The complete system of the 34 conecomitants was 
obtained by symbole methods by Clebsch and Gordan* and simple 
Gundelfinger.+ They were exhibited in non-symbolie form by Ca 
for the canonical form Ya,r Glryror,. Certain concomitants are ob- 


tained in the texts by Salmon, Elhott, and Weber, but no attempt Is inde 
to find a fundamental system. 

The object of the present paper is to prove by an elementary met} 
that a fundamental system ol eovariants of F is vIvVen by Fo two invariantss 
Sand 7, the Hessian H of F, the bordered Hessian determinant G, and 
the Jacobian J of F, H, G: 


(HH GoM OG 


I} 
I 
I 
/ 


f 
: Po G 
si vi 9J = F. H. G 
FP, HH, G 
where F,; denotes 06°F ér.ar, and H, denotes 0H dx; The n 
enables us to compute anew the expressions for S and 7, and to ded 
the syzvgv (9 between them and the covariants. 


2. The general ternary cubie form is 


ES Oot + } y 


‘ 


The weight of any coefficient is its subseript; the various terms 0! 
seminvariant ($3) are of equal weight. 

*Math. Annalen, vol. 6, 1873, p. 436 

+ Ibid., vol. 4, 1871, p. 144 

+ Amer. Jour. Math., vol. 4, ISS1, p. 4; Coll. Math. Papers, XI, p. 342. 

» Given in fullin Salmon’'s Higher Plane Curves, § 221; Cayley, Coll. Math. Papers, I 





where, ins, ¢f*h is a misprint for cfh?, while in the Sth line of the 4th column of 7, / 
for k? in ch ,andin the 5th line of the Sth column, filtis a misprint for fjlt. In the third 
of the Hessian, c7j and fkl are misprints for ef) and gil 

i) 
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Without altering xz or y, replace z by z+ t2 + my. Then F is re- 
ced by a like form with the coefficients 


1 


, , 1 , ) 
a, = Qo + la;, bo’ = bo + masz, a; = a; + 2lde + tasz, 


b, + th, + maz + tma;, c;) = ¢; + 2mb. + maz, 


(le, 


riants with respect to all such replacements are obtained by eliminat- 
and m: 


, 


(la, TRACE —_ Qs = 1;032 = Ms”, bya,’ — ab,’ = bias — Adobo, 


\part from a factor which is a power of a3, these invariants are the values 
ofa, by, «++ fort = — ds a3, m = — be as, which give a.’ = 6.’ = 0. 
lence by the replacement of z by z — raz. a3; — ybe a3, F becomes 
a3z° + 32Q) a3 4 f a 
that the coefficients in 
() Ax? + 2Bry + Cy’, f = ar? + 38bxrr°y + 8ery? + dy 
invariants of # with respect to all the transformations 
= z2t+ix t+ my, 
conversely,* any polynomial invariant under these transformations 
the quotient of a polynomial in a;, A, ---, d by a power of a;. We find 


A (4, — Ae", Q = AAs" — 34,0003 + 2a’, 
; b bia, — asbo, bh boas? — ayboas — 2byaoa, + 2ae"bo, 
hy Ca, — b.*, C = C0;° — 2Zbybeag, — C)Q0a3 + 2asd.’, 
d=d a; — 3¢ boa + 2b» . 


By a seminvariant of F is meant a homogeneous isobaric poly- 


in its coefficients which is invariant with respect to all trans- 
as well as all linear transformations on x and y. Hence 


| 


tions (3 


he seminvariants are functions of a, and the simultaneous invariants 


Qand f, 


to be 


\ fundamental system of invariants of Q and f is known? (§ 


ed by the following five invariants: the discriminant A = AC — Bb 


‘ 


(), the diseriminant 
D (ad —_ be)? — 4 aqac= bh? hd _ c-) 
the intermediate invariant? 


I : A(bd —c¢)- Biad ae be) + ((ac — bh? 


nary forms, ef. Dickson, Algebraic Invariants, 1914, p. 47. 
Hickson, thid., p. 61; Salmon, Modern Higher Algebra, 4th ed., p. 187. 


1? t of () and ()’ A’xr? + 2B ry + C's 18 ac —_ 2BB' a Cz". 
riminant of Q + kQ’. 


given by the invariance 
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between Q and the Hessian of f, the resultant R of Q and f, and the » 
sultant VW of two linear covariants, R and M being given in full by sah 


They are connected by the SVZVEV 
5) Me = — 44°30? + DR? + 12RAT + 24477) — 4RE — 3647. 


4. The expression obtained from A AC — B* by inserting the 


I 


values (4) is seen to be divisible by a3, the quotient being 


(1, h, i] 
t) / h Cc hy i 
‘] h (] 
which is the leader coefficient of z of the Hessian of F. Similarly, we 


seek other combinations of A, D, 7, R, M which are divisible by powers 
Ot (>, in order to deduce a lul damental system of seminvariants. But to 


verify a relation between seminvariants, it is sufficient to prove it for thi 


7 ( h, a C) (), 
since F can be transformed into a form satisfying (7) by means of trans- 
formations which leave all seminvariants unaltered; after obtaining (2 


we have only to introduce the factors of (Jas new variables x and 


A — h Ga". D aoa — h ( — | ac —_ h hy d — ( (] 
I — i h (J ral -—— h f (l - R — NOU h, (] ‘ V s Or bs _ h | 


while S, 7 and the leaders ($ 5 g, ) of covariants G, J become 


S ] d a }, ~ h a h Cy. — h,4 
‘if D a2 — Od d + 1?h c b, a3— Sh ,°, 
q Sv” }, /, ( + Oly) /, My 
— Ra.°h Oe — psd 
By (6), = — a,b;. Hence we have the relations* 


A=a;h, aS = —I — dM, aT = D + 12A1 + 4R + 84’, 
a;\q = - SAJ — R — 9A’, a ¥) — VY, 


Since any seminvariant of F is the quotient of a polynomial in a3, 4, F 
R, D, M by a power of a;, it equals the quotient of a polynomial 1M 
h, S,g, T, j by a power of a;. We may assume that the exponent 
is 0 or 1 in view of (5), or the equivalent syzygy obtained by inserting the 
values of A, J, R, D, M, and noting that the terms in aj’, a3", ag!! cancel: 


* These were also verified for the cass 2 h b, = Co = 1. 
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— 4ayhS* — 4azyi(gS* + 22S*7T) 

+ ae*(LOShIS® — 4ghST — 4h*T?) 
az" d6gh ‘S? + 10Sh'(S7' 4 7] T’) 

— a,(D16WS? + 386PhS 4 ISgh’T) 

t+ LOShigS — 27h°T + 4g’. 

1} VEN between the covarinnts Is derived hy replacing (le, h. q, | by 

Fo HG, d. 


To conclude that a fundamental system of seminvariants of F is given 
hog. jo S, T. it now suffices to verify that no polynomial in the last 


lh} ear in Js is divisible hy (le. It suflices to show this when (1) a 
h c 0, for whieh ($5 
/ = Gali, Ff ao®d,-. } — Jq.-d,* — 274b C1! Mls", 
‘ My Myly asbody, T = 4a,a.*do? — 27a."by7c;". 


No polynomial in h, g, S, 7 is identically zero, since the Jacobian of S 
1 7 with respect toa and by is not identically zero. Next, if Ip r¢ 
) where p and o@ are polynomials inh, g, S, 7, we find by changing the 

Since a 


0, whence o p (). 


i h and d that = 19 + © 


nt Is uniquely determined hy its leader, which is a seminvariant, 


iunts mentioned in § 1 form a fundamental system. 
To compute the leaders g and j of our covarinnts G and J. we need 
in cocthicients of the Hessian: 


i Ma?z + Fryz + Py?z + Qre + Aye + L: 


’ Then the coefhieient of 2° in G is 
GQOLK + OLAX 4+ OL q, 


q = (Py + 2QK6 + Ae 
/ AC), 6 ab, aob : € a — (1,02, kK aly = bib ; 


Xr a,b —- aoby, iv bh, — (1,C). 
coefficients of az and yz in G are respectively 


1eQy4t2QK (ashy —ayb POF +AIER )6 


() 2h, b.- (oC, — A2€, 
Kade — ays) +2F Ket GQL (ace, — bob | WP +I2ZEL)s | 
- OL K (agbs — ashy) + (OLE +AQK AF OL (2b ob, = aoe) ane, | 
(FP (bee, —agd,) 4 20k 4 L PORK (as) —a2e)) 4 KA 12 )6 
K°(2asb, — aby — ashy) +AP REF 6QL (aed, — bye, 
LOK +6OFR LIK AGLAK (Dobe — doco + bu 
IPLPHAAR*)AA9L? (2b eo —aydo — bot )). 
| 


al () } 
3) h kK uw 
a a7. (yy 
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6. If we seek all the coneomitants of Fy viz., the covariants of F and 
a linear form L, let the transformation which reduces F to (2) replace 
L by kz + 1, where / is linear in x,y. Henee we need the invariants of 
1, Q. f, viz., the ecovariants (or seminvariants) of Q and f. Although the 
latter are known ($7) and various concomitants of Fo ean be readily 
deduced, the work of deriving a fundamental system and especially a 
proof that it is complete would seem prohibitive by this method. 
If we seek a fundamental svstem of seminvariants of the binary 


quadratie form Q and cubie form J, given in $2, we begin by removing 
the second term off by replacing L by SS yb a. Then f and () become 
3 | 2 l 
ax? + Aswwry? 4 A33y’, Ax? —~ Bysry 4 aB,, — AAw)y’, 
a ; a a a 


where 


Aos = ac—bh - Jj (l d . Zabhe t }, I Ab = Ba, B,, Ac - I Bh + i® 


Hence every <eminvariant Is the quotient of a polynomial in A (l, 
Asoo, Asz3, Bo: A, By, By by a power of Ays. Among these quotients 
is the discriminant 1 D of f given hy the SVZVEZN 


Ay3"A, tA — A (). 


Other quotients B : b : Bb Pe & mee ib A €-s hes - JL, D 
R + SAI, Dy = M are defined in turn by Hammond’s* syzygies 2), 
3 $), 8). (9), (73), (238). (27) between our 15 seminvariants. He 


listed 35 further svzvgies deducible from these nine. These 44 svzyvgies 
might be used to simplify any polvnomial in the 15 seminvariants in an 
attempt to prove that the simplified polynomial, regarded as a function 
of A, ---, d, does not have the factor A a, unless the initial poly- 
nomial has the explicit factor Ay,, and hence to prove that the 15 torms 


’ 


give a fundamental system. To indicate only one step in this rathet 


prohibitive work, we first eliminate the products of Dyy by Ais, Ax. | 

Bor, By, Bis, Bor, Bas, Crs, Car, Dio bv means of syzygies (27), (30), (52), 
35), (37), (38), (39), (41), (42), (43). (44): then Dy, oceurs only with 
invariants Ay,, Boy, Coo, Dov. Sinee D,, is the only one of these Invariants 


which is skew of odd welght ; it cannot oecur in the polynomial. 


Such a proof, if completed, would also yield a complete set of syzygi 


The proot that the 1D covariant: lori a fundamental system Is howe Vel 


much simpler by the symbolic theory.4 


* Amer. Jour. Math., vol. S, ISS6, p. 138. His notation for a covariant has been ret 
here for its seminvariant leader. In verifying a syzvgy between the latter, we may take 0) 
7 Clebsch, Binsiren Algebraischen Formen, 1872, p. 209; Glenn, The Theory of Inv 


1915, p. 146 








THE MODULAR THEORY OF POLYADIC NUMBERS. 


By Abert A, BENNETT. 


1. Introduction. While the study of numbers usually involves the 
iont representation of integers in one or another notational system, 
- not ordinarily the properties of the method of representation that are 
died but rather the intrinsic features of the numbers themselves. It is 
rtheless true for example that the time spent in teaching elementary 
netic for commercial purposes involves not a few hours devoted to 
mere technique of manipulating Arabie decimal symbols. The dis- 
tion drawn in elementary text books between decimals and fractions 
based on the existence of two methods of representing rational numbers 
nd of two partially distinguishable types of problems, each being dealt 
more easily in one notation than in the other. Were the classical 
Roman notation the only one employed, several chapters in the grade 
| text books on arithmetic would be appearing in very different form. 
It will be instructive to keep this fact in mind in reading this article, for 
discussion will involve properties of numbers in part dependent on 
presentation similar to the decimal or, more properly speaking, decadic 
tion. On this aecount a few words will first be said concerning the 
decadie notation. 
\ number in the deeadie notation, using Arabie symbols for the digits, 
denoted by a sequence of digits, the sequence being not necessarily 
inating. A non-integral rational number usually requires a decimal 
polit in its decadie representation. Thusl5 = .5,1 100 = .01, 13 = .333 
while an integer does not require a decimal point, the figures to the 
right of the decimal point when written being all zeros. Numerical 
bols employing the decimal point fall into two logical classes. In one 
the decimal *‘ terminates,” that is, after a finite number of digits, 
figures form an unbroken sequence of zeros, which zeros need not be 
expressed. In the other the figures do not “ terminate ’’ and no matter 
how far out one proceeds to the right of the decimal point digits other 
hun zero may be found still further out in each of the expressions of the 
‘ond class. A number is representable as a terminating decimal if, and 
'y if, it is expressible as PQ where P and Q are relatively prime and 
here Q is a factor of some power of 10, the base of the decadic notation. 
On the other hand, every positive number is representable as a non- 
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terminating decimal by using the fact that 
§ OY 

Thus 1 2 = .49999 ---, 1 100 = 009999 

Despite one’s familiarity in elementary instruction with the id 
a non-terminating decimal, it is ordinarily assumed that no representation 
which is non-terminating to the left is to be employed. This is however 
a matter rather of custom and convenience than of logieal require: 
although a consideration of relative magnitude makes it generally de- 
sirable. For example, the notation 

oo0,00%- r 

ean represent but a single number, which may be readily identified 
few simple steps. If the product 3.c be formed, it is found to be identi 
of the form, - + -.000,002, so that x2 represents, if anvthing, the number 2 3. 

We shall define a decad cc ounte ger asa decadic S\ mbol whether or ] 
terminating to the left, but not requiring a decimal point. Thus .6666- 
is not a deeadic integer while ---.333.334 is a deeadie integer althoug 
both express the fraction 2 3. It may be readily proved that ever 
positive rational number ? Q when Q is not a faetor of any power of the 

yi | base, 10, mav be written as a decadie integer. It is further to be 1 


that the negative of a deeadic integer is also a deeadic integer. kor 
example, 
= + + 999,999, 


Indeed, decadic integers mav be added, subtracted or multiplied 
decadie integers for results. Thus decadie integers constitute what is 


called a domain of Integrity. Unlike the ease of decimals, the representa 


tion of a number as a decadic integer, when at all possible, Is unique 

2. Polyadic numbers. .\ generalization from the deeadic representation 
to a b-adic representation, where b is an arbitrary integer greater 1] 
unity, involves no difficulties. While a number in deecadie represent 
Is also capable of representation in a b-adic system, a decadic integer Is 


not necessarily a b-adic integer. For example, the deeadie integer 





999 96 | . . e . . Ps ae 
335,354 cannot be a 3-adic integer since the denominator of 2.4 is! 


prime to the base 3. A number may be frequently expanded 

integer simultaneously with respect to n distinct bases and so be repre- 

sented as a b,-adic, bo-adic, ---, bj-adie integer. If the bases. b,, 5 
. 5,, be known, any one representation of course determines the nui an 

itself and therefore the other representations also. 

a,), Where a, is a? 


A set of independent expressions (as. ie 
Integer, 7 = 1, 2, ---, m, may be studied as in the theory of co! lex 


1) 5] ’ 
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mibers where in particular it may happen that the n symbols denote 
same abstract number. By the sum of two such symbols (a,, ae 


“) 


a,,) and (ay’, do’, «++, a@,’) will be meant the symbol (a; + a,', a. + as’, 


a, +a,') and by their product will be meant (a; & a,;’, a2 & ay’ 
a, Xa,’). Such a symbol may be called a polyadic number and in 


? 


rticular where each element is a respective b-adic integer, the polyadic 

miber is called a polyadic integer. In the same manner, b-adie integers 
viven set of bases, by, be, +--+, b,, constitute a domain of integrity. 

When bis a composite number equal to, say, py" p."?- ++ p,"*, where the 

are distinct primes, the study of the single b-adic numbers is much 

‘hed by considering their polyadic representations with respect to 

bases, Pi, Poy °¢ +, Dee It is to be noticed that any number which is 

expressible as a b-adie integer will also be integral in this polyadic repre- 

tion and the converse is also true. The theory of b-adie numbers 

therefore be confined in the first instance to cases where b is a prime, 

he composite cases being included in the theory of polvadic numbers 

each base is a prime. 

lt 7), mo, ws, +++ be the successive primes 2, 3, 5, +--+, as occurring in 

r order of magnitude, the polyadic numbers with an infinite number 

bases, wm), m2, 73, -**, may be considered. Any other system will be 

fron of the system so obtained, being the result of omitting some of 

the bases from this system. This ‘‘ complete polyadic system of 

tegers consists therefore of numbers which may be represented by an 


? 1 


a 31421411309) 
a (1390900 ;00 
a (1330931130 


‘Amn? * °A3znQonA,nQo, 


ere the nth row denotes the z,-adie number indicated by the notation, 
Anna” + ees + Agntn? + Genus t QinTn T Gon 
Not only may sections of the array be considered which correspond 
the suppression of certain entire rows, but a more general type of 
‘tion is of interest where left-hand portions of some rows are suppressed. 
his may be illustrated in the case of a single p-adic number where p is 
prime number. 
3. 


Modular b-adic numbers. Let g be a positive integer and b be any 
and consider the section of b-adie numbers including through the 
cients of b&! only, all consideration of the coefficient of 6? and 
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higher powers being omitted. In other words, consider the modular 
theory of b-adic integers, modulo b%. Addition, subtraction and multipli- 
cation may be effected by the usual rules so that the modular b-adic 
numbers (mod. b*) of themselves constitute a domain of integrity. The 


theory of b-adie numbers to the modulus 6%, where b = py™p.™- + -p 
is ine jade d in the theory of polvadic numbers, to the bases, Pry Pay +++, Pry 
and to the respective moduli, p.?”, po?”, +++, pe’, Which is the study 


of a section of the general double array of coefficients. 
More generally, it is always possible to find a single positive integer 


whose expansion with respect to ” distinet prime numbers, pi, ps, +++, p 
n, finite), shall coincide with a given section including only these bases 
taken modd. py, po™. «++. p.’. Two such numbers will differ in faet 
by an integral multiple of the product, py" & po™ X «++ & p,”™. This 


situation no longer persists when » is allowed to become infinite. How- 
ever, the array Mav still he treated as af number “ in the S€Nnse Ol 
com) lex number or for n infinite it may be thought of as a sort of fietitious 
limiting number. Similar remarks apply when one of the exponents 
m,, is allowed to increase inde finitely. 


4. Division among b-adic numbers. Ina h-adic integer, expressed by the 


symbol, ++ -@.,.°++@3@2.a,a), or more explicitly in the form, +--+ + a,,p 
a te Gap TT Geb “+ GP + Go, the term a is called the prin 
term of the number. A b-adic integer is said to be singular or nonsingul 


according as its principal term does or does not vanish. The words 
“singular” and “nonsingular” are applied directly to b-adie integers only 
when 4 is a prime. For composite bases, b, the representation as a poly- 
adie number to bases which are the distinet prime factors of b is chosen. 
A polyadice number is singular if any one of its principal terms is zero, and 
it is nonsingular if, and only if, none of its principal terms vanishes. 

Division giving a unique quotient is possible by polyadie numbers 
with prime bases whether or not in a modular domain if and only if these 
be nonsingular. In the complete domain, that is, where no modular 
reductions are made, division by a singular number, no row of which is 
entirely ZeTO, 1S possible by the introduction of terms to the right of the 
“decimal” point, that is, by going outside of the integral domain. In 
particular nonsingular polyadie numbers have nonsingular reciprocals. 
The nonsingular numbers do not form, however, a domain of integrity, 
since the sum of two nonsingular numbers may be singular. 

5. Elementary units. The modular theory of polyadie numbers pre- 
sents little of interest not found in the simple case of a single p-adic 
number. Some of the few particular points worth mentioning may be 
given here. An eleme nlary unit is defined as a number whose polyadic 
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representation contains the figure one as a principal term in one row, all 
figures of this row and of other rows being zero. Let the modular 

adie numbers be taken modulis py", Pe, «++, De, and let it be 
desired to identify the elementary unit which has 1 for the principal 


of the row for p;. Such a number, e,, has the property that e; = 0, 

pt, Bes. ** ee Pe 1, Diriitl, °°, Dan, while e, = 1. mod. piri. 
well known Euclid’s algorism for the highest common factor may 
plied to a pair of relatively prime numbers P? and Q, so as to de- 
ne two integers .Woand N of opposite sign such that 


MP+NQ - 


e furthermore M is numerically less than Q and \V numerically less 
P, so that WP is equal to 1 modulo Q and is equal to 0 modulo P. 


‘ 


king P as the product, py" & po™ Kos K pea™ina &K pear” 
Da? and (J as po, an MP =; is obtained. The successive 
elementary units €), @s, -+:+, @, having been determined, we have e; + e. 
( ] mod, b). where b - Ni » pe’ cee. Da’ ; The 
of numbers to a composite modulus is fairly illustrated in the 
the modulus 12 = 2° x 3. The twelve numbers of the set may 


epresented as follows, 

(eC) eC a(R): 
a ee Or) ee 
(0) me wel meee (8) 
(°(,). and 4,=(°)). The upper 


is always added 2-adically and the lower 3-adically. The singular 


- 


_ 


lhe clementary units are 9, 


bers are 0, 2, 3, 4, 6,8, 9, 10. The four nonsingular numbers, 1, 5, 

‘, 11, are each self-reciproeal. The nonsingular numbers always forma 
group under multiplication so that a multiplication table of the non- 
lar numbers is always of interest—it includes, of course, in par- 

the reciprocal of each nonsingular number in every case. For 

case Of 12 as above we have as a multiplication table for the non- 


‘ingular numbers, the following self-explanatory tabulation 


l 7 7 611 

| l oD 7 1 
5 5 1 ll 7 
7 , a ] 5 
11 11 7 o l 


Le ire = 


‘= ee. 
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6. Equivalence and singular classes. “Two eee numbers are said to 
be equ alent if one is obtained from the other by multiplieation 1 a 
nonsingular number. In particular, all nonsingular numbers in a given 
system are equivalent. In general, however, not all singular numbers ar 
equivalent. The test for equivalence is obvious in the typical polyadic 
expansion. Two polvadic pissin = are equivalent when cena r 
rows have the same number of consecutive zeros counting from the right 
Thus in the above 


(? a F are equivalent, 
‘(" 1 ya ‘ equivalent 
| all Ll, 

(0) 0 , 
) { are equivalent, 

() ] {) ] : 
i = i t i ‘equivalent, 

(} () ; : 
ix only self-equivalent, 

() ' . 


and the five sets above are mutually non-quivalent 

For any singular polvadic number, a, other than zero there is a corre- 
sponding singular class SC oa) within which division by a is unique; this 
singul: - elass consists O] all numbers ()] the total class which have 


least the initial zeros of a. Thus if in a in the 7th row the first 7 


! 


_ + ie | . + 4] ) he 
eounted from the right are zero then each polvadie number in SC (a 


have ZOeYTOS TO! the first J neures jrom the right in the ith row. The 


analogue of the singular class for a nonsingular number is the comp! 
Class. In the example abo e have 

\( () () 

mu (2 9, 2, 4, 6, 8, 10, 

SC (3 0, 3, 6, 9, 

SC (4 pj. £8. 

SC (6 0. 6, 

mt th a 1). 

SC (9 SC (3), 

SC 10 SC (2). 


A singular class is always a domain of integrity and is sometimes a field, 
that is, division within a singular class is sometimes possible by eve! 

number other than zero. The numbers common to two singular classe- 
always constitute a singular class. A singular class whose only singular 
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es are itself and zero is called a primitive singular subclass. A 
subelass other than O 1s a field if and only if it is primitive. <A 
ve subclass consists of numbers whose polvadic expansions con- 
cept for a single common fixed element, wholly of zeros. There 


nsion. A primitive singular unit is defined as p;"—1¢, where ¢ 
lementary unit for the modulus, p,". A primitive singular unit 


} 


lulus twelve are 
10 ‘OO 
( 4 6 and ( 4 4, 


is also an elementary unit. 


7. Sets of p-adic numbers with a common base. We shall now turn to 
~e of sets of p-adie numbers proper with a single common base 


a polvadic numbers with several distinct bases. 


dy, Ge, -*+*5 @ be a set of (n + 1 p-adic integers, with the 
base p, a prime. This set will be called singular if and only if 
he numbers ay, a), +--+, a, is singular. A single set will be said 


illity s, if there is at least one of the numbers in which the 


tof p* does not vanish while the coefficients of p', 7 a Be 4 


nish for each of the n-+ ] numbers of the set, A nonsingular 


he called the point coordinates of al point in a p-adic projective 


vided that two sets are regarded as corresponding to the same 


nd only if these sets may be obtained one from the other by 
tion by a nonsingular p-adic number as a factor. 

points are said to be neighboring if a singular set other than zero 

dependent on the coérdinates of the two respective sets of 

tes. Two points are said to be in a neighborhood of the sth order, 

ingular set of nullity s is linearly dependent upon their coédrdinates. 

~et of points is linearly dependent if the null set, zero, may be ex- 


das a linear combination of them with nonsingular coefficients. 


| tis linearly semi-dependent of order s when a singular set of nullity, 

be represented as a linear combination of them with nonsingular 
cocflicients but no singular set of nullity greater than s is so expressible. 
When no singular set is expressible as a linear combination of the given 


th nonsingular coefficients—what may be thought of as semi- 
dence of order zero—the given system is linearly independent. 


iwo semi-dependent points are neighboring. 


Nith these concepts and definitions one may study a modular 
“geometry? with a composite modulus of the form p”. This is to be 


refore as many primitive singular subclasses as there are rows in 


primitive singular subelass. The primitive singular units for 


i—— —< 


oe 
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distinguished from the Galois field of p™ where the modulus is merely D, 
The Galois field is obtained by introducing algebraic irrationalities be the 
field of p itself. The domain here treated, of p”, is not a field and in eon- 
sequence does not yield so natural a form of “ geometry.”’ In fact, the 
limiting type of geometry for s kept fast and greater than unity, while p 
is allowed to increase indefinitely, is not the usual real geometry but 
non-Archimedean theory with actual constant “ infinitesimals.” For 
composite numbers not merely powers of primes, the geometrical study 
is better earried out by considering separately the distinct relatively 
prime factors each of the form p*. 

A discussion of some related ideas will be found in Fraenkel, Th iler 
der Null und Zerlegung von Ringen, Journ. f. d. r. u. ang. Math. (Crelle), 

145) 1915, (139-176). The notion of p-adic integers is due to kK. Hensel. 

References will be found in the above paper. 

BaLTIMorE, Mb., 


September, 1920. 








SOME ALGEBRAIC ANALOGIES IN MATRIC THEORY. 


By ALBERT A. BENNETT. 


obvious analogy exists between the theory of matrices and the 
theory of algebraie numbers. The analogy is in some respects superficial, 
ix suggestive and extends further than is usually pointed out. A 
picuous cause of difference in the two theories is that while multiplica- 
among algebraic numbers is always commutative, this is not the case 
y square matrices of a given order. As a result, a matric equation 
<enlar coefficients when satisfied by a given matrix is satisfied also 
| transforms of this matrix through nonsingular matrices. The 
ber of nonsingular distinet roots cannot usually be finite. 
In the following discussion the matrices considered will be assumed 
uit further mention to be square matrices and all of the same order. 


such theorems coneerning matrices as are found in Bocher’s * Intro- 
duction to Higher Algebra ’’ will be assumed without discussion. The 


‘conjugate’ as applied to a matrix will not be used in the current 
sense of the transposed matrix, obtained by turning the given matrix over 
about its main diagonal and thus interchanging rows and columns. On 
the contrary by “ conjugate’ will be meant the algebraic analogue of 

term as used in the theory of algebraic numbers and given for matrices 
explicitly in detail by H. Taber.* The term “ sealar ’’ will be applied 
matrix having zeros except in the main diagonal and having the 
clements in the main diagonal equal. The “ latent roots ” of a matrix, 
ts of the characteristic equation of a matrix will be called the charac- 
c numbers of the matrix. 


“ove THEOREMS CONCERNING Matrices WuicuH Have IMMEDIATE 
ALGEBRAIC ANALOGUES. 


— 


We shall list below a set. of twenty-eight propositions concerning 
ices, each of which may be translated at once into its counterpart 
¢ theory of algebraic numbers. To do this it is merely necessary to 
tute as follows: 

or “identieal matrix,’’ J, substitute ‘unity’ (1). 

bor “null matrix,” 0, substitute “zero,” 0. 

“scalar,” substitute ‘rational number.”’ 


H. Taber, On certain identities in the theory of matrices. Amer. Journ. Math., vol. 13 


INUIT), pp. 159-172. 
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For ‘‘number,” substitute “integer.” 

For “matrix.” substitute “‘algebraie number.” 

For ‘matrix with distinet non-vanishing characteristic numbers,” sub- 
stitute * Galoisian algebraic numbers. | 

For “characteristic function,” substitute ‘defining function.” 

For ‘determinant,’ substitute “norm.” 

1. The identical matrix, I, and the null matrix, 0, are sealars. 

2. Addition, subtraction, multiplication and division according to th 
usual rules of algebra may be performed among scalars. 
3. The matrie equation ar bh] where a and b are numbers, and a is 


lar is the root 


] ae 


not zero, has aunique scarar as a solution, and each SCa 
sure a sana 
sucn an equatlh iF 


4. If ais a non-sealar matrix there exists a polynomial 


‘(> E — “7 be ogee, oe — ])"s. 


Sree - |) for such a function and there is 


5. There is a minimum di 
but one function of this minimum degree. 


6. Certain matrices are distinguished by many simple propertie s and 


are worthy of special study. For the present, only matrices with distinct 
hing ‘haracteristic numbers will be discussed, although some of 


the relations mentioned apply to all matrices. 


7. The minimum degree n of the fir) for a matrix, a, of distinct non- 


vanishing characteristic numbers is ealled the order of a, and Na 
C/ “(J ( ( ( ( 
S. The characteristic function, fi2), of a matrix a of distinet non- 


Vanishing characte ristie numbers has a set of n distinet roots, @, a1, a 
a 1, Where a), ao, +++, a are called the conjugates of a, and th 
satisfy the following conditions: 

Mach conjugate, Q@;, Mav he expressed as 2 polynomial in a wit] 
scalar coefficients. 

ach conjugate, a,, is a matrix of the same order, n, and with thi 
same characteristic function, fir), as a. 

iit) The elementary symmetric functions of the set (a, ay, -°°, @ 

are ‘except for sign) the n scalar coefficients s;, 82, ---, 8, of the charac- 
teristic function, 





f(z) = 2® — syr™' +--+. + (— 1)"8,. 
9. The coefficient Ss] is called the trace of a, and the coefficient s,, the 
de le rminant of OQ. 
10. The function f(z) may be viewed as the determinant of (x — « 
11. For a, a matrix with distinct nonvanishing characteristic numbe! 
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sible to select in many ways a basis of n matrices B,, Bo, ---, Br; 

; independent polynonuals in a. with scalar coefficients, such that 

tality of linear combinations with scalar coefficients, of the matrices 
is, inelude all rational functions of a, where the indicated division 
eaning. 


Two possible choices of a basis are 
| a. a’. SLPS and GQ, Gi, Ge, ***, An 


In particular, for @, a matrix with distinct nonvanishing charac- 

numbers, every rational function of a, where the indicated division 
a finite matrix and where the coefficients are scalars, is expressible 

lvnomial in @ of degrees less than n, with sealar coefficients. 

The totality of such rational functions of a@ may be ealled the 

ofa. Multipheation within the domain is commutative. 

lhorany m matrices, y1, Ye, °*+, Yn, Of the domain of a matrix a of 
nonvanishing characteristic numbers, the discriminant of (y:, 

ix defined as the determinant of scalars, 


/ . ‘id i I 
jr te ae ie 
} Oly OY24 
Yn S(4 Sh Mn 
S £) is the trace of & The discriminant is denoted by the symbol, 


Alyy. Yo. *°°. Ys 


j j / 


If + Sr,3;, where r,; is sealar, then ¥,4 D7 8) Rei 
2 B81). sut Sird rS(é6), where r is sealar, and S(é6,; + 6 
(62) for 6, 64, 60, any matrices of the domain. 
~~ O(yiyn) = TyplryrcdDS(8;8 
|? toronea he rule for Itinleati ’ deter nant ‘oe have 
ence to the rule for multipheation of determinants, we have 
Alvi, Y2, «++, Yn) = [Det (r,;) FA(Bi, Bo, - ++, Bn) 
I7. The diseriminant of the basis (a, ay, +++. @p—:) is not zero. It Js 


1] 
iC ais 


a Qy Oe a a l 
Cry a (ta ar 1 ct 
a a3 4 a Om 
a 1 a Or] Oy, 3 a ° 


Hence the discriminant of every basis of the domain is different 


CTO. 
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19. It is possible to find a matrix a, of order n, no restriction as to the 
characteristie numbers being imposed, such that the equation x =" 
not satisfied by any proper matrix of order 7. 

0. In order to render certain general matric theorems as to the ex- 
istence of a matric equation universally valid, it is sometimes necessary 
to introduce an improper root, which may be viewed as the limit of 
finite matrix, as a convenient parameter approaches infinity. 

21. The product of then — 1 conjugate ~ of @ is a matrix of the domain 
of a, called the adjoint of a, Ava 


22. The determinant of the adjoint Is 


AAA sed, 1 A Ct A C(t] ee air Creey* ° “Ck 


which is the (n — 1)st power of the determinant of a. 
23. The adjoint of the adjoint of @ is In the same manner equal to a 


times the (n — 2)nd power of the determinant of a. 


24. The sum of the (n — 1 conjugates of @ is a matrix of the domain 
of a called the adjoint-trace of a, Tia 
25. The trace of the adjoint-trace of a@ is (n — 1) times the trace of 
26. The adjoint-trace of the adjoint-trace of @ is a plus n — 2) times 
the trace of a. 
yi) 27. If y is any matrix of the domain of a, the adjoint of 1 — y, wher 
lis scalar, is a polynomial in / of degree n — 1 with the coefficients in 


the domain. 
28. If y is any matrix of the domain of a, the determinant of / 


Where / is scalar, is a polynomial in / of degree n with sealar coefficients. 


A Discussion or IMprRorpeR or Limir MATRICES. 


Any square matrix may be obtained as the limit of a matrix with dis- 
tinct nonvanishing characteristic numbers, and theorems for a general 
matrix may sometimes be obtained by passage to a limit from this re- 
stricted but Important ease, It is needless to insist that eare must be 
exercised. The well-known theorem that all matrices commutative with 
respect to multiplication with a given matrix of distinet nonvanishing 
characteristic numbers are rational integral funetions of the given matrix 
has sometimes been stated for the general matrix. The theorem is, how- 





ever, false, as is seen by reference to the matrix (1°). Some of the elements 
of a matrix 3, which is obtained from a given matrix a@ of distinct non- 
vanishing characteristic numbers, may become infinite as two of th 
characteristic numbers of @ approach equality, or one approaches zero. 
The limit may lead, therefore, not to a proper matrix but to an improper 
or limit matrix containing infinite elements. 








SOME ALGEBRAIC ANALOGIES IN MATRIC THEORY. 95 


\n explicit mention of a similar limiting case is found in the classical 
memoir by Frobenius.* On pages 43 and 44 is found the following: 
|. Every substitution, U (of determinant, + 1), which transforms 
itself a symmetric form, S, of nonvanishing determinant and for 
ich the determinant of & + U vanishes, may be expressed in the form 


U = lim (h = 0), (S + T,)7(S — T7,), 


e 7, is an alternating form whose coefficients are rational functions 


Il. Every substitution, €°, which transforms into itself an alternating 
7. of nonvanishing determinant, and for which the determinant of 


(’ vanishes, may be expressed in the form 
U = lim (h = 0), (S, + T)7'(S, — T 


re S, is a symmetric form whose coefficients are rational functions 


\nother oceasion for the use of improper matrices is in the extraction 
are roots of matrices. While for e, different from zero, (° /.) has 
are root (47, vet for « 0, there is no proper matrix obtained as 

ire root but only an improper matrix, as a limit. 

lhe relations between the trace, adjoint-trace, determinant, and 

may be so expressed as to be valid for all square matrices without 

tion as to characteristie numbers. Thus there are certain relations 

in terms of the conjugates of a matrix become obvious but which 

capable of proof without reference to conjugates. Many of the argu- 

which have resulted in the suecessive historical extensions of the 

er system and in the introduction as valid numbers of negatives, 

ions, irrationals, imaginaries, may be urged for the acceptance of 

niatrices, at least when these are required to render general the notion 
gates, 


he matrix, a, taken as 


( 1 0 
| 0 1 O 
‘eo @ Zi 
|, + 2, has two proper conjugates in the sense used above, which 
l he taken as 
. it oa ) P | ) 
i we © | () 
l1—¢ ; l—e : 
0 e 0 Q y Q) 
0 () z (0 0 € | 
Frobenius, Uber lineare Substitutionen und bilineare Formen. Jour. f. d. reine und ang. 


ol S4 IS7S), pp. 1-63. 
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which become improper as e approaches unity. For e = 1, there is y 
set of proper conjugates. It will not be sufficient to denote both 
e=1), -—(2—¢ 1 — ¢), and lim (¢ 1), 1 (1 — e) by the mere gj 
x, The algebraic relations between these quantities must be ret: 
also in the limit. Despite these difficulties, symbols a and Qo Ma) 
used for these limit matrices and the correct relations may be found 
their means among the quantities: trace, adjoint-trace, determinant 
adjoint. It is merely hecessaryv to regard a; and @: as not themselves 1) 
the domain of a, although commutative with @ in multiplication and 
giving rise to the same characteristic functions. This is analogous to 


going from the Galois domains to non-Galois domains. 








GENERALIZED CONJUGATE MATRICES. 


By Puinrip FRANKLIN. 

The notion of conjugate matrices, which originated with O. Taber* and 
applied in a recent paper by A. A. Bennett,t may be described in the 
ving terms. If, corresponding to a given matrix VW, of order n there 

» — 1 matrices of the same order satisfying the conditions: 

|. They have the same characteristic equation as M,; 

They are commutative with respect to multiplication: 

3. The symmetric functions ~M,, ©~M,M;, ---, M,-M.- --- M, 
formed from the matrix 7, and these n — 1 matrices are scalars 
and equal to the corresponding functions of the n scalar roots of 
the characteristic equation of MM); 

these n — 1 matrices are called the n — 1 conjugates of M,. 

In the case where the roots of the characteristic equation of the given 
are all distinct, the existence of the conjugate matrices is demon- 


ted? by noting that if 7), rm, --- r, are these n distinct roots, the 
IX 
r; O tae Q) 
() le te () 
R, 
() () soe fs 


has the same elementary divisors as the given matrix 1,. Consequently $ 
m-singular matrix P ean be found such that: 
L M, = PR,P 


und the n — 1 matrices 
3 M, PRI, 
here R, is given by: 
ie () 40 () () vane () 
. wy see @ BM xx @ 
R=|0 @ es hm OB «ee @ 

0 () se () ry tee Q 
0 0 iow OD bee His 


citly satisfy the three conditions stated above. 
r, O., On certain identities in the theory of matrices. Amer. Journ. Math., vol. 13 
159, 


tt, A. A., Some algebraic analogies in matric theory, these Annals, vol. 23, p. 91. 


| ibn r. | i 
her, M., Introduction to Higher Algebra, p. 283. 


O7 
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The same method applies to a matrix whose characteristic equation 
has equal roots, provided it has the same elementary divisors as a matrix 
of the form R,, with some of the r’s equal. In the case of matrices whose 
characteristic equations have equal roots, but whose elementary divisors 
are not of this type, the method fails. In fact in this case there may fail 
to exist a set of n — 1 matrices conjugate to the given matrix.* | 

The purpose of this note is to define a set of ge neralized conjuaat 
matrices, Which are subject to less stringent conditions than the dics 
conjugate matrices, but which have the advantage of existing in all ¢: ses, 
Furthermore, they are sufficient for many of the proofs given by Taber and 
Bennett which use ordinary conjugate matrices. 

Our gene ralized conjugate matrices differ from the ordinary conjugate 
matrices in that they are required to satisfy conditions (2) and (3) o1 
The sacrifice of condition (1) is not as violent as it at first appears, since 


t 
( 


by the use of the remaining two conditions the characteristic equat 


5 VM, — Xx () 
reduces 1 


(} M,—%) M A) >: (M, — 2X 0) 


and consequently the generalized conjugate matrices are roots of th 
characteristic equation, 

To set up these matrices explicitly, we shall first notice? that any 
matrix is equivalent to a matrix of the form: | 


A 


where the missing elements are zeros and the S,"s are bloeks of ter 
given by: 
] | i man 0) 


a @ uss & 


Simple roots correspond to blocks of a single term. We therefore hw 
analogously to (2): 


i) M, PS,P-. 


* Bennett, |. e. 


t Bocher, |. ¢., p. ISG, 
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In the case where S,; consists of a single block, 


r, 1 Q --- Q) 
Sm 2 «us. @ 
10) S, = . ° ° ° ‘ 
0 O OVO ry 
the) | matrices: 
1 M,; = P&P, 
where S, is given by 
r, wo 0 ne & 
0 4r; gt as © 
12 S= | , 
0 0 0 iow ® 
being a primitive xth root of unity, are evidently a set of n — 1 ordinary 
njugates of M,. In the general case, where MW, satisfies the relations 
W and (7), we form the n — 1 matrices: 
S I 
Ss) 
13 §. = 
Ss; 
where for each block S/ of k rows, the k — 1 conjugates of S,’, the corre- 
nding block of S,, appear in k — 1 of the matrices, and in the remaining 


blocks its place is filled by a sealar block of the form: 


r” 0 tie 
0) r, aa & 

14 , 
() () oe 2 


heing roots of the characteristic equation of 1, and so selected 
the » — k values of r, for the n — & different values of 7 together 
the / roots corresponding to S;’ form the complete set of n roots of 


characteristic equation of M,. The generalized conjugate matrices 


of My are then the n — 1 matrices obtained by combining (13) and (11). 
rl readily verified if we first notice that any rational integral function 
Of the S,’s, f(S,, Se, --- S,), is given by: 
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As an illustration, the matrix: 


Lt i 8 
yy 2. @ 
oD © 2 


has no matrices conjugate to it in the ordinary sense, but has as its gener- 


alized conjugates: 


1 —1 O > 6 © 
() i § and 2 @ 
() () | () () | 


It is to be noticed that the method of constructing the generalized con- 
jugate matrices leads to a unique result only in exceptional cases, like 
that just given. For example, in addition to the ordinary COnJUgAtTES, 
the matrix: 

a 0 

0 b&b OO 

() () Cc 







has as generalized conjugates any of the pairs: 






h 0 OQ ce ® 
jj a 6. 0 c 0 
() () h () () a 









c § > ©) gO 
) ¢ Oi. 0 a O&O 










( 0 & 5 6 8 
GU a i, 0 ¢« O 
(1 









TRANSFORMATIONS OF TRAJECTORIES ON A SURFACE. 


By Josepy LIpKa. 


. Trajectories and their properties. In a recent paper* the author 
ed five geometric properties which completely characterize the 
y-tem of %* trajectories generated by the motion of a particle on any 
constraining surface under any positional field of force. The purpose of 
aper is to study the point transformations on the surface which leave 
or all of these properties invariant. Each of these properties to- 
er with those preceding it defines a type of systems of x* curves on 
irface, and our problem is to find the nature of the transformations 
lh convert any system of such a type into a system of the same type.T 
\Vo shall here briefly state these properties, giving the differential equa- 
of the systems of curves defined by them. 
us consider the surface whose equations are 


xr=7(u,v), y = y(u, v), z= 2(uU, v), 


ed to an orthogonal set of parameter curves,f so that the element of 
has the form 


ds* Edw + Gd. 


fyJ. Ifthe x<' curves passing through a given point in a given 
i have associated with them their orthogonal projections in the 
it plane to the surface at the given point, then the locus of the foci 
sculating parabolas of the associate system is a bicircular quartic 
viven point as node and the given direction as tangent line; this 
line is also one of the asymptotes to the hyperbola which is the 

{ the quartic with respect to the given point. 
Inost general system of «* curves on a surface possessing property 

/\- detined by a differential equation of the form 


t surface for any positional field of force, Proce. Amer. ead. Arts and Sei., vol. 56, 


) 


ISN2 We shall hereafter refer to this paper by the title * Proceedings.” 
corresponding problem in the plane, see Ek. Kasner, The trajectories of dynamics, 
Math. Soe., vol. 7, p. 418. 

Proceedings’ we used an isothermal set. of parameter curves, so that some of the 


da simpler form. sut for a discussion of point-transformations we find it necessary 


© general parameter svstem. 
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JOSEPH 
| v= A+ Bo’ + Cr’, 


where A, B, C are arbitrary functions of u, vr, v’.* 


Property IT. The two tangents at the node of the foeal locus, associat, 
with each element (u,v, v’) by property 7, are such that the one which | 
the direction of the given element bisects the angle between the other and 
a certain direction wiv, 2 through the given point this direction Is that 
of the force vector in the case of a trajectory system 

The most general system of * * curves on a surface possessing propert 
T and JJ is defined by a differential equation of the form 


I] a 44 Be’ +. ye. 
where A and B are arbitrary functions of u,v, v’, and w Is an arbitr 


function of wu, ? 


Property III. Through every point and in every direction throug! 


that point there passes one curve Ol the =Vstem which hyperosculates Its 
corresponding geodesic circle of curvature. The locus of the centers ()] 


geodesic curvature of the «!' hyperosculating trajectories which pass 
through a point is a conic passing through the point in the direetio: 
Wu, 2 oft property ll. 

The most general system of * ° curves on a surface possessing properties 


z. II, IIT is detined by a ditferential equation of the form 
III w —e')H’ = Hy. + yw’ + pv? — 30”), 


involving four arbitrary functions, yo, ¥1, Y2, @ of u, v, and where 


» nee Be (G- Bes (EB) a gerne 


is the differential equation of the geodesies on the surface, and 


H’ = di du, 


Property IV. With each point O on the surface, property [J] associ 
ates a direction, viz., the tangent to the eentral locus or conic. ‘Thi 


totality of all such directions on the surface defines a simple syst 


ao 7 curves, which may be ealled the tangential lines (these are the line 





force in the trajectory system). The geodesic curvature of the tangent! 
line through O is equal to 3 times the geodesie curvature of that hyper- 
osculating curve which passes through O in the same direction. 

The most general system of x* curves ona surface possessing prope 


I, [1], IIT, IV is defined by a differential equation of the form [I 1) to- 


adil 1 } . ¢ 
Phroughout this paper, subscripts refer to partial derivatives with respect to the 
ror },] } “) Por 
variable and primes refer to total derivatives with respect to u. 
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vether with a condition on the functions yo, 71, Y2, , ie., by 


(w — v')H' = H(yo + yw’ + yo"? — 30”) 
| Yo + Yiw + Yow" = (Wu + wwr) 
2G G ~ 2E GG” EJ" * aE" |" 

Property V. Construct any isothermal net on the surface. At any 

it 0 this net determines two orthogonal directions in which there pass 

iwo isothermal curves of the net and two hyperosculating curves of 

perty III. If pi, p2, Ri, Re are the radii of geodesic curvature of these 

curves, $;, Se, the are lengths along the isothermal curves, and w, the 

nvent of the angle between the tangent line to the conic of property JJ 

nd the isothermal curve with are s., then as we move along the surface 
(), these quantities vary so as to satisfy the relation 


d l 0 | l ] oO" 
—- —} — — + — — =~ (log w) = 0, 
OS» hj Os) Ke Piky poke OS\085 

( 1 38 ) 1 it 3 

Ky = Pi R; ke 7 W \ p2 R» 


The most general system of x * curves on a surface possessing properties 
!, 11, 111, IV, V is defined by a differential equation of the form 


/ 
1 . 69) , , « e , ' e 72 ‘ 2 ’? 
| _~-—- av )H'’ =H ( 6) + bv + 600° — 350 ; 
( (7 Dp ) , ° iD 


weds A. : , bo. = : — 
EG (;- 02 | i EG 
QVE, — 266, . GY, — VG ok, — E¢, 


0 1 - ee -4- 


KG | (? FE? 
where @ and y are arbitrary functions of u, v. 
hquation (V) is the differential equation of the system of 2% trajec- 
generated by a point moving on a surface under any positional 
foree, the components of which along the tangent lines to the 
eter curves are @ VE and ¥ VG.* These determine a direction 


rajectories on a surface are in general defined by the Lagrangian equations 


df/aTv aT . d (=) a oT F 
dt ou au 9 dt ' aj av 7 
the kinetie energy, u = du/dt, i = dv/dt, @ Xr. + Yy. + Z2u, ¥ = At, 4 Vy 
.Y, Z being the components of the force along the codrdinate axes. See Proceedings, 
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w = dv du = Ey Go along the surface, which we shall call the directic; 
of the force vector. 

2. Arbitrary point transformations. Consider any real representation of » 
surface S on a surface S, whereby a one-to-one correspondence is estab- 
lished between the points of the two surfaces. In such an arbitrary 
point transformation there is at least one real orthogonal set of curve. 


on S which corresponds to a real orthogonal set on S.* If we choose th 
curves of these two orthogonal sets as parameter curves, and corresponding 
curves are assigned the same parameter value wu or v, then correspondin 
points will have the same curvilinear codrdinates u, v, and the elements oi 
length are given by 


4) ds? = Edu? + Gadr". ds? = Kdu? + Gdv?. 

For the surface S we may set up the five types of differential equations 
I), --+, (V), by merely writing A, B, C, w, Yo. 71, Ye, £, G, o, ¥, for the 
corresponding letters in equations (J), +--+, (VW). Now, if (J) is to be 


converted into (J), it is necessary and sufficient that 
d A= A, B= B, C=C. 


But since these coefficients are arbitrary functions of u, v, v’, conditions 
5) can always be satisfied. Similarly, if (J7) is to be converted into (// 
it is necessary and sufficient that 


tH A= A, B= B. WwW = w. 


Sut since the coefficients are arbitrary functions, conditions (6) can always 
be satisfied. Hence we may state 

THEOREM 1. An arbitrary point transformation will convert ar 
system of curves with property I or any system of curves with prope rlies | 
and IT on S into a like system on S, 

3. Geodesic transformations. It is evident that an arbitrary point 
transformation will not convert (J//) into (J//). To find the most 
general point transformation that will make this conversion, we note that 
such a transformation must convert the part common to all systems 0! 
type (f/7) into the part common to all systems of type (///). It 
evident that H = 0 and H QO satisfy (177) and (I//) respectively, and 
that the curves defined by these equations are the only proper Curry 
satisfying all equations of these types. But the curves H = O and HH = 0 
are the geodesics on S and S respectively. Hence the desired transforma- 
tion must convert the geodesics on S into the geodesics on S. Such 


* See G. Scheffers, Anwendung der Differential- und Integral-Rechnung auf Geometric, 


2 p. 96. 
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ransformation is called a geodesic transformation. In order that the 
desics on S and S should correspond, it is necessary and sufficient 

hat the differential equations H = 0 and H = 0 be identical. We are 
is led to the equations of condition 





E, Ey CG, E » G £, 

| | 296 2G G 2 G 2 
] G,, a G., G. oy E, _ G, i E, 
| 2E 2E 2G E 24 E 


( 


vhich must hold identically. We note that this transformation will 
necessarily convert H into H and H’ into H’. 
Now, if a geodesic transformation is to convert (JJJ) into (JJ/), it 
necessary and sufficient that 


‘ w = w, 70 = Te 7) = Ths 7: = 12 


since these coefficients are arbitrary functions of u, v, conditions (8) can 
always be satisfied. Hence, we have 
THEOREM 2. The most general point transformation that converts any 
stem of curves with properties I, II, III on S into a like system on S, is the 
desic transformation. 
Now, equation (JV) involves the quantities F and G, which are not 
arbitrary. But it is evident that conditions (7) and (8) are both necessary 
nd sufficient in order that (JV) be converted into (JV). Hence, we have 
lHEOREM 3. The most general point transformation that converts any 
stem with properties I, II, III, IV on S into a like system on S is the 
desie transformation, 
Since type (V) is a special form of type (J//), the most general point 
transformation that would convert any system of dynamical trajectories 
on S into a like system on S must be the geodesic transformation. We 


shall now examine whether every such transformation actually does con- | 
vert a system of dynamical trajectories into a like system. | 

[ini first proved the theorem that if the real representation of a surface | 
S on another S is geodesic, three cases are possible: (7) S may be obtained 


‘rom S by a pure bending, i.e., S is applicable on S; (ii) S may be obtained 
om S by a similitude transformation with or without a bending; (277) S 
and S are Liouville surfaces.* Let us apply these results to type (V). 


S is applicable on S; then 


See Scheffers, ibid., vol. 2, p. 420. 
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For (V) to be converted into (V), corresponding coefficients must. | 
equal. This leads to 


M ao QO = bo 0 6b» 
y 1 ¢9) bo 6; bo 
and these conditions reduce to 
y¥ m Vi, V,, oO o Yr Oxy = Vr Oy 
= 4 ; — «= ’ -— ’ —_— = ; _ ’ 
y @ u ¥ 2 © ¥ ¥ ¥ : 
and hence, 
10) M , cy ’ o = CQ, 
where c is an arbitrary constant. We may take c = 1, since ¢, ¥ and 


co, cy define the same field of foree. Conditions (10) can always be 
satisfied since ¢, y are arbitrary functions of w, r. 

ii) S is obtained from S by a similitude transformation, i.e., the 
rectangular coérdinates of corresponding points on the two surfaces are 
connected by the relations 


£ = kz, y = ky, 2 = kz, k} = constant 
then 
yi 11) E = KE, G = kG. 


Again, if (V) is to be converted into (VV), then, as in case (7), Y = ¥, 
o= ¢. Hence, we have 

THEOREM 4. Any system of dynamical trajectories on S is converted 
by a geod sic transformation into a system of dynamical trajectorve sons, 
provide d S is applicable on S or S is applicable on a surface which can bh 
obtained from S by a similitude transformation. The components of fore 
on S and S are the same functions of the codrdinates u, v. 

vz) S and S are Liouville surfaces. A Liouville surface is charac- 
terized by the fact that the element of length may be reduced to the fort 


(12) ds? = (U + V)(du? + dv’), 


where U is a function of uw only and V a function of v only.* The corre- 
sponding surface S has for element of length 


(13) dat = -(4 Ps d (F m dv? ; 
U' Vv U V 


*To the Liouville surfaces belong, among others, the surfaces of constant curvature, t! 
surfaces of revolution, and the quadries. When the element of length ean be written in the | 
(12), the parameter curves are geodesic ellipses and hyperbolas. Cf. L. P. Eisenhart, Different 





Geometry, p. 215. For Liouville surfaces the finite equation of the geodesics may be found 
simple quadratures. For a discussion of surfaces of this type, see Darboux, Legons sur la T! 
Générale des Surfaces, vol. II, Chap. LX. 
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[; is easily seen that ds? has the Liouville form, for by a change of param- 
> du ; dv 
u= =) v= - : ; 
J vi J V— J 
i3) takes the form 
i= — i + \ (du* + dv?) = (U + V)(du? + do’). 


Now, on the surface S defined by (12), type (V) takes the form 


4 (y — oe’)H’ = Hla, + aw’ + ay” — 360"), 
here 
— oV , WV, — dU, 
Vee FF y’ Go = Wo — Qu T U + = ’ 
yl 
— ~~ et 


Qn the surface S defined by (13), type (V) takes the form 


I ( — d af — ov’ ) H’ = H by —- bow’ — baw’ _— 300"), 
V(tU, - Uy.) : oV h. OV, — Vd , VVU, 
U' "vaelCU \ * O00 + YV)’ 
Vy. . WV. + 9UU,. 
2a "UT Pe UU 4+ V) 


Here 6, Y and ¢, W are arbitrary functions of u, v determining the force 

rs on S and S respectively. Let us now see whether by a proper 

ice of @ and y, equation (14) may be converted into equation (15). 
<uch conversion, corresponding coefficients must be equal, 1.e., 


7 f f 
y 


<< 
~ 
~ 
~~ 
po) 
~~ 
~ 
~ 
~~ 


V . 
— [’ , — = » —_— 


Q o 40) o Q o 2 o 


nbining the first two conditions, we find 


/ T] ! 
Yu Ux Yu 
; rs 


( y= VU y, ¢= — VV 4, 


here V, is an arbitrary function of v only. Combining the first and 


hate 


= 


7 ore 


—— < ae 
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third condition, we find 

o V Q 

and substituting the value of ¢ found in (17), this becomes 


V, = constant = c. 
Hence, 
(18) y=cly, ¢= —cV¢. 


By substitution we find that these relations satisfy the fourth condition. 
As in case (7) we may take c = 1, so that 


(19) y Uy, o= — Vo. 


These conditions can always be satisfied, since 4, ¥ are arbitrary functions 
of u,v. Hence, we have 

THEOREM 5. A system of dynamical trajectories on a Liouville surface 
S is converted by a geodesic transformation into a like system on the corre- 
sponding Liourille surface Ss. The components of force OQ, y on S and the 
components }. y on S are related by ¥ Uy,¢@ = — Vo. 

Finally, combining Theorems 4 and 5, we may state 

THEOREM 6. Any geod sic transformation of a surface S into a SUrface 
S will convert any system of dynamical trajectories on S into a like syste 
on S; a geodesic transformation is the most general point transformation that 
male Ss th is CONTE rsion possible e 

4. Conservative forces. If the field of force is conservative, then 
¥. = ¢. This condition is characterized geometrically by the fact that 
the conic of property J/I becomes a reetangular hyperbola.* Thi 
question arises: is a system of dynamical trajectories in a conservative 
field of force converted by a geodesic transformation into a like system? 


This may be answered in the affirmative for cases (7) and (77) in our dis- 


cussion of geodesic transformations, for, by Theorem 4, ¥ yy, > QO: 
hence, if yy, = ¢,, then ¥, = 6. But for ease (777i), where S and S are 
Liouville surfaces, we have, by Theorem 5, y = Uy, @é = — Vo. Now il 
Y. = ¢, and y, = ¢,, we must have 

20) (U + V)¢d, + Uy + Vio = (). 


Now, if W is the work function (negative potential), then 
@= W,. y = W, 


and (20) becomes the Laplacian equation 


* “ Proceedings,” § 9. 
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>| (U+V)Ww + VW. + UUW, = 0, 


yy) ((U+ V)W].. = 0, 
the solution of which is 
(U+V)W = 0,+ Vi, 
where (7) is an arbitrary function of wu alone, and V, is an arbitrary func- 
{valone. Hence, we may state 
(HEOREM 7. A geodesic transformation will convert a system of dy- 
cal trajectories in a conservative field of force on any surface S into a 
stem on S, provided S is applicable on S, or S is applicable on a surface 
may be obtained from S by a similitude transformation. A geodesic 
‘mation will convert a system of dynamical trajectories in a conserva- 
dof force ona Liouville surface S into a like system on the corresponding 
Liouville surface Ss only if W. the work function, has the form 


W = (U,4+ V,)/(U + V), 


(°, and V, are arbitrary functions of u and v respectively. 
From equation (23) it is evident that there are no Liouville surfaces 
vhich the transformation is possible if W is to be an arbitrary point 
netion, 
5. “N’” systems. If the field of force is conservative, we may study the 


transformations of certain types of ** curves on a surface other than 
dynamical trajectories. These systems, termed ‘n”’ systems,* are 
characterized by the differential equation 
' 60) 9 
,— pe (E+ Ge)’ 
G k ) 1 
’ 92 , r2 30 ”? 
= | (Ek -e Gv “| ( €y + €,v a €ol’ _—_ E uv ) 
(n — 2)0’ ‘i . so 
+ (fo + Gye’ + Sar") — (mn — 2)(9 + WH) | 
Wi 
) 2VhL+nok, 4 Gy, — VG, nyG,+2¢G, Q ok,—E¢, 
; y A Z "9 ’ y= Pe Ala, » ’ 
2EG Ce . 2EG FE? 
(2+n)(VE,— 9G.) 4 Gy,—VG, , oF, -—F¢. 
€ ’ s " — ” 
: 2hG G E° 
Dy OG y a WE, - vG, a VE, _ VG, ‘+ of, _ oC. 





ID) 7 G =” #E G a1” Dy G BE G 


ceedings,’ § 10. 
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An ‘“n” system is a system of dynamical trajectories when n = 2. 
velocity curves when n = 0, brachistochrones when n = — 2, catenaries 
when n = 1. Even if the field is not conservative, equation (Vj) m: 


still be said to define ae kd systems dynamical trajectories, velocit 
curves, pseudo-brachistochrones, pseudo-catenaries. 
In ‘** Proceedings “* we have given five geometric properties—/,,, // 


III,, IV,, V,—which completely characterize such ‘in’ systems, 
These properties are analogous to properties J, ---, Vo which characterize 


the trajectories under any positional field of force. In faet, J and J, are 
the same: to get Il, we replace the equal angles in J] by two angles whos 
tangents are in the ratio n + 1:3; J//7 and ///, are the same—for thi 
conservative case the conic must be a rectangular hyperbola; to get /| 
and V,, we replace the multiple 3 in JV and V by n + 1. Each of these 
properties together with the preceding may be characterized by dif- 
ferential equations (/,), ---, (V,) similar to equations (J), +--+, (V 
Equation (V,) is given above. The others are 


ITT, w—w)H' =H) yo ty’ + ye" 


IV, B+ Gi 
a ( E 

a ig aa * o®@ & Wu om Fe 
I I / HO; 


( G, E, L(G E, Cr, 
+(—-— }wo + _—-z jo’ +55 

G 5B ) IC 1D Pk 

The quantities A, B, C, w, Yo, 71, v2, ¥, ¢, H, H’ have the same significance 
as in the previous discussion. 





A study of equations F. ‘ pee. Yo similar to the study minds 
equations (J), ---, (V) leads to the following results: 

1. Type (J,,) alone is conserved under an arbitrary point transfor! 
tion. 


2. In order that (I7,,) be eonverted into (i .*: it is necessars 
sufficient that EE = GG, i.e., the transformation must be conforma! 
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In order that (J/J,) be converted into (J//,,), the transformation 

he geodesic, but not every such transformation makes the desired 
conversion. Under ease (7), BE = E,G = G; and under case (ii), BE = 2, 
(, (j. These types of geodesic transformation evidently convert 
///.\ into (IT,,). But under case (777), i.e., on Liouville surfaces, where 
k=G = U + V, and 


///,) is converted into (JJJ,,) if, and only if, U + V = 0,i.e., the element 
vth ds vanishes over the entire surface. Hence, a geodesic trans- 
tion on a Liouville surface will not make the desired conversion. 

{. \ geodesic transformation of types (7) and (77) will convert (JV,) 
nto (1V,) and (V,) into (V,) with y = y, ¢ = ¢. 
(f course, the more general results of the earlier discussion hold for 
the case n = 2, 1e., dynamical trajectories. 
We may now state 
THEOREM 8. An arbitrary point transformation will convert any 
of curves with property I, on S into a like system on 8S. The most 
point transformation that will convert any sysiem of curves with 
properties T,, IT, on S into a like system on S is the conformal transforma- 
n. The most general point transformation that will convert systems of 
cu with properties I, 11, 111; of In) [10 (11a, 1Ve, O 1a, Ta, U1 
IV. Vy, (ie., an “'n’” system) on S into a like system on S is the geodesic 
fransjormation under which S is applicable on S or S is applicable on a 
ace which can be obtained from S by a similitude transformation, Con- 
¢ fields are converted into conservative fields. 
CHUSETTS INSTITUTE OF TECHNOLOGY, 
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ON THE STRUCTURE OF FINITE CONTINUOUS GROUPS WITH ONE 
TWO-PARAMETER INVARIANT SUBGROUP. 


By S. D. ZeLpDIN. 


In a paper published in these Annals* I have considered groups having 
exceptional transformations and have shown how their structure can he 
simplified by imposing certain conditions on groups isomorphie with the 
given ones. In the present paper I shall show how the structure of 
groups with one two-parameter invariant subgroup can be simplified hy 
imposing a few conditions on the groups meroédrically isomorphic with 
them. 

1. Introductory remarks and assumptions. Let G,,. be a finite con- 
tinuous group of order r + 2 generated by the infinitesimal transforma- 


tions whose differential operators are X,, ---, X,, X41, X-.2, where 
. ~ 0 ' rs 
X; = >) tn, <e* Deeee = (7 = . se § + ele 
kal OX x. 


and let G,.» have an invariant two-parameter subgroup, which for sim- 
plicity may be taken to be generated by the operators X,,; and X 


Denoting the operators of the adjoint of Gro by E,, «++, Ese, where 
’ aga a] ; ie 
E; = De Lalit. (,_=1,---,7r4+2 
L k=! Oa; 


(the a's are the parameters of G,,. and the c;;,’s are the structural con- 
stants), we can write down the following known equalities: 


(] (Au Ai) = pe? eX | + > CijnX i (i, J = |, 


k=r+l 


| Awe) 
> 
> 
| 
M. 
ot 
on™, 
| | 
~~ 
a 
2 td? 


w 


(E,, E;) = > CipeE (2, J = j, 


Since the group G,,» is assumed to have an invariant subgroup of orde! 
, say G,, which is meroédric: 
isomorphic with G,...F If we denote the operators of G, by Yi, °-°) ? 


there exists a simple group of order r 


* Vol. 22, p. 95. 


t Lie-Engel, vol. 3, p. 703. 
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e 


r 


. ) 
Y,; = > Oxi(yn, 5) Yr) = ’ 
k=l OY i. 


the operators of the adjoint of G, by Aj, 


— r of F 
ee, DD aiCjik — , 
Lj=l 


k da h 


-, A,, where 


rx Y;) = > CijeY (1,7 = :. coe, 
k=1 


Ai, A) = Deus (i,j =1, +++, 7). 


Phe condition imposed on the adjoint of G, is that it shall have one in- 
spread, It is to be observed that this spread is not a flat, for if 
e, the group G, would not be simple. If the invariant spread is 


| 
y by the equation | 
F Gis. 7? *4-8 = (), 
he funetion F(a), +--+, a,) will satisfy the system of partial differential | 
lis | 
se of, a of : 
; oe, tes wa ii + --- + Naye;i, .° = 0 (a=, ---r 
Ja, Oa; 


ng the matrix of the coefficients of those differential equations 


» v . y , v . 
a,A \ vl C533, aeQjCj19, *°* aAsCiiz) 


l 


v . v , v , 
mC iri, we A Ciro, °° * me ACirr 


ist have, sinee that system of equations has only one solution, the 


of this matrix to be equal to one, i.c., at least one minor of order 
of the determinant |Na,A; does not vanish. But each minor oi 
{ ° . “ » , ; 
is also a minor of a,k; , where 
‘ 
c. SajC;. 1. I See DOC: ». a DA. £44, 03 ~a;c r+? 1 } 

Ya,c l, r, 0k UD oe DS 945. vs wae; 49 r a 

Es 4 oats *** SHR 0. rhb LL: 04. sab SNa;c r+2, r+1 

SOC; 4. 4% ee wajC;j. r. 142 BOL; 942. rads WajCj, ro2, r42 
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Therefore at least one minor of order r — 3 of the determinant | Yq] 
does not vanish, and thus the nullity of the matrix Ya;F; can not exc 
3 for an arbitrary system of values of the a’s. Further, for a;, 


assigned, the symbolic equation 


aa (aX. De X ) = pl3a8; Oo cieX: ag 


’ 4 | 


is satisfied by the following three independent solutions: 


D1 = Qj, Do = o, aot aie Dy Or, Br+.1 = Q, D-+9 = {). 
i. == jo = (), 2 Q) Br+1 = l, 5-49 (), 
8B, = 0, 3. = 0, ee Gos Bro, = V, B40 # 


The first set of 3°s satisfies, because it makes both sides of equation 
A) equal to zero; the sets (2) and (3) satisfy because X,,; and A 
form, by our assumption, an invariant subgroup of G,,..* 
Sut from equation (A) follows the system of equations 

Ss ie 3 da Cite SSF B..39 Oi 71. 4 -+- Brae) _OC;. r+?. 1 (), 


? _———4 


The determinant of the coefficients of the 3’s in those equations 1 
have at least one non-vanishing minor of order r — 1, and therefore 1 
nullity of the matrix >°)*ja,F£; can not be less than 3. We may now 
that the nullity of x ia;K; is equal to 3. Now, since the nullity ot 
matrix Ye,£; is equal to the number of independent invariants of 


adjoint of G,.., the system of partial differential equations 
E\ fla) = 0, a Es2f(a) = 0 


- 


Since all the operators of the group G,,. are given, p and eye (kK =r+i1,r +2) ca 
be found. 
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has three independent functions in aj, +++, a@,.2 for solutions. It is also 
evident that F(ay, +++, a), Which is a solution of the equations 
Aifla) = 0, ey A,f(a) = 0, 


»a solution of 


E\ fla) = 0, res, E,42f(a) = 0, 
/ does not depend on a;.;, a... Denoting the invariants of the 
nt of G,,2 by Flaa, +++, ar), Via, +++, aye), Wlan, +++, a2), We May 


the following 
‘THEOREM, If the adjoint of G,, which is meroédrically isomor phic with 
G_., has one invariant, the adjoint of G,.. has three invariants, one of which 

ariant to the adjoint of G,. 

”. The invariant spreads of the adjoint of G,.. and their properties. (on- 
the invariant spread Vay, +--+, @-.2) = 0, supposing that it is the 
| )-flat invariant to the adjoint of G,,.. It will then represent 
nvariant subgroup of order r + 1 of G,.o.* It is to be observed that 
two-parameter subgroup X,.;, V,.2 which was assumed to be invariant 


' 


(;. represents geometrically a straight-line invariant in the space of 
djoint of G.... We shall denote, in what follows, that line by the 
bol V..,; —OWN,... Now, if the invariant flat Via), «++, ase) = 0 


~ not pass through the line Y,.; -— X,.., there will then be in G,.» 
invariant subgroup of order r + 1 in addition to the given two-param- 
uvariant subgroup. In other words, we can find a new set of opera- 


aoe Cree one such linear functions of the old X's, that 
+ al ies a 
Y YY - t=],--r+ihr+2 
#,%y~ Gham (Ib ore 
li however the flat Vlas, +--+. a:.2) = 0 does pass through the line 


——~ NX,.., then the point of intersection would have to be invariant 
djoint of G,.» and there would be in G,.. an invariant subgroup of 
one. This ease brings us to exceptional transformations which 

I have already discussed in my last paper. 

“uppose now that Vay, +++, @s.s) = 0 is an equation of degree two, 
ble to two linear equations, say Vilay, +++, @ri2) = 0 and 
', Grae) 0, then the intersection of these two (r + 1)-flats 
ve an invariant r-flat in the space of the adjoint of G,.». If this 
does not pass through the line X,,,;@— X42, we will be able to 
independent operators forming an invariant subgroup of order r 


Scheffers, p. 79. 


——2- . «—— 
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An interesting ease will arise when V(a), «+ -, ase) = Ois an irreducihle 
algebraic spread of degree m 2 2. Let us consider an arbitrary point 
P on the line X,.; ——> X,,2. Its polar (r + 1)-flat, with respect to the 
spread Viay, +++, @ +2) = 0, will in general pass through some ot}, 
point, say Q, of the line X,.; -— X,,., and the polar (r + 1)-flat of Q, 
with respect to the same spread, will then pass through P. The inter- 
section of those two (r + 1)-flats will give an r-flat which may be regarded 
as a polar r-flat, with respect to V(ai, +++, arse) = 0, of the line PQ (or 
X,.1-——2 X,22). That flat may be looked upon as the locus of the poles 
of all (r + 1)-flats passing through the line X,,,-— X,,. taken with 


respect to the spread Vay, +++, Gree lg 

Now, since the line V,.; -—— X,.. and the spread V(a) Q are in- 
variant to the adjoint of G..., the aggregate of flats passing through the 
line X..; © X,.. and therefore the locus of their poles qua Via () 


will be invariant. Since that locus of poles is an r-flat, it follows that the 


group G,.» has an invariant subgroup of order r, L.e., by properly choosing 
the operators X,, ---, V,.. we shall have 


x. x = ye = 2 fs = |, a. ns r+t1.r-e 2 | 


Suppose, however, that Via 0 is of degree m, but is reducible to 
m (r + 1)-flats. Then their common intersection (if there is any) will 
form an invariant (r — m + 2)-flat. If that flat does not pass throug 
the line VY,.,; —-~ NX _o, then there will be in G,.° an invariant subg Oup 
of order r — m + 2 in addition to the given two-parameter subgroup, 1.0. 
the operators 


Aly > 2%) eds pees ** %) deep ey oe 


can be so chosen that 


If the (r — m + 2)-flat does pass through the line X,.,; <7 X 
again get a single invariant point in the space of the adjoint of G 
whose meaning I discussed before. 

It may happen that Va 0 breaks up into spreads each of des 
greater than one. Then their common intersection and its polar 


*Compare with Salmon’s discussion of polar lines, G. Salmon, Analytic Geometry 0! 


Dimensions, p. 49. 
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with respect to the line X,,; -— X,,., can be considered exactly 

same way as when V(a@) = 0 was irreducible. 

far I have only considered the invariant V(a@) independently of the 

nvariant Wa) of the adjoint of G. We could of course obtain the 

results for Wa), as we did for V(a), by considering it alone. Sup- 
wever, that the invariant spreads 


Via 0) and Wia) = 0 


ken together, and assume first that both are (r + 1)-flats. If their 


ection, Which is an r-flat, does not pass through the line | 
» VY..5, then there is an invariant subgroup of order r of G,.» 
lition to the given invariant two-parameter subgroup. If however 


|)-flats do not intersect at all, then each one separately will 


nt an invariant subgroup of order r + 1 of G,.». 


If finally Via 0 and Wia) 0 are spreads of degrees m and n 
vely, then, by considering the polar flat of the line X,.1;-— X,+2, 
th respect to the intersection of V(a) = 0 and W(a) = 0, we 


et an invariant subgroup of order r of G,.». 


ETTS INSTITUTE OF TECHNOLOGY, 


miber S, 1920. 











ON THE SIMPLIFICATION OF THE STRUCTURE OF FINITE CONTINU- 
OUS GROUPS WITH MORE THAN ONE TWO-PARAMETER 
INVARIANT SUBGROUP. 


By 8. D. Zevpr. 


1. It is the purpose of this paper to extend the results obtained for 
the structure of groups with one two-parameter invariant subgroup* to 
groups having any number of two-parameter Invariant subgroups. 

Et Bite ***s By ive. ** *5 Bras 


Let this group have / invariant two-parameter 


be the operators of the group G 
whose order is r + 2A. 
subgroups which for simplicity will be taken to be represented by the 
operators 











ore. ; er (1), 
; Piva 2) 
; : (3), 
\ ees h 
We then have 
VX) = ¥ciX bin i 
Ai, A;) =p Teel i e- r-g=rt+i,r+2; pi; #9 
Xi, X) = 95 SieweX, (Gi = 1,2 rej=rt3rt+4; pi 40 
X:,X;)) =p, ¥ ¢;.X, (=1, 2 rs j=rt+2k—1, r+2k; p40 
and se 
X;,4,;) =0 
t=r+ 1, ---, r+ 2k: ) 1+ :. when 7 =r oe odd number, and 
j =i —1, when? = r + even number). 


Denoting the operators of the adjoint of Gra2k by the symbols 
ap * "Be Baw, «xe, Bice. 


these operators the same structural constants as for the alternant 0! 


we have for the alternant of any two 0! 


the 


corresponding operators of the group G,,2.. 
We shall assume in what follows that the group G,.2% 18 meroédrically 
isomorphic with a simple group G, of order r having one invariant sp! ad 


(not flat). 


* See the preceding paper. 
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Denoting the operators of G, by Y;, ---, Y, and the operators of the 
int of G, by Ay, ---, A,, we have 


(Y;, Y;) 


LcinY, 


(A;, A;) = DicijeAs. 
o=l 


[ have already shown in my previous articles* the matrix La;A,, 
here, the a’s being the parameters of the group G,, 


v a v 
La;A; = (2£a;Cj11, ae jC j1r) 
a 
a v 
m—AiCiriy ee ty me QAzCirr| ,y 


f nullity one. Let us now consider the equation 


( z aX j, : 3;X;] = bs b a PijQiBjCijeXs- 
1 t=1 jol s=r+] 


l 


lor the a’s assigned, and p;; andc,;; (@= 1, ---,7r; 3 j=rtl, «+, 
2/) easily calculated, it is clear that equation (A) has the following 


-/ + 1 independent sets of 8’s for solutions: 
| 3, = a, teas” By = ay, Bri = °°? = Brion = O 


oo Oo, S see = 


Dy ae ee B, = Bra = O, Brio = a Bri3 = i = Brion = 0 


| D1 = 9° = Brook = Q, By+9% — 1. 


matrix of the coefficients of the 6’s in the equations obtained from 


equation (A), namely, 


: v » v > v . 

~ ‘ wt ;C i901, oo 4, wAiCiri, “2 he wACi, r4+2k, 1 ) 
v . v . se > . 
=~ M,C j99, ooo, wQ Ciro, eee wt {Ci, r+-2k, 2 

\ . . v . yD " 

~ , wt ;C ior, Ot mw iCirrs ae mC; rath r 


mit r41(1—pyr), eae. Zadt;. r. rail = Dir)» 
° Da,C;. r4-2k, r4-1(1 — Pi, 1+-2k)] 


reon(L—pis), -°+, Lawes. +. reor(1 — pir), 
TaiC;. razon, r-2u(l — Pi, r+2n)], 


have for its nullity a number not less than 2k + 1. It follows, there- 
ince every minor of the determinant | Sa;A,| is also a minor of the 


eit. 














120 S. D. ZELDIN. 


determinant of the matrix obtained from equation (A), that the nul 
of the matrix Sa;E; is exactly equal to 24 + 1. The nullity of thi 
matrix Sa,E,; is equal to the number of independent invariants of 
adjoint of G. The following theorem ean therefore be stated: 

If the adjoint of (C- whi ic} is meroédrically isomorphic with G 


On¢e merariant, the i the adjoint of G +9 has yy 4. l inde pe nde nt invariay 
Cle ot wu) ich is the Invariant of the ad roint of (,.. 
2. We shall denote the 24 + 1 invariants by Via, ---, a), W 
“5 ry °° *%y Ger-3 po. We. Ri, 2 *y Cpy °° yp Sree ; the equations 
V ee () 


will then represent 2) + 1 invariant spreads in the space of the adjoint 
of Gro. Now, since the group G,.2; has /& invariant two-paramet 
subgroups, the adjoint of G,.., will leave invariant / straight lines, each 


one representing the corresponding invariant subgroup. We shall denote 
those lines, as in the previous paper, by the symbols XY.¢<-- \ 


i=rt+1, ---, r+2h; J =74+ 1, when i = r+ odd number, and 
J) =i -—1, when? = r + even number). 

If the equations Wyla 0, ---, We.(a@) = 0 represent 2/ invariant 
flats in the space of the adjoint of G,..;, then their common intersection 
if there is any) will be an (r — 1)-flat also invariant to the adjoint of 
rao, If that flat does not pass through any of the lines Y,;-—-> \ 
then by Lie’s theorem* we ean take N,;, ---, N,, Nyos X41; 
X,.., = N..o:, such linear functions of X,, ---, Xrsoz that the first 
r — 1 operators form an invariant subgroup of order r — 1, while the 


last 2/ operators still generate the invariant two-parameter subgroups 
which we started with, i.e., 


XA iy & = » bike t=). r—iisz l, 
= = (0 i = Fe oe ee pte Joisee pote 


Na 
pat 
| 
Na 
1] 
L 
~~ 
. 
be 
~~ 

hl 
! 
} 


p= | 
R 
wn 
~ 
S 
~ 
1 
— 
~ 
i 
to 
oo 
e, 
I} 
~ 
1 
te 
{ 


* Lie-Scheffers, Continuierliche Gruppen, p. 479. 
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If however not all flats have a common intersection, then the flat 
esenting the common intersection of a few will enable us to form an 
riant subgroup of G,,o,. 
Suppose now that Wi(a) = 0, ---, We.(a@) = 0 are spreads of degrees 
, Ms, respectively. Consider then the polar flats, with respect 
euch of the spreads 


Ws(a@) = (). tae, Wo (a) = (). 


f each of the lines X,41 — 2 X,49, «++, Xpson-1 — > Xr40,. Taking, for 
tance, the polar flats of the line X,.,<—— X,..2, with respect to 


Ws (a) = Q), ee Wo.(a@) = Q). 


obtain 2k invariant r-flats in the space of the adjoint of G,.2,. The 

e holds for all the other lines. Thus, there will be 2k? invariant flats 

addition to the & invariant flats formed by taking the polar flats of 
ose lines with respect to the spread V(a) = 0 (V(a@) is the common 
nvariant of the adjoints of G, and G,..,). 

If the common intersection of those 2/2 + k invariant r-flats, if there 


any, is an (r — 1)-flat, we can choose the operators of G,,2, in such a 
that r — 1 of them form an invariant subgroup of order r — 1. Or, 


; 


II) 
wh 


more generally, if the common intersection is an (r — 7)-flat (1 
1), the group G,.2, will have an invariant subgroup of order r — 7% 


by | roperly choosing the operators. 


\l \CHUSETTS INSTITUTE OF TECHNOLOGY, 
December 7, 1920. 














THE AUTOMORPHIC TRANSFORMATION OF A BILINEAR FORM. 


By J. H. M. Weppersurn. 


1. Introduction. The problem of transforming a bilinear form into 
itself cogrediently was first solved by Hermite* and Cayley for symmetric 
and skew-symmetric forms and later by Voss? for any form. This solu- 
tion has two defects; in the first place it only gives transformations whose 
determinant is + 1, and secondly it becomes indeterminate for those 
transformations whose characteristic roots include both + 1 and — 1], 
These exceptional cases have been treated more or less completely by 
number of authors. 

The aim of this note is to present a method of obtaining a form for 
the automorphic transformation which displays clearly the réle played 
by the exceptional cases. The parameters in this solution enter tran- 
scendentally but it is free from the first kind of exception; and in derivi 
from it the Hermite-( ‘ayley form, which is rational, the analytical nature 
of this exceptional case is made clear. 

The exponential and logarithmie functions of a matrix form the basis 
of the exposition and in view of this it has been thought advisable to 
include a short discussion of functions of a matrix in general especially as 
in spite of the fact that there is little or nothing new in the results ob- 
tained, there is no place in the literature where the necessary properties 
are collected together. 

2. The idempotent units of a matrix. If the elementary divisors 0! 
matrix x are (\ — g, i= 1,2, ---,7r), then, when the basis is proper! 
chosen, z can be expressed as the direct sum of irreducible matrices 0! 
the form 


oo 
qi 


* Hermite, “Sur la théorie des formes quadratiques ternaires indéfinies,”” Crelle, 47 (159! 
pp. 307-312; Cayley, ** A memoir on the automorphic linear transformation of a bipartite qu 
Lond. Phil. Trans., 148 (185s), pp. 59-46. 
I, 2, fase. 4, p. 489. 

t Voss, “Uber die cogredienten Transformationen einer bilinearen Form in sich sel 
Miinch. Abh., 17 (1892), pp. 235-356 


For further references see Eeneye. des Sci. M 


t Cf. Bocher, Higher algebra, p. 289. 
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ree, and n,; are matrices of rank p; and p; — 1, respectively, which 
satisfy the conditions 
eF =e, ni =0, nh" #0, en = 2: = ne, Ce; =O (i # J). 
\Ve shall say that e; and n; are the idempotent and nilpotent units corre- 
nding to the elementary divisor (\ — g,)". These units are not unique 
en the same root occurs in several elementary divisors. For instance, 
is the matrix 


g O O 
Og iii, 
0 O g 
using matric unlts* ¢e,,, 
X= Gers + gles: + €33) + €23, 
ree, C11, C2 = C29 + €33 and no = €23; then if we set 
C43 ~ Crs Gio = €12 diz = €13 
( tay «x A22 €22 23 €2 
C11 = Cis T Cai — C33 32 = €32 + €12 433 = €33 + €13, 
he as form a set of matrie units and 
X= gl€ir — €13) + gl€s2 + €33 + €13) + C23 
Jay, + G(d22 + A353) + 23, 
hat ey; — €:3 and @25 + €33 + €:3 might have been chosen as idempotent 


in place of 1 and Co 
It is shown below that, in any representation of x in the form (1), 


sume; of all the idempotent units which belong to the same root g; 


dependent of the particular representation used. It will be called 

veipal unit corresponding to g;, its parts being called partial units. 

It should be noticed that other normal forms are possible: for instance, 
ce of (1) we ean by a different choice of n; express x; in the form 


Pe ge; than + hen? + +++ + he p—-17i?}, 


e the h’s are preassigned constants different from zero. 
3. Functions of a matrix. Using the notation of the last paragraph, let 


Zz ba: Ee zi Jili T Nis (9 = ], 2, =<>, r) 


n expression of 2 as the sum of irreducible matrices, then 


‘ —= m m—2n 2 
v giei + mi)” = gime: + mg" ni + og JG” UE 


init ¢,, is a matrix for which the coefficient in the pth row and qth column ts l, 
‘ = Cn 


the other coefficients are zero. The law of combination of these units 1s ¢ 


) ¢ — 
{ 


——— 
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the binomial expansion terminating with the (m + 1)th term when 
less than the rank p, of e;, and with the p,th term when this is not the ¢ 

If now f(A) is any function expansible in a Taylor series which 
verges for every root of x, then f rv) is reducible in the same way 
the part corresponding to x, being 


or, writing (5) in full but with the subscript 7 omitted, we have 


i / q f q 
AGd| } ( ’ 4 - ‘ 
‘ , 
2 Do p —_ ] 
. / d f qd 
q f ° : 
‘ ! . 
2 p—2)! 
: / (J 
f(g : 
wf *) ' 
p - > 4 
j 1(Q¢ 


where there are pi TOWS and columns and every term to the left of the 
main diagonal is zero while, in the main diagonal itself and on its right 
the terms in the first row are repeated in the sueceeding rows, all ter 
lying on a parallel to the main diagonal being the same. An important 


particular case is fi exp A = é& for which 
7) 1 l 
( r) = mca Po n r 
) J € (« ’ 7 ne ) ri I oO = 
Suppose now that y Sy, is a matrix whose reduced parts have the 
form 
7) 
y q ( q ro 2 : 
(p; — 1)! 


where eC; and yn, are the same as in (4 ; L.e., belong LO 7, and the qs dre 
any set of constants. Then by the extension of Lagrange’s interpolatio! 
formula (see § 4 below), there is a polynomial f(A) for which 


, 





fig) =9, Lg) =giP, ee, fPMYg) = yg”, (= 1, 2, 
so that we may set y = f(x). In particular if we set 
qi log gq; + 2k.x~v—1 f(qi) 


d’ log q. : 
ir Ti = f)(g;) 
dq 
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also put F(A) = &®, then 


Fi(x) = fle, + f'(gini + (FCG) +f" (Gi) nF + +++] 


the coefficients of the various powers of n; are formally the successive 
atives of €¢? @ We have therefore F(x) = x, so that we may set 
log av. The logarithmic function so defined is indeterminate to 
dditive term of the form 277h,e; where e; (¢ = 1, 2, ---) is any set of 
potent units belonging to x and the ¢’s are integers. It is fairly 
is that any function which possesses the necessary derivatives may 
tended to the ease of a matric variable in a similar fashion. 


-iderable care must be exercised in using the logarithmie function. 
| stanee, if x and y are commutative, log x and log y will also be 


itative if the same determination of log g, is used with all the partial 
depending on the root g,:; for the principal units of commutative 
ces are commutative. If however this precaution is not taken, it is 
nger true that log x and log y are necessarily commutative. For 
nee, if ris the matrix already used as an illustration in § 2 and Log g 

isa particular determination of log g, then 


2) Log . = 2rije;; + Log J (€29 + €33) + —@2 
q 
‘ | I >. a 5) 
Log om Gea = Cosy Log G \€oo TF @: — is) 7 €Co3 = 61 ™ oC}! 
‘ d 


two determinations of log x which are not commutative. In this 
paper we shall only require logarithms in which the condition given 
e is satisfied and to indicate this we shall write Log x in place of 
<0 that Log x is determinate to an additive term of the form 


S2rhi, where the e; are the principal units of x. The principal idem- 

units of Log x are then the same as those of x while, as in (5), its 
‘ipal nilpotent units are scalar polynomials of the corresponding 
pal nilpotent units of x. 

The same difficulties arise, of course, with any multiple-valued function. 
The interpolation formula. As we shall have need of it later, we 
now develop the generalization* of the Lagrange interpolation for- 
referred to in the previous section. Let 

‘ g(r (x — gi)"(x — go)’? +++ (@ — gr)”, (Lp, =m FS 1) 


reduced equation of x, the roots g being all distinct. If we set 


ve. des Sci. Math., I, 2, fase. 1, p. 61. 
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P(x) = (2 = a)", 
#1 \9Ji — J; 


we can determine two polynomials Q,(r) and D,(x) of degree p,— 1 





and n — p;— 1 respectively such that 


P(x)Q.(r) + (t — g;)"Di(xz) = 1. 
Setting 


Q) R(x) = P;(x)Q,(z), 
1 — S,R;fxr) is divisible by ¢(x) and, being of degree n — 1, at most is 
therefore zero; hence 
10) YER x l. 
If h(x) is any polynomial in x with sealar coefficients, then 
n(z) = Za(z)R.(z 
. ’ . A&P” (q,) * 
= E gi) th(gi)(t —gi) +--+: + sh (2 = gi)" 1 
; p, — 1)! 

-+ poe | I ae q R 
where C,; is a polynomial, being in fact the coefficient of (x — g,)’' in the 
remainder when h(x) is expanded in a Taylor series. Now it follows 
from the definition of R, that (r — g,)"R,(x) is divisible by ¢(x), hence, 
setting R;(x2) = (x — g;)’R,(x), 

11 hz) => 5 9) p 
ii Ln a “y hi I) mod Q\L)). 


If h is of lower degree than ¢, this congruence is an algebraic identity 
and therefore gives the form of a polynomial which, along with its deriva- 


tives up to the (p; — 1)th order, has arbitrarily assigned values for 
r= 9 (t= 1,2, ---,7r). 
When z is a matrix and ¢(r (is its reduced equation, then (11) is 


again an identity in the coe flier nts of x and gives the form of any seal 
polynomial in x. Since R2 R,, R:R 0, (¢ # j) and 


R x — q;)’R,(x), 


it is easily seen that R; is what we have already called the princips! 
idempotent unit belonging to g;, and R,; is the sum of the units » which 
belong to this root, i.e., it is the corresponding principal nilpotent unit: 
we may also notice here that R,/’ R,,;. 

The principal units are therefore scalar polynomials in z, a resu! 
which is of some importance in the sequel. 

The above argument requires some modification when fis not 
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— 


\ynomial but, in view of what has already been said in the previous 
cagraph, it is not necessary to discuss the matter here. 
functions of two or more commutative matrices can be treated in a 
<imilar fashion.* Let z and y be two commutative matrices whose roots 
Wi, 92, +++ and hy, he, +--+, respectively, and as above let R,(x) and 
hy) (¢ = 1,2, ---) denote the principal units of these matrices. Then, 
i we set 
S;; = R(x)R;(y), 


those S,, which are not zero are linearly independent. For, if Yé,;S,, 


then 


— 
— 
- 


0 = R,(2z)ré,;8:;-R(y) = £8 


p papa 
<o that &,, = 0 unless S,, = 0. 

From the definition of S;; it follows that S;S,, = 0 if i ¥ porj #4, 
also 8,7 = Si; and >4;5,;; = 1; hence 


x= Dfgi t+ (x - gi) Si: y = Dhy + (y — hj) JS. 
L’; j jy 


vhere (2 — g)S,; and (y — h;)S,; are commutative nilpotent matrices. 
If Y(r, y) is any sealar polynomial in x and y, we may now set 


v(x, y) = Dvre*(x — gi)"(y — hy)® 
> [vigi, hs) Sizs + Ses — gi)" (y — hy) Sis], 


| 


} 
whe 


ein the second summation r and s are not both zero; or, if we let 
q ‘ Y =F h. "Si; = as then 


FH, hi)Sis + DSi" 


I 


Y(x, y) 


=2z+u, 


~ 


“ay, Where w is nilpotent, being the sum of a number of commutative 

nilpotent matrices. Now if ¢(z) = 0 is the reduced equation of a matrix 
and w is a nilpotent matrix commutative with z for which w* = 0, 
n, if F(z) = o'(z), we have 


Fiz +w) = F(z) + F’(z)w+ +--+ + 


since the first s derivatives of F(z) are divisible by ¢(z) and therefore 
vanish. It follows that the characteristic of the reduced equation of 
‘is a factor of a power of that of z, and vice versa; hence the roots 
and z + ware the same. We can say, therefore, that if Ri(x) and 
Wi(y) (at, 7 1, 2, ---) are the principal idempotent units of two commuta- 


l'robenius, “Uber vertauschbare Matrizen,” Berl. Sitzb. (1896), pp. 601-514. 
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tive matrices x and y, and S;; = Rx)R;(y); and tf g; and h; are the corre- 
sponding roots of x and y; then the roots of any scalar function p(x, y) of 
x and y are ¥(g;, h;) where i and j take only those values for which S,; # 0. 
The extension to functions of several commutative matrices is obvious. 
5. The automorphic transformation of a matrix. If y is a non-singular 
matrix, the problem of transforming it into itself is equivalent to finding 
all the matric solutions of the equation* 


(12 x'yx = y. 


When solved for x’, this equation gives 


(13 r= yxy", 


from which it follows immediately that the identical equation of x has 
reciprocal roots and that, if g is any root other than + 1, the elementary 
divisors corresponding to g and 1 g occur in pairs? with the same expo- 
nents. It follows also from (13) that 


1 y=] 


Y 


, —1,,—-1 - 


y= yx ly ven yx 


so that z is commutative with yy’. 

If A(X) is a scalar polynomial in A, then from (13) h(x’) = yh(ar“)y 
and therefore, in particular, the principal unit of x’ corresponding to a 
root g; ¥ + 1 is the transform of the principal unit{ of x corresponding 
tol g;. If we denote the principal units belonging to g; (g; # + 1) and 
1 g, by e; and e_,, respectively, we have therefore 


I4 e| = yey’; 


and similarly, if e; and e_; belong to the roots + 1 when these roots are 
present, we have 


(15 é; = yey, e.,; = yey. 
If now we set 

16 r= ¢, z= Log z, 

then from (12) 

(17 l = 2'yzy = e? evev} = ¢@@ tue) 


Here z’ + yzy~ has the same principal idempotent units as 2’ and z’, and 
hence it has the form > | Vie; a ni) where ni is a scalar polynomial In 
ni; hence (17) is equivalent to 


9 


_ vo 
/ 
— g2tyzy) — yL% / ase Ni 
b= ert = rales 90 4 +); 
* Here z’ denotes, as usual, the transverse or conjugate of z. 
+ Cf. Kronecker, Crelle, 68 (1868), p. 273. 
tCf. Taber, “On the automorphic linear transformation of an alternate bilinear form 
Math. Ann., 46 (1895), p. 568. The principal unit of z belonging to g is the same as the prin 
unit of liz belonging to ] J. 
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cen, = Oand* y; = 2h,re. We can therefore set 
S 2’) + yzy = 2ridkie,’. 
since x, and therefore also z, is commutative with y~'y’, we have 
ee ng ' ro 9 ~ y—] ae 
yo zy +2z= 2mirkhy ery 


rming the transverse of each side and using (14) and (15), 
yzy? = Q2ridk yey Qare(kiey’ + k-ye_1’ + Ske,’ i ot + | 
comparing this with (18), we have 
14 I, = k : i~+t+] 
We can now simplify (18) as follows. Set 
2) = 2 — Qrel(S’hkye; + Aye, + A-ye-1 


ere in the summation sign the prime indicates that the roots g; # + 1 
are arranged in pairs g, and 1 g, and only the first of each pair is taken in 


rming the sum. Inserting z; in place of z in (18) we have from (14) 


il 


i (io 


{21 ,' 2) + Yzy 1 — Iri Dh e ( a Ay "4 + 1 1 
+ S’kie_,’ + dyer’ + AL 
k_y — 2d_1)e_1' ], 


2rel I — 2) Cc. wl a 

vere by a proper choice of \; and X_, the coefficients of e,’ and e_,’ 
ay be made equal to 0 or 1. Now evidently e* = e*; it follows that 
ere is no lack of generality in writing in place of (18) 


, 


4) 2’ + yzy ore, 
re 
2] C= Oe; + Oe = a +h (0;, 6. = OQor 1). 
\I re 
Writing now 
22 w= 2+ mee 
( ation (20) becomes 
7s wot yey l= 0 


ch may also be written 


y'(wy)' + y(wy™) = 0, 
( if wv wy 1 
om?) yu’ + yu — 0), 


which is equivalent to the equation given by Cayley.t The solution of 


Here J = i. 
Cavle V, Le: p. 44. Cayley’s solution Is incomplete as he omits to impose the necessary j 7 
on the skew-symmetric matrix which enters into his result; and this leads him to y 
roneous conclusions. " 
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(23) which is given in the next section is practically that given by Voss.* 
6. The equation w’ + ywy! = 0. We shall consider in place of (23 

the more general equation 

(24) w’ = dywy™! (6= +1] 


) 
) 


+ . . ou} oe , 
Forming the transverse of each side, we get w = dy’ w’y’ or w’ = by'wy 
whence 

> ee =, OE ae | — 

(25) wyty’ = yyw oor oy’wy" = yoy, 

l.e., w is commutative with y“'y’.. Now from (24) we have w = éyw’y, 
so that 2w = w+ é6yu’y. But if v is any matrix commutative with 
yy’, then 

(26) w=ovt by oy 


is a solution of (24) as, on substituting this value for w, we get 


a —] ca / ° , - 1 . -] , 
w — oywy” =v + oyry = — oyyy” — vu =I), 


. ’ —] ae — e “an ° , 
since y'vy’ = yry'. The most general solution of (23) is therefore 
obtained by setting 


(27 w=v— yo r'y, vy ty’ = ymy’r. 


It should be noted, however, that two different values of v may lead to 
the same value of w. 

When 6 = — 1, we have relations among the roots and idempotent 
units of w which are the logarithmic counterpart of those already given 
for x. For, since 


(28) A—-w = A—w' |! = [A+ yy?! = [A+ wi, 


the non-zero roots of w occur in pairs of opposite sign and with equal 
exponents in the elementary divisors. We can show exactly as in $5 
that if e; is the principal unit corresponding to a root g; (g; # 0) and « 


the principal unit belonging to — g,, then 

(29) ep =yey"', eu, = yey", 

and if é@ is the principal unit belonging to the root 0, if present, then 
(30) €yo = yeoy!. 


Since (w’)”’ = (— 1)'yw’y, the reduced equation of w has the form 
w'y(w*) = 0; hence é is a polynomial in w?, which gives an independent 
proof of (30), since (w?)’ = yw*yn), 

The form of w given in (22) can be still further simplified by means 
of these relations. In (21) the term ¢, is the sum of partial units of « 


’ 


* Voss, l.c., p. 330. 
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ving from roots equal to unity and they therefore correspond to roots 
the form 2zke of z, where k is integral, and hence to roots 7(2k + 1) 
Let a, be the principal unit of w corresponding to this root and a» 

hat belonging to its negative — 7(2k + 1): so that by (29) 


a,’ = yay"; 


d let €;; be that part of ¢; which is a partial unit of a,wa, so that 


ay, = €)a,; then, if S22 = ¢,a2e1, we have 
e \ i = i, 8 ~ aie i - is 
[ua => 518s: — Teas ~~ = Fee *; 
nd similarly 
Goo" = yfuy™. 
Rut 21) Cit; therefore fi)! = yffooty, so that (foe = Coo and fo is 


therefore also a partial unit along with ¢,,;; the rank of €) — f11 — 22 
- less than that of ¢). 
If now we put 


z=2—- 2mly 
we have as before 
z eee ‘ ae i. 2 ‘ ae ‘ te _ 
B+ yy = Qae(Si + 2) — Qala — QreySuy™ 
P ie ~ i » &¢ ‘  S 
= 2ru(fi — Sir — S22) + 2aefe. 


This transformation therefore replaces ¢; by a new ¢ with lower rank and 
at the same time does not alter x. By repeating this process we can 
reduce the rank to zero which means that we can assume ¢; = 0 without 
loss of generality. 
In the same way ¢_; corresponds to roots (2k + 1)zc of z and therefore 
roots (2k + 2). of w. If k # — 1, the rank of ¢_; can be reduced 
- ubove so that it is only necessary to take account of zero roots of w 
considering the form of ¢—;. 
7. The determination of z. The results of the preceding paragraph may 
‘summarized by saying that every value of x in (12) can be obtained 
putting 
3] z= wet Ont, (@ = 0, 1) 


here wis any solution of (23) and ¢ is an idempotent matrix corresponding 
zero root of w which satisfies the equation 


) «/ a | 
i $ = Sy 


li order to complete the determination of z it is therefore necessary to 
how how ¢ is to be determined. The principal idempotent unit, éo, 
onging to the zero root* of w is of course one possible value; the only 

* When the order, n, of y is odd, there must evidently be an odd number of such roots; while 


even, there will be an even number or none. 





+ a” Se eS = 


ST er aa a Pe 
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difficulty is then to ascertain when there will exist partial units of , 
which satisfy (32 


We shall first separate off the part of w depending on ey by writing 
mw = l1—e Uw + eo wy + Wo, 


where wiwy = 0 = wow. The zero roots of w; correspond to simple 
elementary divisors, and wy has only zero roots; both are solutions of (23), 
Suppose now that e) can be expressed as the sum of partial units of x, 
sav 
, ee Se ere oe 


o P 


such that ee; = 0 (i # Jj) and e,’ = ye,y'; each e; is then a possible 


determination of ¢2 This being so, the matrix 


G@ = GW:€)1 = Atos + 88 ee Bene 
? o™ « é 


where the a’s are scalars, is a solution of 


a’ yay B 


ee 
wy 


Gy, Ca, *** being the principal units corresponding to the roots a; a 
-, a, Conversely, if a is any solution of (33), eoaeo is also a solution 
and if €:, @2, ---:, €, are its principal units, they are solutions of (32) and 
are therefore available as values of ¢ Also if ¢ is a sum of any or all of 
these e's, thenwy = (1 — O)uy + fw, and (1 — O)uy and fuy are solutions of 
23) all of whose roots are zero. Further, if e is any idempotent unit 
which satisfies (33), ewe is a solution of (23). We therefore conclude that 
every x which transforms a non-singular matrix y into itself cogrediently i 
of the form & where z is determined as follows: take any solution wy, of (23 
and any solution a of 309 ) and let . he a principal unit of the latte rs the n 


Z= (f = C)wWy 1 — C) — Cw 3¢ + Orie = wet Orit, @ = QO, 1 


! 


The determinant of ris +t] according as the rank of c is odd or even. Here 
w may be any solution of (23) and is therefore a continuous function of a 
certain number of parameters; hence x is also a continuous function o! 
these parameters but involves at least one other parameter 6 in which it 
is not continuous since the part of log z which depends on @ vanishes 
except for 6 = 1. 

We may also notice here that we can set 


x= e"(1 — 206), 


where (1 — 20¢)-! = (1 — 20¢); and if w = (1 — e)w(1 — eo) + cow 
= w, + wv, é being the principal unit of w corresponding to its zero root, 
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en wy is nilpotent and, if 


y= Wot oy tee =e", 


= 3 € | | Y) l _— 2AC), (@ = Q, 1). 


is any solution of (23) in which the zero roots have simple ele- 

rv divisors, é) is the principal idempotent unit corresponding to 

root* of uw), and y and ¢ are matrices which are respectively 
tent and idempotent and are both solutions of 


, 
a CoCo, to Yeu 


\. Rational parameters. The parameters involved in the form of z 
in the preceding paragraph enter transcendentally. If however 


4 f tanh ~ 
2 ee +1 r+ i] 
é / —_— | / + 1) or 
4 {— |] 
‘ A 
{+ | 
ots Yury | — | r = l | — r eer 
yry' + 1 = + | i+z 


ix a solution of (23): and if the coefficients of ¢ are taken as 
eters In so far as they are independent, (37) expresses x rationally 
rms of these parameters. If, however, x2 +1 > = 0, ¢ becomes 

<0 that this form eannot give any solution which has roots equal 
at least directly. The difficulty arises from the fact that 
2) +» x as 06 om, but, since (t — 1)/(t 4+ 1 e* for all values 
hich do not possess an infinite root, Le., a root corresponding to a 
= ~ |)reof z, then x will be a solution of (12) so long as the coeffi- 
are continuous functions of the parameters involved and the 
value of 2 is finite and determinate. Now ¢ is a continuous 
of the parameters involved in vin equation (26) but is in general 
lous in the coefficients of €: and moreover a ¢ term is present 
hen.whas a root — 1. Henee if zis a solution of (17) which has no 
tal to an odd multiple of we, then ¢ is finite and the expression for 
7) remains finite even if ¢ becomes infinite so long as 2 is finite and 
term. 
Automorphic transformation of symmetric and skew-symmetric matrices: 
onal matrices. If y is symmetric or skew-symmetric, the matrix 


ero root, +. @and © are equal to 0 


| 


i 





OP BETA = 


=e 
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occurring in the solution of (24) is entirely arbitrary since yy’ = + |, 
Hence from (26 


wert bytey ry! + by7 te )y uy, 


where u = ry7! + 6y7e’. Taking 6 — 1, wis skew-symmetric if 7 


symmetric and vice versa, and as any skew-symmetric (symmetric) matrix 


ean be put in this form, w may be taken to be an arbitrary skew-symmetric 


symmetric) matrix. Similarly if 6 = + 1, the value of a@ in (33) become: 
a = by, where b is an arbitrary symmetric (skew-symmetric) matrix. 
If y = 1, then w is skew-symmetric and a symmetric; hence every 


orthogonal matrix has the form 
x e“(1 — 206), (A I 


where ¢ Is a symmetric idempotent matrix (which may be zero) and w is 
a skew-symmetric matrix commutative with ¢ The known theorems re- 
garding the roots of real orthogonal matrices are readily derived from this 
form. 








DIRECT DETERMINATION OF THE MINIMUM AREA BETWEEN A 
CURVE AND ITS CAUSTIC. 


By Orro DUNKEL. 


If descending parallel rays of light lying in a plane fall upon a curve in 
plane, a caustie* will be produced by the portions of the curve whose 
cavity is toward the light. The remaining portions produce no actual 
istic but a virtual caustic, which becomes an actual caustic by reversing 
direction of the rays. Both the actual and the virtual caustic, if any, 
arin the analytical treatment. Given two points, the origin and the 
P.oiro, Yo) in the first quadrant, and a curve joining these two 
ts with given inclinations at the points 7), 72 such that — 7/2 < 7; 
7 2, the area S enclosed by the curve, its caustic and the reflected 
the two points will be considered, and the form of the curve will 
etermined which makes this area a minimum. Several cases of end 
ditions will be examined. This problem is easily treated by the 
hods of the Caleulus of Variations,? but a more elementary method 
| he used here which seems to be better adapted to this special form of 
mum problem, as it yields the results more directly and rapidly. 
The method applies in precisely the same manner to the problem of the 
um area between a curve and its evolute. It will be seen that this 
hod is quite analogous to the high-school algebra method of solving 
lems of maxima and minima of quadratic functions by the device of 
leting the square of the quadratie function. 
The Determination of the Minimizing Curve and the Area. If FP is the 
of curvature of the curve at a point P at which the inclination is 
d A is the point of contact of the reflected ray with the caustic, then 
2 R COS T ] ds ] dx 
§ = = = 


CO: =——»; 
2 2dr 2dr 


PK is positive when the concavity of the curve is upward and 
ve when downward.t The element of area between two reflected 


cel, “* Note on causties,”” The American Mathematical Monthly, vol. XXVII, 1920, 


oe be 
) 


hinkel, “The curve which with its caustic encloses the minimum area,”’ Washington Uni- 
dies, Scientifie Series, vol. VIII, No. 2, pp. 188-194, Jan. 1921. 

P and P’ are neighboring points on the curve, let the normals at these two points meet 

the reflected rays in Q. Let the perpendicular to P’C at its middle point meet PC in 

1 P, P’,Qand M’ lie upon a circle, since , PQP’ = 2, PCP’ = ZPM'P’. When P 

P, the limiting position of M’ is M, the middle point of the radius of curvature PR at 
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rays is 6 cos 7 ds 2, which becomes 6°dr by use of (1). The integral 
be made a minimum is then 

S 5:dr, 


» 
l 


with the two auxiliary conditions obtained from 
jr, y 2 6 tan rdr. 


+) . 
Ot 
ed ¢- 


a] 
e/- 


It will be assumed that the curves considered are such that 6 is a ct 
) 


r. Let A and B denote two constants which will | 
3 by B Z 


tinuous function of +. 
determined later, then, after multiplving the first equation in (: 
and the second by A 2, the integral (2) may be written 
, i — l ’ 
Ss = 6 —(Atan7, + B 6 |r 7 Ayo + Br. 
This suggests the transformation to the form 
Atan; + B 2 /A tan; + BY 
7 dr — | ) dr 
s) 
l 
+ 3. 


4 Ss = : E wie ( ») 
sa Ay» 


Hence the minimum value of S will be given by 


b 


Atanr 


5 6 
) 
provided that the constants A and B can be chosen uniquely so that 
satisfies the conditions (3 If this can be done, the equality (4) giv: 
the expression for the minimum area 
=i 
t) Ss Ly Br 
j 
» be determined from the equations resul 


constants A and B are ti 


The ¢ 
: L [3 dr, 


PPO (9), 
x | tan 7 dr 
7 . od . a 
i | tan’ sz dr 4 B | tancdr: 
a Wnlgu solution of these equations if their determi 
ts the reflected ray PQ in A, a pont 
suit may Iso bb 


PM liameter and i he ref 
R cos 72, where 7 VUPK This r 
n The American Mathematiea! Monthly, [. « \noth 
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D not zero. But this determinant is the negative of the discriminant 
he quadratic form in A and B, regarded as variables, 


» %T? %T? (*T2 
tan?s dr + 2AB | tan7 dr + B | dr = (A tan7 + B)?*dr. 

° Ti VTi T1 
since this form is never negative and vanishes only when both A and 


3 are zero, and the coefficients of the squared terms are positive, its 
discriminant must be greater than zero, and hence Do, the determinant 
the equations (7), must be less than zero for tT +7; For 72 = 
ix clear that De = 0. The constants A and B ean, therefore, 
letermined uniquely, and hence the value of 6 in (5) gives the minimum 
It may be observed that if » indicates the variation from 6 as 
nin (5), then equation (4) may be written 


AS = n° dr, 
here AS denotes the increment of the area due to the variation yn. The 
metric equations of the curve are obtained by integration from 
ations similar to (7) in which xe, ye, 72 are replaced by x, y, 7, respec- 
vy, and it will be found that 


see Tt 
r A log ( + Bir — 7), 
sec T] 


~ 
é SCC T 
y = A[tan; —tan7, — (7 —7)]+ 8B lo ( ) 
sec 71 
i (1) and (5) follow the equations 
lr li 
\ = « J tan; + B, “Y — (4 tanr + B) tanrz, 
dr dr 
R = (A tanr + B) see zr, 


1 =o 


ch are useful in the study of the appearance of the curve. If A + 0, 

-how that the curve has a cusp at the point for which tan 7) = — BA. 

I lies between 7; and ro, then, since 6 changes sign, there is a virtual 

tic given by the part of the curve for which the inclination is greater 

\ discussion of the properties of the curve and of its caustic 

cen given in another paper,* and it is there shown that the caustic 

in general, two cusps with tangents parallel to that of the cusp of 
original curve. 

\ Cusp at One End Point. If the minimizing curve is such that 6 = 0 

end point, there is a cusp at that end and the curve is concave up 

‘he initial point to the other end. For convenience it will be assumed 


hington University Studies, Le. 


Rian, 
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that the cusp is at P.. Let ro denote the inclination at this point, 4 
By, and 6» indicate the determinations of A, B, and 6 for this ease, so ths 


55 = : (Ay tan7r + Bo). 

If we consider any other curve passing through the origin with the inclina- 
tion 7;, and through P, with the inclination 7. > 7; and such that its 

does not change sign from 7; to 72, then the area given by this curve i 
greater than the area given by the curve do. If 72 = 79, the truth of the 
statement follows from the previous work, so we may assume now thiat 
tT. +7. For the curve 6 the two equations (3) must be satisfied, whil 
for the minimizing curve 6) similar equations must be written in which 
t2, 6 are replaced by ro, 59. From these four equations follow the pair 


of equations 


Q’) | 6dr = bdr, 6tanrdr = 6) tan +r dr. 
Ur er 


er eo | Tl 


Multiplying the first equation by By 2 and the second by Ao/2 and adding 
the corresponding sides, it will be found that 


(9) $8, dr = | 5.2 de. 


Comparing the two areas, we have 


AS={ #dr-| ddr = 8 — &)%dr + 2 55) dr 
vr; vr ety oi 
10 _ 2| é6y° dr — 69° aT 
eri eT 
(*72 %r 
= 6 a 6, dr + 6 ¢ dr, 
in which the last line follows by use of (9). Hence if rz = To, AS > 0 


and the theorem is true in this ease. If 7. > ro, it will be of aid to writ: 
(10) in the following form: 


(10’) AS = | (6 — 6,)*dr oe | 62° dr — 2 | 56, dr, 
wr S95 rT 


Ti ) 


which shows that AS is again greater than zero, for the last integral 
the right is negative since 6 > 0 and 6, = 0 from 79 to rz. The reasonins 
fails in this second part if the comparison curve is allowed to have a cus) 
through the change of sign of 6, and in what follows it will be shown ho 
to find curves of this kind giving a smaller area than 6o. 
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The Minimum Area as a Function of the End Inclinations. Suppose now 
two minimizing curves, 6), 62, passing through the given end points 
ave the same inclination 7; at the origin and the inclinations 7.’ and T.’', 


espectively, at Ps, and let the respective minimum areas be S; and S.. 








hen S; > Se if ro’ < 72". This follows at once from the formula 
sS=[ 0 bdr —[ atdr = - } — | 5.2 dr 
a mre Th “12 fF 
4 
vhich is obtained in identically the same way as (10), and, since no use : 
. . . . . . ! 
made of the facet that 6; is a minimizing curve, i.e., that 
' 
61 <= A, tan 7+ B, =. 
ee ‘ ' j 
shows that the minimizing curve 6. gives a smaller area than any other i 
: ‘ i ae ; : ; ii 
irve through the same end points a..d having the same initial inclination ke 
but a final inelination less than or equal to that of the minimizing curve. Hn 
\ slightly different proof will also be given as it leads to an additional Ve 
‘ ‘ ; ; : ii 
interesting result. Making use of the facts that 6; = (A; tan 7 + B,) 2 P | 
dé A, tan7 + B,) 2, two equations similar to (9) may be written if | 
*r vs 
S; 3:2 dr = 8,82 dr | 
I | at - 
No bo" dr — 6102 dr t 
. - e T a 
iar Tice Ni i 
12 AS S.-S,; = - 6169 dr 
] 
1 
‘eferring to the determination of A and B in (7) it will be seen that these 
funetions of rs are continuous in 7. as long as 72 #7). Hence 6 is 
‘ontinuous funetion of 7 and 72, and it follows that, by taking 72° — 72 
ill enough, the sign of 6. can be made the same as that of 6, for al 
ues of in the interval of integration, if 6, + 0 for 7 = 72’. It follows 





then that AS is negative. Since S is a continuous funetion of 72, which 


ppears in the integrand as well as in the upper limit, it follows that S 
decreases even at points for which 6 = 0. The equation (12) leads by a 
~Imnple reasoning to the result 


” dS 
| —_- = — oO” 


7 drs 





hich also shows that S decreases as 72 inereases. A similar analysis 
. e rs . ‘ ’ ‘ ‘sve te 
be applied to the other extremity with the result that the area S ; 


UeCTCaSeS aS 7, decreases. 


a 
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The Symmetric Solution. If the two end points are taken on the same 
level, say y2 = 0, and the inclinations at the ends are taken as the nega- 
tives of each other, 7. = — 7; > 0, then (7) shows that A = 0 and 
the equation (8) reduces to 


13 y = Blog t2= 8 

. SeC 7} $=f 
In this case the curve is without a cusp and 6 is a constant; and thus its 
caustic has a property somewhat similar to the tractrix. This curve is 
called the catenary of uniform strength. This is a solution of the problen 
in which the end conditions MayV be stated as follows. Given two vertiea! 
straight lines at 7 = 0 and vr re and curves crossing these lines with 
the inclinations Ts, 4. respectively, then 13) is the curve which gives 
the minimum area enclosed between it, its caustic, and the reflected ray- 
at the crossing points. From the nature of the problem it will be seen 
that it is no real restriction to assume that all the curves pass through 
the origin. In this case the equation for Yo in (3 drops out and the 
equation (4) becomes 


; er ee cae 


and the minimum area is given by 6 = B2 and has the value Bry 4, 
where B is to be determined from the equation for zs in (3). 


) This result may also he obtained by determining the value of 7) which 
makes the minimum area in (6) attain its least value. Solving the equa- 
tions (7) or (S) for A and B, we have 


14) 48S = Ay. + Br, 


™ SEC 7 
1D Us\ To — Ty) — Xe log Q), 

Sec T1 
Ss reaches its minimum value Xo* | To — 7}). But the expression to the 
left in (15) is the value of — DsA and hence A = 0 gives the minimum 


area ». 








THE POISSON INTEGRAL AND AN ANALYTIC FUNCTION ON ITS 
CIRCLE OF CONVERGENCE. 


By A. ARWIN. 


Let fiz) be an analytie function within the unit circle, having on the 
inference C of this circle a finite number of singularities of logarithmic 
or of an order lower than that of a simple pole. Around the 
cular points on C we describe, in the interior of the circle of convergence, 


of small cireles of radii ¢,, and apply to these the process lim e, — 0. 


\We are then led to the conclusion that the integration of the Cauchy 
eral 
l > f(z) 
lla : - - dz 
y 2ttJozZ — a 


he carried out over the singularities. 
—a) for values 


hr 
my 


Let us consider the analytie function f(1 2 
l. a being a point within the unit circle. 
rom Cauchy's theorem we have 


brom (1) and (2°) we get by subtraction 


Ps . , ] f(z) 
[siz)| 4 : 'd@— . | de. 
ofide | e? — Re e~'® — Re- | 28tdse 2 
ing fla C(R, y) + 1V(R, ¥), we have 
vln y it? — OP ane (o — 7)! Pee. ; 
CiR.y C1, 6) {2 2B cos (¥ ‘dé — U(1. @)dée. 
25 Je 1+ R? — 2R cos (y — 6 27 Jo 
vl rT y ) as >?) 
l (1, a1 Ki dé. 
ZT « 1 + R? — 2R cos (y — 8) 


-imilar expression for V(R, ¥). This is the well-known form of the 
eral of Poisson, except that now U(1, @) may have logarithmic singu- 
as well as algebraic singularities of an order lower than the first. 
When a singularity @; is reached, we include this in an interval 6; ~ € to 
e and perform the operation lim ¢ > 0. The integral over this in- 
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terval will then vanish. From formulas (1) and (2) we obtain the expression 
- . 
: n a 7 f(z ‘ ~in® 4. ein? dg. 


where f‘(0) denotes the nth derivative of f(z) in the point z = 0. 
Placing f‘(0) n! = a, + 73,, we have 


1 wir : ] oln J ; 
an, =- U'(1. 6) eos nAda Vi 1. 8) sin node, 
5, =- | l. H) COS nada SS a « [ i. 7) sin node. 


which are the well-known values of the coefficients of the Fourier series. 
If a point @ be now moved into a regular point of f(z) on the cireun- 
ference of the circle of convergence, we shall have for this point 


l " Fz 
] lla = 1 - dz, 
Z 27 Lwan “= @ 
and 
a : > fz "f(z 
Z 11 FE = = di — mk — a, 
= Gl 2Ti JZ — a 2nidsc Zz 
from which follows 
—— 3 | He | r e f | 10 
2rJy * ie =er —e | 
1 vlr : 
ais f07(1, 6) + iV1, 8) }deA 
27 Jo 
1 ee = 
+5- [ste | sae. | do 
on J, 1 — ei 1 — civ | 
| elnr : 1a 
ou - i[ | 4) + i} l 0 ! 
or 
Q = i a z)d@ + p Se L ("Ke , l A\dé 
> Zz es / cos My — )¢ 
=m ( , 1)(v ¢ n+1)(¥ 
kad 2 A . p=? ra 
oF. i‘ |2 sin” = e's 2 sin © a 


That is 
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. " — 6 
_U (1, 6) sin (2n + 1) ¥ 


; 2 
dé 
~_a=e 
sin 2 
] vlna n 1 Vr 
- U1, @)d — \ os m(wW — 6 ( 
va | : + 25] U(1, @) cos m(y 6)d@. (4) 
This is the familiar summation formula for the common Fourier series. 


\ similar expression is obtained for V(1, 4). 

since for a value 6, of 6 U(1, @) can have only a singularity of lower 
order than the extension of the interval of integration ¢, or only a singu- 
arity of an order lower than the linear, we may apply the general theory 
of Fourier series to the integral on the left hand side of equation (4). 
We have then for every regular place y of U(1, @) 


; , ) —@ 
| 2, U(L, 8) sin (2n +1) *— 
5 U(1, vy) = lim — J} 
aro LT Jo ° Y — @ 
sin © > 


\n addition of (1’) and (2) would, on account of (4) and (5), have led 
to the formula 

. LY — @ 
wo, UCL, 6) cos (2n + 1) : 


(} 0 = lim — 40 
n—> ow.) = 6g 


sin 
+) 


which could also have been proved directly. 

From these results we conclude conversely that an analytic function 
which has only a finite number of singularities on its circle of convergence, 
these singularities being of logarithmic order or of order lower than that 
of a simple pole, may be represented in every regular point by the familiar 
series which is derived by means of Cauchy's integral and which is valid 

thin the cirele of convergence. This fact, it seems, is equivalent to 
the contents of a theorem by Fatou-M. Riesz.* 


LUND, SWEDEN, 

June, 1920. 
‘hk. Landau, Darstellung und Begriindung einiger neuerer Ergebnisse der Funktionen- 
Berlin, 1916. 
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SYSTEMS OF CIRCUITS ON TWO-DIMENSIONAL MANIFOLDS. 
By H. R. Branana. 


1. In this paper we first give a method of reducing any two-dimen- 
sional manifold to one of the known polygonal normal forms. Thi 
method used is one by which a polygon on which the manifold is repre- 
sented is subjected to a series of transformations by cutting it apart in 
a simple manner and then joining it together again so as to obtain a new 
polygon representing the same manifold. 

We next ($$ 11 to 18) apply the same series of transformations to the 
problem of reducing a system of curves on the manifold to a normal form. 
We then introduce certain matrices of separation by means of which the 
relations among the pairs of sides of the polygon are deseribed and study 
the effect on these matrices of the transformation of cutting. By this 
means we obtain a number of theorems on systems of curves which 
follow closely along the lines of the theory indicated in Poinearé’s 
“Cinquiéme Complement 4 I’ Analysis Situs.’’7 

We shall use the terms manifold, Ce ll, circuit, orve ntable, one-sided, ete. 
as they are defined by Professor Veblen in his Cambridge Colloquium 
lectures on Analysis Situs. It is there shown (Chapt. II, § 65) that any 
two-dimensional manifold can be imaged on a planar polygon in such a 
way that any point of the manifold has for its image an interior point, 
a pair of ‘‘conjugate points” (ef. $3 below), or a “conjugate set of 
vertices”’ of the polygon 

I take this opportunity to acknowledge my indebtedness to Dr. J. W. 
Alexander for suggestions and to Professor QO. Veblen for proposing the 
problem and for advice in working it out. 

2. Conjugate Points and Sides of a Polygon. Consider a polygon of an 
even number, 2n, of sides in a Euclidean plane. Let P;, P2, Ps be three 
distinct points taken in the order P,;P.P,; on the side a, of the polygon. 
These three points determine a sense of description of the boundary 0! 
the polygon. A (1-1) continuous correspondence may be set up between 
the points of a, and the points of any other side a; of the polygon. — Let 
such a correspondence be established and let the points which correspond 
to Pi PP; be P)'P.'P;' respectively. In case the three points P/P/P 
determine the same sense on the boundary of the polygon as is determined 

* This question was first considered by Jordan, Journal de math., (2) 11, pp. 105, 110. 

Rendiconti del Cireolo Matematico di Palermo, vol. 18 (1904), p. 45. 
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the points P?) PoP, the correspondence will be called direct: in case the 
<enses are not the same, the correspondence will be called opposite. 

Suppose the sides of the polygon have been paired arbitrarily and 
, and a,’.. Let a; be ealled the side 
wate to the side a,’, and a,’ the side conjugate to a; Let a corre- 


te the members of a pair by a 


ndence, direct or opposite, be established between the members of 
pair. Two corresponding points ?; and P,;’, interior to a, and a.’ 
ectively, will be called a conjugate pair of points. 
3. Choose 4n points on the boundary of the polygon in the following 
nner: Take two arbitrary distinet points on each of the n sides a 
tuke the two points conjugate to them on each of the n sides a,’ 
liv. 1.) Let the two points nearest to the vertex P,, one on each of the 





that has an end at P,, be ealled P,; and P,.. Join P;, to Py by a 
|p, onthe polygon. Do the same for each vertex, choosing the 1-cells 
that no two intersect. Let the 2-cell whose boundary is made up 
‘segments P,, P, and P,. P,, the 1-cell p,, and the points Pi, Pi 
? he ealled b2 (‘onsider the side P?., P, of the P-cell b2. There is 
que 2-cell b one of whose sides P;; P?; (or Pj. P,) is a segment con- 
te to the segment P. P;. Jom together these cells by matehing up 
wate points on their boundaries. Then there CXIsts a unique ?-cell 
ne of whose sides is conjugate to P5 2?; (or P,P»). Join be to b- 
e@ same manner. This may be continued until a 2-cell b/ is reached 


whose sides is the conjugate of the side P. P; of the 2-cell 52. 


vertices P, P,P, ++» P, of the polygon which are on the boundaries 
cha set of 2-eells will be called a conjugate set of vertices. 
If the 2-eells 62, b2, ---, b2& which determine a conjugate set of 


ces be fitted together at their edges in such a way that conjugate 


of points coineide, it is evident that they will constitute a single 
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2-cell. Hence it is evident that, for any polygon of 2n sides on which 
conjugate pairs of points and sets of vertices have been defined, there 
ean be found a two-dimensional manifold such that there is a continuous 
correspondence in which each point of the polygon corresponds to one. 
and only one, point of the manifold and each point of the manifold corre- 
sponds either to one, and only one, point interior to the polygon, or to s 
pair of conjugate points on the boundary, or to a set of conjugate vertices. 
Conversely, for any two-dimensional manifold a polygon of 2n sides can 
be found (ef. the reference above) which is its image in the manner just 
described. 

5. We shall assume that a sense has been arbitrarily assigned to each 
of the sides a,. This sense may be denoted by the order of any thre 
distinct points on a, The three conjugate points on a,’ determine a 
definite sense on a,’.. In case the senses of a, and a,’ for all values of , 
are such that one of them agrees and the other disagrees with a fixed 
sense of description of the boundary of the polygon, it is obvious that the 
manifold represented by the polygon is orientable or two-sided. In case 
there is one pair of sides a, and a,’ the senses of which both agree with « 
fixed sense of description of the boundary of the polygon, it is equally 
obvious that the manifold represented is one-sided. 

4. Transformations of the Polygon. .\ 1-cell x on the polygon with its 
ends on the boundary divides the polygon into two 2-cells a and 3 (see 
Fig. 3). Suppose the side 6. is on the boundary of @ and the side b,’ is 
on the boundary of 3. By cutting the polygon along x and joining the 
two 2-cells by matching up conjugate points of the two sides b, and /,.’ a 
new polygon is obtained (see Fig. 4) which is in the same relation to the 
manifold as was the original polygon. If c¢ is the image on the manifold 
of the 1-cell z, then on the new polygon the image of ¢ will be two con- 
jugate sides; the image of a point interior to c will be a pair of conjugate 
points. 

This transformation will be referred to as the method of cutting. The 
l-cell x will be called a cut. The method of cutting will now be used to 
reduce the polygon to a normal form.* We shall first reduce to one the 
number of points a,” of the manifold which correspond to vertices of the 
polygon, and secondly shall obtain a definite arrangement of pairs ot 
conjugate sides of the polygon. 

7. Reduction to a Single Conjugate Set of Vertices. A sense may be as- 
signed arbitrarily to each of the edges a; and denoted by the order o! 
any three distinct points on it. The three conjugate points on a, deter- 

* The application of the method of cutting to the normalization of a polygon is due to 11 
fessor Veblen; it was first given by him in a seminar on Analysis Situs in 1915. 
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a sense on a,’.. The sense of any side determines a sense of descrip- 
1 of the boundary of the polygon. 


RB 








Repucrion 1. If vertices of the polygon correspond to more than 
int of the manifold, there will be some side, say as, whose ends, 
snd P,, correspond to distinet points of the manifold; let a; be a side 


one end at P, and the other at a vertex P,, (Fig. 2). First let us 
ppose that the side as is not a,’.. Let P,; be the end of a,’ which corre- 
ponds to the same point of the manifold as P;. Draw a cut a; joining 


to ?, and join the two parts of the polygon along the sides a; and ay’. 
gives a polygon on which the number of vertices in the conjugate 
»which P, and P,; belong has been reduced by one; the number of 
of the polygon has not been changed. 
REDUCTION 2. In ease a side, say a; (Fig. 2), joins two vertices which 
rrespond to different points of the manifold and has an end in common 
th its conjugate side as’, we have the case excluded in Reduction 1. 
om the way in which points of a; and a; correspond it follows that a; 
da,’ must be oppositely sensed. Hence by coalescing the pairs of 
njugate points of a3 and a;’ a polygon can be formed from which the 
two sides a, and a;’ and their common vertex have been removed. The 
uber of points of the manifold to which vertices of the polygon corre- 
~pond has been reduced by one. 
S. These reductions may be continued so long as there is more than 
one point of the manifold to which vertices of the polygon correspond. 
By cach step either a conjugate set of vertices is removed, or the number 
vertices in one conjugate set is increased while the number of vertices 
nother conjugate set is reduced by one (Reduction 1); also the con- 
liuate set of which the number of vertices is to be increased can be chosen 
thitrarily, beeause the réles of P; and P, may be interchanged in Reduc- 
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tion 1. Hence by a finite number of steps a polygon may be obtained 
whose vertices constitute a single conjugate set corresponding to a) 
arbitrarily chosen 0-cell a,° of the manifold, or else a polygon of two sid 

may be obtained whose vertices constitute two conjugate sets, and whos: 
sides are oppositely sensed. The manifold defined by the latter poly go: 
ix a sphere. 

Hereafter we shall call the O-cell a,° the point A. Each pair of co: 
jugate sides of the polygon will be imaged on a 1-cell on the manifold 
whose ends coincide with .4. In other words, each pair ef conjugat 
sides of the polygon will correspond to a simple circuit on the manifold 
through the point A. 

9%. Normalization of the Two-Sided Polygon. Let us first consider the 


>< 


two-sided case and show how to obtain a group x y 2’ y’ of four eonsecu- 
tive sides on the boundary ot the polygon. Draw a cut x joining the tw 


forward ends of a; and a,’ (a, and a,’ in Fig. 3). Let the two parts of th 


b, Q, 





polygon be a and 3 where a, and a,’ are on a. There must be some side 
a, (bo in Fig. 3) on a@ whose conjugate a,’ is on 8, otherwise the vertice- 
of 3 together with the two vertices of a at the forward ends of a, and « 
would constitute a conjugate set without including all the vertices of th: 
polygon. Join @ and 3 along the sides a; and a,’.. On the resultin: 
polvgon the three sides a,x a; will be consecutive hig. 1). Draw ac 
y joining the forward ends of « and x’. Join the two parts of the polygo! 
along the sides a, anda,’ (Fig. 5). The four sides y’ x y x’ are consecutly' 
and in that order. 

This process may be repeated for any other pair of conjugate sides 
a, and a,’ without disturbing the arrangement of the sides xy 2’ y/ fo! 
no cut will be drawn from a vertex at which two of these sides abut 


} 


* The same result could be obtained by shrinking to points 1-cells joining distinet 0- 








SYSTEMS OF CIRCUITS ON TWO-DIMENSIONAL MANIFOLDS. 149 


irom the above reasoning it follows that the number of sides of the poly- 
von of a two-sided manifold, if the polygon has a single conjugate set of 





tices, is a multiple of four. Completing the reduction and changing 
notation we get the following arrangement of the sides of the polygon: 


ay b, ay’ by’ a» be ri b.’ “oe b, a," b,’. 


lis is the normal form of the polygon. The number p is called the 
of the manifold. The connectivity R, of the manifold is 2p + 1. 





Fic. 35. 


|). Normalization of the One-Sided Polygon. In the consideration of the 
ne-sided case we make use of the transformation just described for the 
iwo-sided ease if there exists a group of four sides having the same rela- 
is among themselves that the sides a;, a;’, a;, and a;’ had above. Thus 
obtain on the boundary of the polygon a certain number of groups of 


, 


ir consecutive sides in the order a; b; a,’ 0, 


a a 





ay ae 


ee ee 


a ee ae 








Lee 
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Let a, and a,’ be a conjugate pair of sides which have the same sense 
a; and a;’ in Fig. 6)... Draw a cut x joining the forward ends of a, and 





a2 “3 Gq 
~ 
N 
N 
‘ 
\ 
\ 
, \ 
/ 
/ 
7 
a 
Ps 
a. P 
3 q, 
Fic. 6. Fic. 7. 


a,’, and join the parts of the polygon along a; and a,;’. This replaces 
the pair a, a,’ by the pair x x’ (Fig. 7) which is a pair of consecutive 
conjugate sides having the same sense. By application of the two trans- 


formations the sides of the polygon may be arranged in groups of four ot 


the form a; b; a,’ 6,’ and groups of two of the form c; ¢;’.* 


A group of six sides of the form a b, a Db,’ C; C;’ may be replaced by 


, 


three groups of two of the form c; ¢,' ¢: ¢) Cn Cm. Draw a cut x joining 


K 


the forward ends of a; and ¢; (Fig. 8). Join the two parts of the polygon 





along the sides c; and c,;’.. This gives six consecutive sides a; x2), a,’ b.. 
Fig. 9). Draw a cut y joining the backward end of a; to the forward 


‘ 


b, a, b 





- 


\ttention is called to the facet that the members of a pair a; a,’, orb b,’, are oppo 
sensed, and that members of a pair ¢,c,’ have the same sense. 
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| of b,’, and join the two parts of the polygon along the sides a; and a,’. 


- gives the six consecutive sides y y’ b,’ xb; x’ (Fig. 10). Draw a cut 





——— a 


~ . 
_——, 
~~ ae ee ee 


ic. 10. 


ining the forward ends of 6; and b,’, join the two parts of the polygon 
ve the sides b; and b,’... This gives the six consecutive sides y y’ z 2’ x 2’ 
ch is the desired form (Fig. 10). 


From the above it follows that the polygon of a one-sided manifold 


he put in the form: 


; , 


@; @; Qs Qe A303 +++ Ap_} Gp-1. 


The number FR; is the connectivity of the manifold. 
13 applving the inverse of the reduction just described to a set of 
ee consecutive pairs the polygon of a one-sided manifold may be put 
ne of the two forms: 


a, b, a,’ by’ az be an’ b.’ --- a, b, a,’ 0,’ €; 1’; 


i 


, 


1) bh, ay’ bh,’ Qo» b. a’ bh,’ coe GQ, bh. a, b,,’ Cy C; Co Co 


‘cording as R; — 1 is odd or even. 

|1. Fundamental Sets of Circuits. When the polygon has been so 
ransformed that the vertices constitute a single conjugate set the image 

the manifold of a pair of conjugate sides of the polygon is a simple 


reult through the point A. No two of these circuits have any other 


nit 


n common. The circuits constitute the complete boundary of a 
2-cell which contains all the points of the manifold which are not on the 
circuits. Such a set of circuits has been called by Poincaré a fundamental 
The discussion in the first part of this paper proves the existence 
fundamental set. We shall now prove that a fundamental set can 
obtained with an arbitrary point A, of the manifold as the point A. 

li the image P, of A, is interior to the polygon, draw an are p connecting 
/’, with some vertex P of the polygon. Cut the polygon along the are p. 
vives a polygon with two more sides than the original polygon and 


two conjugate sets of vertices. Now apply Reduction 1 of § 7 in 
way that the number of vertices in the conjugate set which corre- 
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sponds to A; is increased. This may be continued until by application oj 
Reduction 2 ($7) the conjugate set which corresponds to A is removed. 
and the number of sides of the polygon is reduced by two. This gives 4 
polygon of the same number of sides as the original one and with a single 
conjugate set of vertices. Consequently we have a new fundamental 
set of circuits, each passing through A,, and the number of. circuits | 


this set is the same as in the original set. 
If the point P; were on a side of the polygon, the number of sides woul 


be increased by two if we considered P?; and its conjugate point Py! a 
vertices. The above procedure could then he carried out giving the SAill 
result. 

12. In considering 2 simple circuit C on the manifold we may assum 
as a result of what has just been proved, that the point A of a funda 
mental set Fis on the circuit. Let us consider the polygon whose con- 
jugate pairs of sides are imaged on the circuits of F, and let us Suppost 
that ( has a finite number of points in common with circuits of F.* ~The 
image of C on the polygon will be a set of ares [C,7]. If C has no point 
in common with F other than A, this set will consist of a single are having 
its ends at two vertices of the polygon; these two vertices will be distin: 
unless ( divides the manifold into two parts. If ( has points other tha 


} A in common with F, two of the ares [C a will have one end each a 


Vertex ot the polvgon; the other ( nds of ares of [Cc a will he at pol t 
interior to the sides of the poly gon. The second ease may be reduced 

the first by a proper choice of the fundamental set /; this may be done 
\ 


by the method of cutting. 
For, let Cy)’ be an are with one end at the vertex ?,; and the other 
a point P interior to the side a hig. Pd). Draw a cut x joining P 











wi) = indame nt il set TAY alw ivs be chosen sO that the above condition Is satushed. 
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end of a; such that a; and a,’ are on different parts of the polygon. 
e eut vc ean be drawn so that it has no intersections with Cy’, so that 
has no intersections with any are joining two boundary points neither 
-hich is interior to a,, and so that it has no more than one intersection 
ihany are havinganendona,. By joining the two parts of the polygon 

» the sides a, and a,’ a new polygon is obtained (Fig. 12) such that 





P; 





imber of ends of ares at points interior to the sides is at least one 
han on the original polygon. This process may be continued until 


imber is zero, Le., until a polygon is obtained on which the image 


i ( is a single are C, joining two vertices. 


13. Let us suppose that the cireuit C is not homologous to zero, 1.¢., 
does not divide the manifold into two parts. Then the two ends 
are (, are distinet; and if a and 3 are the two parts of the poly gon 

mined by (,, there must be some side a, on the boundary of a whose 

igate side a,’ is on the boundary of 3. Henee, if we cut the polygon 
(and join the two parts along a, and a,’, a polygonis obtained on 
h the Image of (is an are jolning two consecutive vertices. Hence, 


/ 


n ple crrcuil which is not homologous to Zero may hy made (fie mabe ys oO] 


damental set. 

|. Relations between Two Fundamental Sets. ‘To compare two funda- 

tal sets F and Fy; we may assume that the points A and .1, eoincide. 

conjugate pairs of sides of the polygon be images of cireuits of F. 
he see ga a a F, divides the manifold into two parts. 
image of Fy on the polygon will be a set of non-interseeting ares 
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[C,’] having their ends on the boundary. By the method of § 12 we 
may obtain a polygon on which one of the circuits of F; is imaged on an 
are C; joining two vertices. Also since no two of the ares [C,’] intersect, 
we may obtain by the same method a polygon on which a second circuit 
of F; is imaged on an are C,; joining two vertices; for since neither of the 
ends of C; is interior to any side of the polygon, none of the required cuts 
will cross C,. Continuing this process a polygon is obtained on which 
the image of F; is a set of ares [C,] each having its ends at vertices of the 
polygon. 

We will next see how a polygon may be obtained which is such that 
each conjugate pair of sides corresponds to a circuit of F,, and which is 
such that every circuit of F; corresponds to a pair of conjugate sides. 
It will also be seen that the number of sides of this polygon is the same 
as the number of sides of the original polygon. 

If (, is an are joining the two ends of a,, cut the polygon along ( 
and join the two parts along the sides a, anda,’.. This gives a conjugat 
pair of sides whose image on the manifold is a circuit of Fy. There exists 
no are (; joining the ends of a side of this conjugate pair, for if there were 
such an are, it and (, would divide the manifold into two regions. 

Let the transformation deseribed in the last paragraph be carried out 
for each of the ares of [C,] which joins two consecutive vertices of the 
polygon. If C; is an are which joins two vertices of the polygon which 
are not consecutive, it divides the polygon into two parts, a and 3, and 
there must exist a conjugate pair of sides a, and a,’ of which one is on the 
boundary of @ and the other is on the boundary of 8, and which is n 
the image of any of the circuits of F,;; otherwise any are on the manifold 
joining two points P, and i. would intersect one of the cireuits of F 
Cutting the polygon along the are C, and joining the two parts along the 
sides a, and a,’, a polygon is obtained which has a conjugate pair of sides 
whose Image on the manifold is a elreuit of F ,. sy the above methods 
a polygon Way he obtained which has a pair of conjugate sides for evel 
circuit of Fy). It remains to be seen that every pair of conjugate side 
of this polygon is imaged On a circult of F. If this were not so, F, would 
not bound a 2-cell and so would not be a fundamental set. 

15. Invariance of the Connectivity. Since none of the transformatior 
used changes the number of sides of the polygon and since the normal! 
tion of a polygon whose vertices constitute a single conjugate set do 
not change the number of sides, it follows that the values of the conne 
tivity determined by the two fundamental sets are the same. The co! 
nectivity is independent of the particular fundamental set in terms | 
which it was defined. 

16. Equivalences and Homologies. The transformations involved 
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at we have called the method of cutting amount in every case to re- 
icing one of a set of circuits by a new circuit which is related to the circuits 
the original set by an equivalence in the sense of Poincaré.* For 
sample, in Fig. 8 the cut z joins the rear end of 6; to the front end of ¢ 
d we have 
z' bi —a;—b) +e; 
ecause by, — ay’, — by, ¢' and — az! taken in order bound a 2-cell. The 
o parts of the polygon are joined together along c; and c,’ (see Fig. 9) 
that the set of cireuts a,', 6’, ce’, --- has been converted into a}! b)! 23 
where the two sets of curves are related by the set of equivalences: 


a; a;! 
l 1 
b, b, 
qy} bh)! he ay} _— b,} ot c; 
d,} d,} 


In case the vertices of the polygon are all in one conjugate set, these 
equivalences are what Poincaré calls proper equivalences because all the 
l-cells in question begin and end at the same point. In case they are 
not all in one set, the equivalences are what he calls improper equivalences. 

In the general case it is clear that, if we pass by the method of cutting 

iia polygon whose sides represent a set of 1-cells ai, a2, «++, Gn to one 

hose sides represent a set of 1-cells b;, be, «+--+, bn, we have a set of 
equivalences of the form 


km 


by eva, + €)!a. + +--+ + €)!"a,, + €7'a, + ea. + ee + €1""Om 
bh. esa, + €:!a. + +--+ + €.!"a,, + ena, + e277 de + eee H+ 62°" Am 
h €ntay + €,!2a0 + ee) + €n!™Gm + ena + ene + °° * + en“ "Am 


which the e's are + 1, — 1, or 0. 
i7. The terms of an equivalence are not commutative. if we treat 
as if they were commutative and collect terms, the equivalences (1) 


duce to the homologies 
b, 7 mi'ay + mig + n1°Q3 + eee) + m"Om 
bo ~ no'ai + m2°d2 + no8d3 + +++ + 92"Om 
bn ~ n'a, + n?d2 + mn®Q3 + oes + Mn An; 


c. cit., p. 60; see also Veblen, loc. cit., Chap. V, § 2. 
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in which the n’s are integers. It is easily seen that in a homology the 
right and left sides together constitute the boundary of an oriented two- 
dimensional manifold though not in general a 2-cell. 

If the coefficients 7» of these homologies are reduced modulo 2, we 
obtain the following homologies: 


b, ~ Clay — (y@e tT +e? + C1" m 
b. " Clay + (o7Q. + ote + Oo™Ae 

2 mod 2) 
b, ~~ {, lay — (“le Tees + Cm the 


in which the ¢’s are all l or 0. It is easily seen that in a homology (mod 2 
the right and left sides constitute the boundary of a two-dimensional 
manifold which need not be oriented. (See Veblen, loc. cit., Chap. II, 


§ 37. 

It is obvious that the homologies (mod 2) are the simplest and 
easiest to work with, that the Poincaré homologies are the next simplest, 
and that the equivalences are the most difficult on account of their non- 
commutative character. We shall therefore in what follows first consider 
the homologies (mod 2), then the Poincaré homologies. 

18. We have now seen that it is possible to pass from any fundamental 
set of circuits to any other by the method of cutting, and also that thi 
number of circuits in all fundamental sets is the same. In terms of the 
equivalences of $16 this means that, between any two fundamental 


SCUS @; Ge «++ &, and Gy, Ge, +++, &,, there exist the equivalences 


a, bm ve, a, 


From this there follow the homologies 


i, = > Bp a; p= a 


J 


Sy’? = > €y%. 


We now want to investigate the question as to what are the conditions 
under which two fundamental sets of circuits satisfy a set of equivalences. 


where 
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dy, Ay (p= he see) uw). 
‘ ‘| ix related to the question as to whether they satisfy the much weaker 


litlons 
a, ~a 


) 


] ps 


the still weaker condition 


a, ~ a, (mod 2). 


1 


\\ith a view to studying these questions we introduce certain matrices 
ressing the relations among the circuits of a fundamental set. 
\9. The Separation Matrix. Suppose that each side of the polygon has 
1 given a sense in the manner described in $5. A 1-cell joining the 
ard ends of a; and a,’ divides the polygon into two parts @ and 3. 
[fy one and only one of the sides a; and a,’ is on the boundary of a, we will 


; 


that the conjugate pair a; a,’ separates a;a As an obvious con- 

ence of the definition we get the following theorems: 

1: Tf the pair a;a,’ se parates the pair a,a,, then the pair a, a,’ se parates 
-a-0 

: Tf the two sensed sides a, and a,’ determine the same sense of de scrip- 
i hig houndary of the polygon, then the pair a a,’ N¢ parate Ss itself; in 


posite case the pair a, a,’ does not se parate itself, 


20. We will now construct a square matrix of R; — 1 rows which is 
ely determined by the polygon. Let e,;, the element in the 7th row 
he jth column, be 1 or 0 according as the pair a; a; separates or 
hot separate the pair a,a,’; this matrix will be called the separation 

of the polygon. 

from the first theorem of § 19 it follows that e,; is equal to e;;; and 
the second it follows that e,, is 1 or 0 according as the sides a; and 
ve the same or opposite senses. 

21. The separation matrix of the normalized polygon of a two-sided 

ld is the following: 


0 1 0 O =. O 0 
1 0 OO --- 0 O 
0 0 O TL =e O DO 
0 0 1 O --- O O 
0 0 0 O =. O 1 
0 0 O O =. 1 O 


| } 
i 


© separation matrix of the polygon of a one-sided manifold in the 
al form (1) of § 10 is: 
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'e8seo--- Bese 
0 1 0 O -s» O DO 
0 O 1 O -s. O DO 
SOG ft ts. OG 
ue UY ve 1 O 
0 0 O O «+. O 1 


These two matrices are also the separation matrices of the polygons 
whose sides are respectively in the order: 


ay by Qo» b. a h a os as b.’ ay’ bh,’ Fig. 3 
and 


, , 


(ly Qo A3 05 ;/ A3' ao’ ay’ (Fig. 6). 


Thus we see that a given separation matrix corresponds in general to 
more than one polygon. We will return later to the relations betwee: 
two polygons which have the same separation matrix. 

22. Let us first consider the effect of cutting along a 1-cell @; equivalent 


to a, + a and joining the two parts together along the sides a, and « 
(ef. Fig. 2). This amounts to changing the fundamental set by thy 
equivalence transformation 
a ad; + do 
ai a 
) 
a, a, 


We shall see that this changes the polygon z into a new polygon whose 
separation matrix is obtained from that of x by multiplying on the right 
by the matrix of the above transformation and on the left by the con 


jugate of that matrix, and then reducing each element modulo 2. 


23. Let us consider first the ease where a; and a,’ have opposite senses 
on the boundary of the polygon. On comparing the separation matrix 


" 
{ 


of the new polygon with that of the old we see: (a) The first row and 
column are unchanged—i.e., the row and column corresponding to a) ( ; 
on the transformed matrix M, are the same as the row and column corr 
sponding to a; a,’ on the original matrix M; (b) The second row and tl 
second column of M, are the result of adding the first row of M to | 
second row, adding the first column to the second column, and reduc 


each element modulo 2. For if the element eo; of M, is 1, a single > 





of the pair a, a,’ is on each part of the boundary of + between a,’ and 
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ce a; a,’ separates one but not both of the pairs a; ay’ and a» ao’, and 
ce just one of the elements e;; and e2; of M is 1. Conversely, if one 
only one of the elements e;; and e.; of M is 1, the pair a; a,’ separates 
hut not both of the pairs a; a,’ and a» as’, and hence has one side on 
of the parts of the polygon x between a,’ and a’; hence es; of My is 1. 
The element e,; of .M,, where 7, 7 # 1, 2, is the same as the element 
VV. for it is obvious that the above transformation does not affect 
mutual relations of two pairs neither of which is a; a,’ or ds ao’. 
ln the ease where a; and a,’ have the same sense, it follows similarly 
the matrix .W, is obtained from the matrix W by adding the first 
and column to the second row and column respectively and reducing 
each element modulo 2. 
24. We shall next see that any transformation of the polygon by a 
vle cut may be obtained as the resultant of a series of cuts of the simple 
nd just considered. First it is obvious that the polygon obtained by 
wo Cuts ay a; +d. and 4a, a; + a; is the same as the polygon 
obtained by the cut 4, a, + ad. + a3, where for the first cut the parts 
the polygon are joined along the sides a; and a,’, for the second along 
d @,', and for the third along a; and a,;’... This shows that any trans- 
ation @ Y.a, where the two parts of the polygon are joined along 
o sides a; and a,’, one of which has an end in common with @;, may be 
obtained by a series of transformations of the type @ = a; + a. In the 
case where the two parts of the polygon are joined along a pair of sides 


er of which has an end in common with 4d), we note that such a 
ransformation may be obtained as the resultant of two transformations 


* Thus any transformation of the polygon by a 


the preceding type. 
ingle cut may be accomplished by a series of transformations of the type 
a; + as, and consequently any transformation of the polygon by 
method of cutting may be accomplished by a series of transformations 
of the same type. 
25. In $23 we saw that M, can be obtained from M by adding the 
row to the second row, adding the first column to the second column, 
nd reducing each element modulo 2. From the theory of matricest it 
vs that the ith row of Mo may be added to the jth row and the 7th 
nin to the jth column by multiplying VW on the left by a certain matrix 
determinant 1 and multiplying the result on the right by the 
vate matrix A’. Sinee by § 24 any transformation by the method 


, ae 

imple, the result of the cut a a, ters taj tay tar + +++ +m, where the 
re joined along a; and a,’, is the same as the result of the eut a ie eo? a Qh 
the cut ad ay +a, +--+ +a,, where the parts are joined along a, and a,’ in the 


nd along ad and a,’ in the seeond. 


Veblen and Franklin, these Annals, vol. 23, pp. 1-165. 


OS er Se 
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of cutting may be effected by a series of cuts of the tvpe described in S 23. 
it follows that if the polygon rT, 18 obtained from the polygon T by the method 
of cutting, the separation matrix M, of x, may be obtained from the se paratio 
matrix M of T by multiplying M on the left by a matrix A of determinant | 
and on the right by the conjugate matrix A’, and then re ducing each element 
modulo ia 

The converse of this theorem is not true; we shall return to this 
question in a later paragraph. 

26. Let us consider a polygon to which Reduction 2 of §7 may be 
applied. In the separation matrix of the polygon the row and colu 
which correspond to the conjugate pair a, a,’ will be made up wholly ot 
zeros. The separation matrix of the polygon that is obtained by ecarrving 
out Reduction 2 is the matrix obtained by striking out the row and 
eolumn of zeros. Reduction | is an operation of the type considered 


» 25. Hence. fhe con? eclirity or the manitold IS Ole qreate ¥ lhan fhe 


of the se paration matric of the polygon. 

27. The Normalization of the Separation Matrix. We have seen that 
polygon whose conjugate pairs of sides correspond to the circuits 
fundamental set may be reduced to normal form by the method of cutting 


without reducing the number of sides. The separation matrix of 


normalized polygon of a two-sided manifold is a matrix in which ¢ 
and 1 (n 1,2, ---,(R,; — 1) 2) are equal to 1 and every ot! 
element is 0; the separation matrix of the normalized polygon of a one- 
sided manifold is a matrix in which ¢ n Li ay tee te J | 
and every other element is 0. These matrices are normal forms: 
svinmetric matrices (mod 2) of determinant 1.* As a result of the 
considerations and $25 we have the theorem: Jf M is the sepa 
matria of a polygon whose vertices constitute a single conjugate sel 
exists a matrix A oof determinant | such that the product A VM A’ is equ 
lent modulo 2 to the normal form of a symmetric malrir of determina | 


and such that | COrre sponds lo a series of culs on thie polygon. 

28. We have seen that, when the polygon is in normal form, 
separation matrix is also in normal form. The converse of this stat 
ment is, however, not true, as we saw in s 21. Instead we have 
following theorem: If the separation matrix is in normal form, the poly 
may he normalize d by GQ SeCTICS of culs of which the corre sponding malr 


is the ide ntity, modulo oe 





Let us consider the one-sided and two-sided cases separately. In 
one-sided case the polygon is in normal form or else there is a pair ¢. ( 
such that one of the two parts of the boundary between a, and a 


* See Veblen and Franklin, loc. eit., p. 14 
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de up of the sides a; a,’ a, a,’ +++ a, a)’ in that order. The cut joining 
forward ends of a, and a,’ gives the following transformation on the 
uits of the fundamental set when the two parts are joined along a, 


{ j 
(] 


] 


ay a) 
a, a; + 2a;' + 2a,' 4 + 2a; 
Gu! ayu', 


Nhe matrix A corresponding to this cut has a main diagonal made up 
and no other elements excepting O's and 2's. This transformation 
nereased by one the number of pairs of sides which are in the order 
on the boundary of the polygon. By repeating this process the 

von may be reduced to normal form. 
In the two-sided case, if the polygon is not in normal form, there 
he some group of four sides a,6,a,'b,’ such that between two 
ents of the group, say between 6, and a,’, there are one or more groups 
uur consecutive sides a,b, a,°b,’.. A eut joining the forward ends of 
nd}. gives a matrix A which is equal mod 2 to the identity, and so 
4 cut joining the forward ends of the sides @,; and d@,’ obtained from 
first cut. This transformation increases the number of groups of 
msecutive sides of the form a, 6, a,’ 6,’ and may be continued until 

lvgon is normalized. 
‘4. From these theorems we can now deduce an important theorem 
ous to the theorem given by Poinearé on page 70 of the Fifth 
plement. Given fivo fundame ntal sets a,, do, +++, a, and by, be, + +>, i 
that there shall exist a fundamental sel Cy, Co, «++, C,, into which 
are transformable by a homeomorphism of the manifold with itself 
ch are homologous (mod 2) with by, bo, «++, Bb, respective ly, it is 
j and sufficient that the separation matrix of the a’s shall be the same 
of the b's. 

the a’s are transformable into the ¢’s by a homeomorphism of the 
fold, this homeomorphism determines a homeomorphism of the 
n of the a’s with that of the c's. Henee the separation matrix 
the a’s is the same as the separation matrix VM. of the c’s. By 
| is possible to pass from the c’s to the b’s by the method of cutting. 


determines a set of homologies connecting the c's with the b’s, and 
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aS ae 
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if A is the matrix of this set of homologies, we have by § 25, 
M, = A’-M.-A, 


where V, is the separation matrix of the b’s. By hypothesis we have 
set of homologies, b; ~ ¢; (mod 2). But there cannot be more than one 
set of homologies (mod 2) connecting the b’s and the c’s, since otherwise 
there would be homologies of the form c; ~ ¢c; (mod 2) among the c’s. 
Hence A is the identity matrix and VM, = M.. Hence M, = M,. 
Conversely, let us suppose that VW, = M,. The a’s and the b’s respec- 
tively can be converted by the method of cutting into fundamental 


sets d,, dz, +++, d, and fy, fo, +++, f, respectively whose polygons are in 
normal form. Then, if a sequence of cuts is applied to fi, fo, +++, J 
which is homeomorphic with a sequence of cuts which converts d;, ds, 

d, back into a;, a, +--, a, the fs are evidently converted into a 
fundamental set ¢, ¢, ---. ¢, Which is capable of being transformed 
into @;, d2, +++, a, by a homeomorphism of the manifold with itself. Hence 
M, = M. and therefore WV. = M,. But the c’s have been obtained from 
the b's by the method of cutting and so are related to them by an equation 
of the form A’-M.-A = M,. By § 28 the c’s can be obtained from the 


b’s by a series of cuts for which A is the identity. Since there cannot be 
more than one set of homologies (mod 2) relating the b’s and the e's, it 
follows that 


bh, ~¢ 
“Sars 

mod 2). 
bh, ~ C. 


30. The Matrix of Signed Separations. In the case of the two-sided 
manifold we may give an algebraic sign to the separations of pairs 0! 
sides of the polygon. First let us assign a sense arbitrarily to the boundary 
of the polygon. Of each conjugate pair one side agrees in sense with the 
boundary and the other disagrees with it; let the side which agrees in 
sense with the boundary be designated by a,, and the other by a,’.. Sup- 
pose an are drawn joining the forward ends of a; and a,’, and let @ be the 
part of the polygon on whose boundary the two sides a, and a,’ appear, 
If a; a; separates a;a,’ and the side a; is on the boundary of 8, we will 
say that a; a,’ separates a, a,’ positively; if a; is on a, we will say that a, a, 
separates a; a,’ negatively. 

As an immediate consequence of the above definitions it follows that 
if a; a; separates a, a,’ positively, then a;a,’ separates a, a;’ negative 
In like manner it follows that reve rsing the senses of the sides a; and a 
changes the sign of every separation by that pair. 
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Let us giv och non-zero element of the separation matrix the sign 
r — acco Z as it stands for a positive or a negative separation. 


( resulting ) rix will be ‘alled the matrix of signed separations. From 
last parageaph it follows that this matrix is skew-symmetric. 
31. Consider a cut d; = a; + a» (ef. Fig. 2). The 1-cell @, divides the 
von into two parts one of which has on its boundary 4,, a;, and ao. 
| ix given a sense which disagrees with the sense of a; or the boundary 
this part, then the signed separations by a; a,’ on 7; will be identical 
, the signed separations by a,;a,;° on 7. With this convention in 
<ivning a sense to d,, we will prove that if 7, is obtained from T by a cut 
a, + dy, the matrix of signed separations S; of x, may be obtained from 
matric of signed separations S of w by multiplying the first row by — 1 
adding it to the second row, and performing the same operation on 
Proof: The separation matrix of any polygon can be obtained from 
inatrix of signed separations by reducing each element of the latter 
dulo 2. The matrix given by the theorem when each element is 
educed modulo 2 is the separation matrix of the transformed polygon. 
(7. $25.) Therefore the proof of the theorem reduces to the proof of 
he facts (1) that the matrix of the transformed polygon given by the 
theorem contains no element different from 0, 1, and — 1, and (2) that 
the method given in the theorem the proper sign is attached to each 
ent. To prove (1) it is sufficient to show that if e;; and e.; are both 
rent from 0 they have the same sign. This means that if a; a,’ 
-eparates both a; ay)’ and ay a.’, it separates both positively or both nega- 
which follows from the fact that a; and a. have the same sense. 
prove (2) consider first the case where a; a,’ separates a; a,’ but does 
T separate do dy! On 7. We are to show that €2 of S; is lor — 1 accord- 
us, of Sis — 1 or 1. This follows from the fact that a; or a,’ is 
the part of the boundary of z between a; and a;’ which does not contain 


linally consider the case where a, a,’ separates dy a.’ but does not 
te a,a,;’. In this ease the transformation does not affect the 
ation of az as’ by a,a,’, which gives that if e;, of S is 0, e:; of Sy is 
ime as eo, of S. 

Consider the cut ay a, + Gs’. This can be reduced to the case 


ited in $31 by changing the sense of each of the two sides a» and ay’. 
changes the sign of each element in the second row and each element 
he second column ($30). Now earry out the transformation 
a: the corresponding transformation on S multiplies the first 


nd column by — 1 and adds them to the second row and column 
respectively. Finally reverse the senses of a) and a,’ again and carry 


vi! the corresponding change on the matrix. The result may be expressed 


ee 








| 
, 
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as follows: If x, is obtained from m by a cut a, a; + ao’, the matrix S 


of signed separations of 7, may be obtained from the matrix S of signed 


a 


separations of x by adding the first row to the second row and performing 


the same operation on columns. 

33. By omitting the phrase ‘*modulo 2” in the theorems of § 25 and 
$ 27 and replacing M and A by S and B respectively, we get two theorem 
concerning the matrix of signed separations. That these theorems are 
true follows easily from $$ 31, 32. Corresponding to the theorem of § 2s 
we have: If the matrix of signed separations is in normal form, the polygo 
may be normalized by a set of cuts of which the matrix B is the identity. 

To prove the theorem we need only (ef. § 28) show that the matrix 
B corresponding to the cut ih b,+a;+ 6; + a, + b,’ is the identity. 
This cut may be effected by the following series of cuts: 


zt; = b, + a;, I» iy bh. Mi se 2 i” bh. r3+ bh,’ 


The product of the matrices of these transformations is the identity. 

sv proceeding as in $20 we may now establish a theorem identical! 
with that of § 29 with omission of the modulo 2 condition. This is equiva- 
lent to the theorem given by Poinearé (1.e., p. 70). 

34. Given any series of cuts on the polygon we have seen that ther 


} 


corresponds to it a matrix /B whose determinant is 1. As a result of the 
first theorem of $33 we have that there exists more than one series of 
cuts corresponding to a given matrix, if there exists one. It can ly 
shown however, by means of a simple example, that not every mal lr Of 
determinant 1 corre sponds lo the transformation of a give n polygon by a 
SETIES of cults, 

4). Criterion for a Non-singular Circuit. Any simple circuit which is: 
homologous to zero is homologous to a linear combination, with coeflicic: 


relatively prime, of circuits of any fundamental set.* 


Proof: The circuit may be deformed into one which passes through t! 
point A of any fundamental set fF. The image on z of the circuit will | 


a set of non-intersecting ares. By the method of cutting we may obtal 
a polygon 7; on which the image of the circuit is an are joining two co! 
secutive vertices. 

The separation matrix .M, of 7, is equal to AMA’ (modulo 2 wher 
M is the separation matrix of 7 and A is the product of a set of matrices 
A, A; A, +++ Ay, each of which corresponds to a single cut and is therefor 
of determinant 1. The matrix A,’ A,’ A,’ --- Ay’ is the matrix of t! 
homology transformation of the circuits of F into the circuits of / 
See $22.) The elements of the 7th row of this matrix are the coefficien| 
of a combination of the circuits of F which is homologous to the circu 


* Poincaré proves this theorem and its converse for two-sided manifolds, |e., page 70 
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(Py, C0. ~ Bye, Cj. Since the matrix is of determinant 1 the theorem 


from the foregoing it is evident that the theorem just proved is true 
he case of a two-sided manifold without the restriction in the hypothesis 
cuits which are not homologous to zero. It is equally evident that 
restriction is necessary in the case of a one-sided manifold, for a circuit 
image on the polygon together with two sides C, and C,’ which 
the same sense bounds a part a of the polygon is equivalent to 2C;. 
ever (,, a eireuit of the fundamental set, is homologous to a linear 
nation with coefficients relatively prime of circuits of any funda- 
al set. Thus we have the result that on a one-sided manifold any 
le cireuit is homologous to a linear combination with coefficients 


vely prime of any fundamental set, or else it is homologous to a 


r combination with coefficients containing 2 as a highest common 
This factor 21s the coefficient of torsion of a one-sided manifold. 
near combination with coe flici nts re lative ly prime of circuils of a 

al set for a two-sided p anifold is homologous loa simple circuit. 

Proof: The method of proof will be to show that a matrix B with an 

v first row, provided the elements are relatively prime, may be 

i) by taking the product of a set of matrices each of which corre- 
oaecut onthe polygon. First reduce the polygon to normal form. 
be the matrix to which this reduction corresponds. We shall now 
matrix © such that B ('-D) has an arbitrary first row and such 
the matrix C corresponds to a set of cuts. That B may have an 
ary first row, it Is sufficient that the first row of C may be chosen 
rily. 

The two transformations which follow can be carried out on the 

alized polygon and each transformation leaves the polygon in normal 


ad A ad | h 
a 1 ~ Gon-1 TT Gos 1 followed by i, ~ bo, _ Don. 
(he matrix B, corresponding to transformation (1) is (for n = 2) of the 

r 86 @ 8 @© «+> @ DV 
Se 1 8 G @ «s+ OB 
0 O8 §f @ GH «er GO GQ 
0 O-!1 f GH «ass | © 

B, 0 0 0 0 1. --. 0 0 
oe @e Be te l ) 
0 0 0 0 OO. -- 0 7 


a ee ee 


ITE 


—> = 
SEE aoe et gs 


-~ art; 


ee rane + 
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The matrix corresponding to the transformation (2) is (for n = 2. m 1) 
of the form: 
cr § 8 8 @¢ res QO OQ 
GC t Ui ® us -_ 
—~!l 0 1 0 O coe We 
0 0 O 1 O =. O DO 
B. = 0 0 0 0 I oe ap a 
00000 --- 1 @Q 
Ve ce BB «--« OB] 


By taking products of matrices of the type B we may obtain a matrix 
of the form: 


44 (ly () () () () tee () () 
(194 Ax: () () () () oe () () 
) ) a a () () () () 
() () Gs fa @ () es () () 
: () () () () a (-, toe () () 
B; = 
() () () () (ly a, 6 () () 
() () () () () () see (lo } , a 
() () () () () () tee , a 
where a 1 and a are any two integers relatively prime and where 
(] (] 
a 
(1 (] 


This follows from the fact that any two-rowed matrix of determinant | 
may be normalized by clementary transformations on the rows alon 
The elements a anda may be chosen so that « ‘' a. 4 Cy a 
where ¢ and ¢ are elements of the arbitrarily given first row of (. 
Then, by application of matrices of type i, above. any odd row of Lb 
Way be added to the first row a sufficient number of times tO vive thie 
arbitrary first row of (. This completes the proof of the theorem, 

36. Intersections of Circuits of Fundamental Set. (‘onsider two sensed 
circuits Cy and Cy on a two-sided manifold. Let them have a point 7 in 
common. A 2-cell ay may be constructed which contains 7, and no 
other point common to the two circuits, as an interior point and which 
contains a simple are of each of the circuits on the interior. Let one o! 
the senses of description of the boundary he designated AS positive. Let 
the forward end of the are of C, which is interior to a,2 be ealled a,,° and 
the other end a,.°. If the points ay)" ay." separate the points do: de.", the 
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circuits C, and C. will be said to intersect at P. If the two circuits 
rsect at P and the point a22° is on the part of the boundary of a; 
runs positively from aj,° to a,.°, C2 will be said to intersect C; posi- 
if do;° is on that are C2, it will be said to intersect C, negatively. 
We have as an obvious theorem: Jf Cy intersects Cy positively at the point 
P. then Cy intersects Cy negatively at the point P. 
37. Consider now two circuits C,; and C. which have more than one 
int in common. A 2-cell may be constructed at each common point 
$36. These 2-cells may be assigned senses in such a way that they 
ll agree in sense. Making use of these sensed 2-cells, we may determine 
the number of positive and the number of negative intersections of the 
circuit Cs with the cireuit C). Let N(Cs, C) be a positive or a negative 
unber equal to the number of positive intersections of C. with C; minus 
number of negative intersections of Cy with C;. As a result of this 
definition and the theorem of § 36 we have 


N te C’;) = a N we C’.). 


The following theorems may be easily proved: 
[i (, ~ O, and Cz ts any circuit whatever, then N(Cs, C\) = 0. 
ie C, + Ce, and C, 


is any circuit whatever, then 
N(C,, C3) = N(C,4, Ci) + N(C4, C2). 


If OC, ~ Co, and C3 ts any circuit whatever, then N(C3, C1) = N(C3, C2). 

4S. The Intersection Matrix. Let us consider the intersections of pairs 

of circuits of a fundamental set, and let us construct a matrix of 2p rows 

and 2p columns by making the element e;; equal the number V(C;, C;). 

“ince the circuits are simple circuits and no two have more than one 

int in common, the elements of the matrix will be 0,1, and — 1. Every 

clement e,, will be 0: the element e;. ; will be the negative of the element 
Thus the matrix is skew-symmetric. 

39. A cut a =a; + a. performs a certain transformation on the 

cuits of the fundamental set. According to § 37 the intersections by 

he circuit on which d; is imaged are obtained by adding the rows corre- 

nding to C,; and C. in the intersection matrix V. Then to get the 

tersection matrix of the transformed fundamental set we add the second 

of \V to the first row and perform the same operation on columns. 

may be accomplished by multiplying V on the left by the matrix 

‘li is the inverse of the conjugate of the matrix B used in § 33, and by 


‘iplving on the right by the conjugate matrix. 
rom this it follows at once that if the fundamental set Fy ts obtained 
‘he fundamental set F by the method of cutting, the intersection matrix 


} 
| 
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N, of Fy and the intersection matrix N of F satisfy the relation Ny=T-N-T7". 
where T is a matrix of determinant 1. 

40. The polygon was normalized by the method of cutting. When 
the polygon is in normal form, the intersection matrix of the corresponding 
fundamental set is in normal form, as can be seen by constructing a 
neighborhood of the point A in the manner of § 36, and the matrix ot 
signed separations is also in normal form. These two normal forms are 
the same. The matrix of signed separations of the original polygon is 
normalized by a matrix B B,.+++ »-Bs-B,); the intersection matrix is 
normalized by a matrix (B,/)7!) --- (Bs) "(By)". From this it follows 
by a <imple computation with the matrices that the intersection matrix is 


, ‘ — , , oer ia — : : 
the negative of the reciprocal of the matrix of signed S¢ parations. 











TWO GENERALIZATIONS OF THE STIELTJES INTEGRAL. 


By P. J. DANIELL. 


|. Introduction. In a paper on a General Form of Integral* the author 
es an example of an integral with respect to a function which is not 
limited variation, namely, 
Si'f(x)d log x, 
ean be defined when f(x)/r is continuous (0 = a= 1). The first 
of the present paper is an extension to a general class of integrals 
his type. In other words, it considers integrals with respect to a 
ceneral funetion a(x) which can be defined when appropriate restrictions 
aid on the integrand f(x 
The Stieltjes integral differs from the more usual integral in that it is 
riant under a transformation of the independent variable which 
es relative position unchanged if the mass-distribution is transformed 
e corresponding manner. It is less dependent on metrical geometry. 
suggests an extension of the concept to an integral which is an 
tion on sets directly without any interpolation of measure. This 


ept may be useful in the theory of sets of points, but apart from 
opens an interesting field. 

-. Integration with respect to any function. ‘The notion we are about to 
y) can be extended to several dimensions but we prefer to give the 
opment only fora single variable. Let a(.r) be some function defined 
lreal values of x. If it is not, we may extend its definition by assign- 

it the value O wherever it is not defined. 

Kelative to a(x) a point ris said to be proper on the right if an interval 

i be found of which x is the left-hand endpoint and in which a(.) 
limited variation. It is improper on the right if such an interval 
eannot be found. Similarly it is proper (improper) on the left if a(x) is 
ited variation in some (no) interval x’’r to the left of 2. Every 
either proper or improper on the right and also either proper or 
per on the left. If a point is proper on both sides, it is said to be 
er” (without qualification), while if it is improper on either side, 
iid to be “improper.” If further it is improper on both sides, we 

that it is ‘‘eompletely improper.” 

bHEOREM. Jf py, po, +++ ts an increasing sequence of improper points 

fhe limit of the se quence is p, p is at least improper on the left. 
|. Daniell, these Annals, vol. 19 (1918), p. 279. 
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For if not, an interval p’p could be found to the left of p such that in 
it a is of limited variation. But such an interval would enclose a point 
pn of the sequence so that a is of limited variation in both p’p, and p,p. 
This contradicts the hypothesis that each p, is improper. Similarly if 
a point p is approached by a sequence of improper points from the right, 
p is improper on the right. 

It follows that the set of improper points is closed in the sense of the 
theory of sets (e.g., the set of all non-negative numbers is closed but not 
compact). Again any proper point lies strictly within an interval of 
proper points. Hence the set of proper points consists of a countable 
(that is, zero, finite, or denumerably infinite) set of non-compact intervals, 
5,, the complement of the closed set of improper points, A. A non- 
compact interval is usually an open interval but it is an open question 
whether the interval consisting of all real numbers should be called an 
open interval or not. As a set of points it is closed since it includes its 
derived set. 

Every point which is improper on the left only is the left-hand end- 
point of some interval 6,, for otherwise it would be the limit from the 
right of a sequence of improper points; and similarly for points improper 
to the right only. Hence the set of points which are improper on one side 
only is countable. A point of A which is not an endpoint of an interval 
6 is completely improper. But an endpoint may also be completely 
improper. For example, let a(z) be defined as 


a(x) =sinlgz Ss = UG. 
= 0) Z = @, 
Then the proper intervals are (— x <x <0),(0<ara<+02). r=0 


is the endpoint of two intervals 6, but it is completely improper. On 
the other hand if 
a(x) = sin 1/zx x > 0, 
= § z=, 


the proper intervals are as before but x = 0 is improper to the right only. 

Let A be a closed and compact interval contained strictly within an 
interval 6,. Then a(x) must be of limited variation on A. For every 
point of A is strictly within an interval in which a is of limited variation. 
3y the Heine-Borel theorem a finite number of these intervals can be 
found covering A completely between them so that a(x) is of limited 
variation over their sum, which includes A. 

It follows that there can only be a countable number of points in any 
A (and therefore in S46) at which a(x) is discontinuous. Let A = (%, 2 
be an interval enclosed strictly within a 6, and such that a(x) is continuous 
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y.. We define the ‘‘ mass” of A as 
m(A) = alXe) — alz). 


r) be a funetion equal to 1 on such an interval A, and 0 elsewhere. 
define 
S ¢n(x)da(x) = m(A,). 


is a linear combination of a finite number of such functions ¢,,(z), 


, 


f(z) = C1¢1(2) — ae + ¢, Pn\Z), 


dehne 


S f(x)da(x) = cym(A;) + +--+ + .¢,m(A,). 


definition of the general integral given in the paper referred to above 
nds on a class 7) of functions for which the integrals are supposed 
already defined. 


\We specify this class 7) to be the class of functions just mentioned, 
eur combinations of functions of tvpe ¢. Evidently a multiple of the 


ilus of a funetion, and the sum of two functions of this class is of the 
class. Hence Jo satisfies the required conditions. For such func- 


S cf(x)da(x) = cf f(ajda(x), 
S fi fajda = S fida — S foda, 
Sfda| = max f X &, (variation of a on A,). 


- only necessary to prove that postulate () is satisfied. This states 


if fi, fo, +++ is a non-inereasing sequence of functions of class 7% 
approaches 0 everywhere as a limit, then 


lim Sfnda 
f, =fi, and f, differs from 0 only over a finite set of intervals 
, A. each contained within a 6 of CA, 
S fda = S A fnda + S Aofrda foeee Ht SA fda. 


in each A, (i = 1, 2, «++, k), a(x) is of limited variation so that, by 


.=+, 


sical theory of the Stieltjes integral, 


lim Sa fi.da = 0. 


herefore all the required conditions for the definition of the integral 


tisfied, and the definition can be extended, as in the paper to which 
ve referred, so as to include all integrands, f(x), summable with 


Ci tO a(x). 


* 
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3. Standard summable function. Every interval A is contained strictly 
within a 6 of CA, and therefore every corresponding ¢ is 0 at points of K, 
and approaches 0 from either side as a point of A is approached. 

A function of class 7, is the limit of a non-decreasing sequence of 
functions of class 7) and a summable function is less than a function of 
class 7; and greater than the negative of such a function. Consequently 
all summable functions must, by definition, vanish at every point of K. 
But we can prove more than this. Suppose that the endpoint of an inter- 
val 6 is improper in the direction in which the interval lies. It will be 
shown that 0 is a sublimit of any summable function f(.7) as 2 approaches 
the endpoint along the interval. Suppose that the point x = b is the 
right-hand endpoint of an interval 6, and that b is improper on the left. 
Let a bea point within 6 at which @ is continuous, and let w(x) be the 
variation of a(x) between a and x. Since b is improper on the left, wir 
is unbounded as x approaches b. If f is summable with respect to a, 
it is also summable with respect to w and its modulus is also summable- 
Thence 

lim fifi xr)dw(x) rb 


must exist, where fir) = 0. If no sublimit of f is 0, the lower limit of 
fix) must be positive. Let it be / > 0. Then an interval c, b ean be 
found within which fir) >/2. Hence 


Si flaydwla -12fw(r) — ole ys 


which increases without limit as x approaches b. 

If a(x) is sufficiently irregular, A may consist of every point, and in 
this case the only summable function will be that which is identically 0, 
so that for some functions a(x) the definition of the integral will be value- 
less. But in many problems although a(x) is not of limited variation 
when the whole interval is taken, it is of limited variation when a set is 
eliminated by a covering set of intervals. 

Now although every summable function must vanish at every point 
of A, a function can be found which is non-negative and summable, 
which vanishes nowhere except on points of A, and which has 0 for a 
sublimit only as x approaches an endpoint which is improper on the 


é-interval side. Such a function plays the part of the funetion h(x) = | 
in the case of the ordinary Stieltjes integral.* Within each interval 6, 
of the set CK choose a point P, (x = x,) at which a(x) is continuous. 


Using P, as a base we can define a variation function w,(xr) for every 
point z in 6,, which is 0 at P, and non-decreasing as we proceed from P, 
in either direction. 


*Cf. P. J. Daniell, these Annals, vol. 21 (1920), p. 2035. 
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if 7 helongs to. 8, define 


B(x) = w,(x@ + QO) C > &: 
w,(xr — O) y= £.. 
= r= 2. 
Since alr) is continuous at r = 2), 
w,(r7 + Q) w,(r — 0 (). 
hix) = Oif x belongs to A, 
1 [2 4+ s(r ] if x belongs to 6,. 


We assert that A(r) is summable with respect to a(x). It is evidently 
negative and differs from 0 except on A. It is also the limit of a 
ence of functions of class 7». Let A, be an interval of length d of 

is the left-hand endpoint contained within a 6,, and such that 
continuous at x, + d (we have already chosen z, to be a point of 


itv of a). Let 
h,(2 h(x) on A, 


OQ otherwise. 
Then #2) is summable with respect to @ and 
Sh, (xr)da(z) = Jf, hixr)dalxr 
latter is almost an ordinary Stieltjes integral, for on A, a(x) is of 


} 


ed variation and Aix), although not 


nded, 


continuous, is monotone and 


Sih r) dalr : . ‘thix\dwlr 
i }) P d3 Yap 


Here fh da denotes the modular integral of h corresponding to S/da, 
he second inequality follows from the fact that at every point of 
lity of a, w and 3 coineide in value. Let us now make the Lebesgue 
ormation,* 
I(x & 
i discontinuity of a, and therefore of 3, there is an interval of values 
orresponding to the one value of 2, but over this discontinuity 2, 


“hd Bia +0) — B(r — O) 
Si (i 21 | B2(.2) 
Bla + 0) — Bir — 0) 


Jen +t B°(x7 + Q) 
sal dt 7 
» { : 
H. Lebesgue, Comptes Rendus, vol. 150, p. S6. ‘ 
: 
& 
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Therefore, finally, 


: oe ee 
JS h,(2) da(x) ye en 4. 2 
<< “ ia 


Similarly for an interval A of which x, is the right-hand endpoint, 
Sh, i da A <T n+l. 


If then A’(x) = A(x) on each of a countable set of intervals A contained 
within the 6, of CA, and 0 otherwise, 


Sh’ eM da bo T 1 abe , “ae eee) 


But h is the limit of a non-decreasing sequence of functions of type /h’ 
and therefore, by a theorem in the paper to which we referred at the 
beginning, h is summable with respect to a. Many other such functions 
ean easily be constructed by the reader. 

Now if f(x) is any function, summable with respect to a, it must vanish 
wherever /t vanishes, so that a function ¢ can be found such that 


f I el(xnjhizx 
If A is any interval, define its ‘*mass”’ as 
mA) = fVhixr)dalx 


Then m,(A) is an additive function of intervals, by means of which we 
can define the more usual type of integral (Radon-Young integral). 
If ¥ is a step-function (that is, constant over each of a finite number of 


sub-intervals), evidently 
Sv rydmy(e > S¥ rih(xjda Ns 


where e denotes the variable set of integration. Hence, step by step, it 
can be proved that if y is summable with respect to m,, Yh is summable 
with respect to @ and vice versa, and that 


S¢ SF dm, 4 Sv = h r)da ee 


Finally, therefore, if f(x) is summable with respect to a(x), it can be 
expressed in the form y¥(r)h(x), where ¥(x) is summable with respect to 
mny\¢ and 

Sfixrjdalx) = fyl(r)dm,(e). 
This transforms the general type of integral considered to one of the 
tadon-Young type (extension of the Stieltjes integral by the methods of 
Lebesgue). 
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In the particular case given in the paper on a General Form of Integral 
d mentioned in the introduction to the present paper, 


a(x) = log z, 
-et K consists of the point z = 0 only, and 
h(x) = 1/[4 + (log x)?}. 


 - ] 
4 4+ (log xr)? 


I 


Hence « 41s also summable with respect to log x and & satisfies the require- 
ts for an h(x) (in the interval 0,1). Here 


my(A Syrd log x 
length of A, 


fx) x is continuous in the interval, (2) is summable with respect 


\nother example is obtained in the following way: Let EF be a perfect 

et contained in the interval J = (0,1). Define a(x) as equal to z at all 

ts of the intervals making up the set J — £, and at all irrational 

ts whatever, but equal to 0 otherwise (that is, at rational points not 

belonging to J — £). Then the proper intervals 6, consist of the open 

tervals forming J — FE, while the set A consists of the points x = 0, 

ne set ky and the points « = 1. If fir) is summable in the usual sense 
the interval J, and if 


fir =Qonk 
fi(z) on J — E = X6,, 


uen J is summable with respect to a and 
Sf(a)dal(xr) = SpSefila)dz. 


|. Integration of sets. According to the paper on a General Form of 
lnteyral to which we have already referred, an integral can be defined, 
t least extended, by means of certain simple processes such as addition, 

ng the greater or less of two functions and taking the limit of a mono- 
quence. These processes have their analogies in the theory of 

of points, or of more general classes. We recall briefly the main 


‘iples of such processes. 
here is assumed to be given a fundamental set J of elements, p. 
I) this set are contained all the sets considered. The complement of J 
null set @ containing no elements. /,/2, the product of Ey, Es, 
<et of elements belonging to both. It corresponds both to an alge- 
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braie product and to the “logical product ”’ (the lesser of two numbers). 
E, + Eo, the sum of Fy, E2, is the set of points belonging to either and 
corresponds to the logical sum (the greater of two numbers) while when 
E,, Ey have no point in common it also corresponds to an algebraic sum. 
A vital distinction between products and sums in the theory of sets and 
in algebra is to be noted. The addition (multiplication) of a collection 
of algebraic numbers is impossible unless the collection has a power not 
greater than that of a denumerable infinity, and even then an infinite 
series product) may not converge. But the sum product) of any 
number of sets contained in J consists of the elements belonging to any 
one (every one) of the sets and this sum (product) is contained in J. 
If every element of F; is an element of fs, we say that Fy < EF» (in par- 
ticular E < £) and then Fk. — F£, is the set koCE,, where CE, is the set 
complementary to £;. Subtraction is a useful process in the theory of 
sets but a dangerous one. For example, it is not, in general, true that 
A-B+C=(A+0C) -—B. Againthere are no fractional or negative 


sets. 


If £,, Bs, «++ is a sequence of sets, we can form the sets, 


PF, =E, +E fe n ee 4 


Fy, Fs, +++ isa decreasing sequence of sets whose limit / is the ‘complete 
limit” (according to Borel) of the sequence [E, ].. The limit F' is 
defined as F = FF, ---, the set of elements belonging to every F 

If an element belongs to a finite or zero number of the sets, /,, it is 
not contained in some F, and is therefore not in F. If an element belongs 
to an infinity of the sets £,. it belongs to every F,, and therefore to F. 
Hence F is the set of elements belonging to an infinity of the sets F 
F may be called the “upper limit’ of the sequence F,. Similarly the 
lower limit or ‘‘restricted limit (Borel) G is 


G (;, + ( 
G, EE 


G is the set of elements belonging to all but a finite number of the sets 
E,. If F = G, the sequence [F,,] is said to converge to the limit /. This 
occurs when every element which belongs to an infinity of the /,, belongs 
to all but a finite number of them. 

). Set-functions. Let s be a real number. If to each value of s there 
corresponds a set F'(s) of elements p, we say that F'(s) is a set-function of s 
The first analogy with the Stieltjes integral which suggests itself is the 
integral of F'(s) with respect to L(s), where F(s) is a continuous set-func- 
tion and £(s) a set-function of limited variation. But such an analogy 
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alueless. On the one hand, even if we define a modular difference of 
( es, the sum of any number of such modular differences is alwavs 
ntained in J and a ‘variation ’’ would be always limited. 


()n the other hand, a continuous set-function must be constant. A set- 


tion F(s) is said to be continuous at s = a if, whenever lim s, = a. 
Fis,) exists and equals F(a). Let F(s) be the function assumed to 
continuous for all values of s (— 2 <s < + x) and let S(p) be the 
tof real numbers s for which p is an element of F(s). When lim s, = s, 
Ir Fis). Therefore if s;, s., --+ belong to S(p), p belongs to 

/ for all n and therefore to F(s). Thus S(p) is a closed set of real 
bers. But CS(p) corresponds in the same way to J — F(s), which is 


continuous as a set-function, and CS(p) must also be closed. But 

of real numbers and its complement cannot both be closed unless 

the set of all numbers, the other of none. In consequence an 

p either belongs to /’(s) for all s or for no values of s, and F's) is 

constant set, the same for all s. 

It is necessary to proceed in a different manner, using the essential 

distinctions between numbers and sets. Let Eis) be an increasing set- 

on (there is no distinction between Increasing and non-decreasing 

any set is less than—and greater than—itself in the sense of inclu- 

Then if sy < so, E(s;) < Else). If s;, 8, +++ approaches s from 

i}\s,) is an increasing sequence of sets possessing a limit. Also 

this limit is unique and may be called Eis — 0). Similarly £(s + 0 
he defined. 


bk(s) Bis +0) — E(s — 0). 
is any set-function of s, let 
oe\S) S 


the sum of the sets e(s) for all values of s belonging to the collection 
fied by S. Then if F(s) is any set-function and Fs) an increasing 
inction, we define 


Sr s\dk(s) of F sdk (s ] = © <8 6. oT & 


his ‘‘set-integral’’ possesses certain interesting properties. For 
] 


exutnple, if Fis), G(s) are two set-functions, 


S(F 4+ @dkE = fFdE + SGdk. 


miitting the variable s, 
of (F + G)6E] = of PSE + GSE] 
= o[ Fb] 4 o[ GbE]. 
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Also 
SFGAE = (fFdE)( fGdE). 


For if s < ¢, 
6E(s) = Eis + 0) — E(s — 0) 


<kis+0 
< kit — 0). 


Therefore 6E(s), 6£(t) have no element in common, and, by symmetry, 


bE (s)-dE(t) = 6E(s) (s = 0), 
= 9 (g 9 {). 

(SFdE)( fGdE) = o.[ F(s)6E(s) ]-o, LG(QHbE(t) | 
= ¢, i F(s)G(HbE(s)bE(t) | 
= ¢,[ F(s)G(s)bE(s) | 
= SFGdE. 


If it is recalled that the product of a set into itself is equal to itself, the 
above inequality can be expressed in a form which reminds one of the 


Schwarz inequality in ordinary integration, this form being 
(SFGdE)? = (fF°dE)( fGdE). 


But in this theory of sets, infinite addition and multiplication can be as 
readily handled as finite processes, and by the same reasoning as before 


S(F, + Fy + ---)dE = fF dE + fF.dE + ---, 
SPF, +++ dk = (fF WdE)(fF.dE) --- 


It follows from these equalities and the definition of a limit that 
S lim F,,(s)dE\s lim SF,,(s)dE(s). 
Let r*¢ denote an interval r < s = ¢, equal to the interval (7, ¢) (closed) 
with the point 7 omitted. Let 


PF es'S = F S) {7 “= 6: t) 
4 otherwise. 

We may define 

SF (s\dE(s) = SF y)(s)dE(s). 
Then 

SeFdE + fi"FdE = Si"Fdk 
Also 
bE (s)) (r<s =) 


SH JIdE(s) = @ 
= H(t + 0) — E(r + 0). 


For consider an element p. The numbers s can be placed in one of two 
classes S(p), CS(p) according to whether p belongs to E(s) or not. Since 


E(s) is increasing, any number in CS(p) is less than any in S(p) and, if 
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classes exist, a ‘‘section”’ is obtained which defines a real number 

dependent on p). In this case p belongs to E(s + 0) but not to 

0). Any element p must therefore satisfy one of three conditions, 

» belongs to all #£(s), or (b) p belongs to no E(s), or (e) p belongs to 

for some value of s. If p belongs to F(t + 0) — E(r + 0), it satisfies 

her (a) nor (b), and p belongs to 6#(s) for somes. This s must lie in 

nterval, r<s = t. For if s =r, p belongs to E(s + 0) which is 

excluded from E(t + 0) — E(r + 0) in E(r + 0). Similarly if s > ¢, p 
excluded from E(s — 0) which, however, includes E(t + 0). Then 

E(t + 0) — E(r + 0) < oL6E(s)] (r<s = 0). 
but if p belongs to some 6F(s) (r <s = 0), it belongs to E(s + 0) and 


therefore to E(t + 0), while it does not belong to E(s — 0) and therefore 
to Kir +0). So that 


of 6E(s)] (r<s=t) < E(t+0) — Eir4+ 0). 


proves the required equality. Evidently intervals (r, ¢), (7, ¢*), 
ean be handled in the same manner. 

(}. Directed continuity. It has been proved that, if a set-function is 

ntinuous, it is constant and its properties are of little interest. But 
we can obtain a valuable class of functions if we restrict the continuity 
be on one side only. 

If for all values of s, the unique limit F(s + 0) exists and is equal to 
hs). then F(s) is said to be continuous on the right. Similarly if 
I 0) F(s), F(s) is continuous on the left. A set-function is called 

-tep-funetion if it is constant over each of a finite number of intervals of s. 

THroremM. <A function which is continuous on the right ts the limit of a 

wnce of step-functions. 

For if F(s) is the given function and if 

Fy(s) = FLt(9)] 
re 2"2,(s) is the least integer not less than 2"s (the integer equal to 

| greater than 2"s), then 

F(s) = lim F,(s). 
Since (8) is a non-inereasing sequence approaching s from above, if s 

t a terminating fraction in the scale of 2, 

lim F,(s) = F(s + 0), 
itherwise, after some finite n, ¢,(s) = s so that 


F,(s) = F(s). 
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The theorem is thus proved. Now if ¢;,, = ¢2~" where 7 is a positive or 
negative integer or zero, 


SF, (s)dE(s) = S.F(t:, Ef , , 
= S,F(t;, .)[E(t:. » + 0) — E(ti-t, n + 0)). 
since 


SFdE = lim SF ,.dE 


the following important theorem is an immediate consequence: 

THEOREM. If for each value of s, F\s), E(s) are sets of points in one or 
more dimensions which are B-measurable measurable in the SEMSE of Bore | 
if E & is an increasing N¢ t-function and F s contin MOUS ON the right, the i 
SFdkE is also B-measurable. 

According to our primary definition for any F, an integral is obtained 
by an infinite process having the power of the continuum, but we see that, 
if F is continuous on the right, the integral can be obtained by passages 
from finite processes to the limit, processes which do not take the sets 
bevond the class of B-measurable sets. 

The same result would hold if Fis) were continuous on the left or i 
it were continuous on the left or right in each of a countable number of 
intervals, whose complementary set is a countable number of points 

|| “countable” means zero, finite or denumerably infinite). The theorem 
also holds if **measurable in the sense of Lebesgue” is substituted for 
* B-measurable.” This theorem has an immediate application to the 
theory of measurable functions. Let Eis), F(s) be the sets of points for 
which e(p) <s, fip) < s, respectively, where e(p), f(p) are never-infinite; 
functions of points p in one or more dimensions. If e, f are measurable 
in either sense, this sense being retained throughout), so are’ (s), Fis 


measurable for each s, These sets are increasing and continuous on the 


left. For if fip) < s, after some finite value of n, f(p) <s — 2-" and 
p belongs to Fis — 2 . If Jip - $, p belongs to no set Fis — 2 : 
The set G(s) of points for which « p) 4 f p) <s consists of the sum for 
all ¢ of the sets where simultaneously e(p) f, f Pp) “2- €. 

Now the set where e(p fis the set 6#(t) and therefore 

G(s oFis — tyéK(t) 
S Fis — tidE(t). 

Considered as a function of ¢, F(s — ¢) is continuous on the right and, by 
our theorem, G(s) is measurable and 





qi p e(p) 4 f p) 
1s measurable in the Same sense as ¢ ~) i p). This proves that the Sui 
of two never-infinite measurable functions is measurable. A - similar 
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is possible for the product of two measurable functions, although 
case can be considered more readily by a combination of the previous 
rem With one proving that the square of a measurable function is 
-urable. It may be thought for a moment that if E(s), F(s) are 
isurable for each s and if #(s) is an increasing set-function. then 


SEdE 


easurable without further restrictions on F, but this is not true. 
example, let /(s) be the set of real numbers less than s, so that 6E(s) 
he number (point) s itself. Let f(t) be some non-measurable function 
Denote by I Ss) the set of real numbers less than f 8S) +S —- ad, 
Then Eis), Fs) are certainly measurable for every s. F(s)éE(s) will be 
number, if it exists, which is simultaneously equal to s and less than 

a. Hence 


-et of numbers such that s < fis) + s — a, that is to say, the set of 
ers s for which f s Pi sut i f) is non-measurable and therefore 
e value of a the above set is non-measurable. 
It would be interesting to study more closely the conditions which 
he laid on Fs) in order that the integral should be measurable. 
probably unnecessary that F'(s) should be continuous in one direction 
a number of intervals. 
‘. Geometrical illustration. It is helpful in a study of this integral to 
in mind an illustration which is as follows: Let E(s) be a set of 
the real variable x for each s. In the plane use Cartesian ¢co- 
tes Or horizontal, Os vertical where Oy is usually drawn. Through 
int on Os draw a horizontal line and mark on it the points whose 
dinates belong to Eis). Then corresponding to the sef-function 
here is a plane BCL €. Similarly to Fis corresponds a plane set f. 
ly / is an increasing set-function, e consists of the points belonging 
collection of vertical lines which are unbounded above. If d is the 
et corresponding to 6/(s), d will consist of the lower bounds (where 
exist) of these vertical lines. The integral fF dE consists of the 
tion on the wz-axis of the plane set fd common to and d. If e(a 
ne funetion of x2 and if E(s) is the set of values of x for which 
then the corresponding plane set e is the set of points above 
t including the “graph” of s = e(r). The plane set d corresponding 
is the set of points of which the * graph” consists. 
w F(s) is the set of values of x for which fir) < s, the plane set f 
ponding to Fis — 0) (considered as a set-funetion of f) is obtained 
king the image of the curve f(x) in the xl plane with respect 
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182 P. J. DANIELL. 
to the x-axis, moving it up a constant distance s, and then by choosing all 
the points in the plane below but not including this transformed curve. 
The set G(s) corresponding to g(.v) = e(v) + f(x) is the set of values of x 
for which the curve ¢ = e(.r) falls strictly below the curve ¢ = s — fix 
that is to say, for which e(.r7) + f(x) < s. 
Rice INsTiTUrTe, 
Houston, TEXas. 





DIRICHLET’S PROBLEM. 
By Grorce Ek. Raynor.’ 


|. The main object of the following paper is to give a solution of 
Dirichlet’s problem valid for less restricted types of boundaries than those 
hitherto considered. On the whole, the argument follows the classical 
lines closely and involves a compromise between the Schwarz alternating 
process and the Poincaré “Méthode du balayage.”” A large part of the 
paper may, therefore, be regarded as a simplified expository development 
of certain well-known theorems on potential theory. Although the 
problem is treated in three dimensions only, the method is equally appli- 
eable to nm. 

The writer here wishes to acknowledge his indebtedness to Professor 
J. W. Alexander, who has assisted him with numerous suggestions through- 
out the preparation of the paper. 

2. For the purposes of this paper, a region R will be a set of points in 
three-space such that (1) to each point of the set there corresponds a 
~phere which encloses no point not of the set, (2) there exists a sphere 
enclosing all the points of the set, (3) given any two points P; and P» of the 
~et, there is always a continuous are P(t), 4; = ¢ = t, made up of points 
the set and joining P; to P.: Py = P(t), Ps = P(t.). The boundary B 
of the region R will be the set of all limit points of the region which are 


{ 
Of] 


not themselves points of the region. The set R + B consisting of the 
points and boundary points of a region will thus be a closed set. A fune- 
tion F is said to be continuous on a set of points C if it has a finite value at 
every point of C and if to every point P of C and every number ¢ > 0 there 
exists a number 6,,, > O such that if P’ be any point of C within a distance 


é,,. of P, 


7’ 
F(P) — F(P") <.e. 


\ function V(r, y, z) is said to be harmonic in a region if at every point 
of the region it possesses first and second derivatives and if its second 
derivatives satisfy Laplace’s equation 


Ay = Vv a) 4 a* ot 
Ou’ oy” 02° 


resented to the American Mathematical Society, December 28, 1922. 
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DirRIcHLET’S PROBLEM. 

Let U(x, y, z) be a function defined on the boundary B of a region R 
and continuous on B. The problem will be, if possible, to find a funetion 
Vor, y, 2) which is continuous over the domain R + B, harmonic in RP, 
and identical with U(x, y, z) on B. 

During the course of the discussion, we shall also have oceasion to deal 
with the following slight extension of this problem, though only in the 
case where the boundary B of the region R consists of a finite number of 
analytic surface elements. Let U(r, y, z) be a function bounded on B 
and continuous at all points of B except along a finite number of analytic 
ares A where U(x, y, z) need not be defined. The problem will then be 
to find a function Vir, y, 2) which is bounded and continuous over the 
domain R + B — A, harmonic in R and identical with U(x, y, 2) in B — A. 
53. In this section we shall prove a number of fundamental theorems 
concerning harmonic functions. Dirichlet’s problem may be solved for 
the region interior to a sphere by means of Poisson's integral* 


(] Via, be (" oe do 
Ye Rr 

which defines the value of the required function Vs at any point within the 
sphere. In this formula the integral is extended over the surface of the 
sphere, PR is the radius of the sphere, p the distance from the center to the 
point (a, 6, ¢), 7 the distance from (a,b, ¢) to a variable point on the surface 
of the sphere and (7 is a continuous function of position on the surface of 
the sphere. The above integral is harmonic in a, b, ¢ and is such that a- 
a, b, ¢) approaches a point of the surface in any manner whatever, 
Via, b,c) will approach the value of (7 at that point. The same integral 
also solves the extended Dirichlet problem when U is a bounded function 
continuous except perhaps along a finite number of analytic ares. In fact. 
provided merely that the function (° be bounded and integrable in the 
sense of Lebesgue, the integral (1) will define a function Vo harmonic 
within the sphere and such that as an interior point P approaches a point 
P, of the sphere at which (7 is continuous, the value V(P) will approach 
the value (1 P 

If in formula (1) we put p 0, r will become constant and equal to PR 


and we shall obtain Gauss’ mean value theorem 


: | . . : 
2 if ay, h . ( d¢ 
om) 


* For a derivation of this formul : Hee, TOF ex imple, CGours it, Cour ad’ An tlvst Matheénmet 


Vol. r. & ( nap. 25. 
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which gives the value of a harmonie function at the center (a), by, e) of 


-phere as the average of its values on the surface. This formula shows a 


once that, if we consider the value of a function at an interior point of 


a 
I 
a 


vion in which the function is harmonic, the values of the function in 


every small neighborhood of this point cannot be all greater or all less 


than the value of the function at that point. Hence we have at once the 


‘ 


owlnhg theorem. 


THEOREM 1. If a function is harmonic in a region R, it can have 


yolher a maximum nor a minimum in PR. 


Ilere, we are, of course, using the terms maximum and minimum in 


the re ~tricted sense. 


THEOREM 2.) If a function Vis harmonic in a re gion R with bour dary 


Band continuous in the domain R + B, the greatest and least values of V in 


k By are attained on the boundary B. 


For a funetion which is continuous on a closed set of points is bounded 


nd actually attains its least upper and greatest lower bounds. 


THreoremM 3. Jf the function V, harmonic in R and continuous in 
R B. is constant positive, negative on B, it is constant positire . negative ) 

R+ B, 

THI OREM 4. If V and lV. he functions harmonic in R and continuous 

R+ Band if V, Vo(Vy > Ve, Va < Ve) at every point of B, then 
| \ VW, > Ve, Va < Ve) at every point of R + B. 

This is seen on putting V Vv, — Ve. in the previous theorem. In 


words, we hav e 


‘| HEOREM 2. If a solution of Dirichlet’ s proble Whi exists, thie solution 


{fqe, 


We can also prove without difficulty that the extended Dirichlet 
em referred to at the end of $2 never admits of more than one 


Nh. In other words, 
HEOREM 6. If - and y he fro functions which are bounded and 
Herd ivi the domain R t I - A, harmonic in R and equal an B _ A. 
nelions are ide niical in R t B = A. 
To prove the theorem we have only to show that the function 
| V. which is bounded and continuous in Rk + B — A, harmonic 
and zeroon B — A must vanish at all points of R. This we do with 


dof a comparison function. Let Py be any point of Rand VP 


lie of Voat this point. We may assume without loss of generality 


V(P,  @. 


1 P.) were negative we could work equally well with the function 
instead of WV. Moreover, since V is bounded, there exists a constant 
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M such that 

V(P) <M 
at all points of R. Now let uw be a positive constant and r the distance 
from a point of the system of ares A to an arbitrary point (x, y, 2) of space. 
Then the integral 


5) MP) =a| 


‘ds 
= 
evaluated over all the ares A defines the potential field due to a line distri- 
bution of density « over A. Thus, /(.r, y, z) is positive and harmonie at 
every point P not of A and approaches infinity as the point P approaches 
a point of A. 
Suppose now that the value of uw be chosen so small that at the point P», 
I(Po) < M. 
Then the points P of R such that 
I(P) <M 


will form one or more sub-regions of R, one of which R’ will contain the 
point Py. Moreover, each point of the boundary of PR’ will either be a 


point of B — A or a point of the equipotential surface 
I(P) =M 
of the function /(P).. Now at a boundary point of the first sort J(2?) > 0 


and V(P) = 0, while at a point of the second sort /(P) = M, V(P) ~ M. 
Thus on the entire boundary of R’ we shall have 


Mery = VC). 


Therefore, by Theorem 4, since the functions J(P) and V(P) are both con- 
tinuous on the boundary of R’, this last relation is valid at every point 
within R’ and in particular at the point Py. It follows at once that the 
value of V(P») cannot be positive; otherwise, by choosing the constant 4 
sufficiently small we could make 


I(Po) < V(P») 


and thus be led to a contradiction. 

As an immediate corollary to Theorem 6, we have the following theorem 
which will be needed later on in the discussion. 

THEOREM 7. If a function V be bounded and continuous in R + B 
— A, harmonic in R and non-negative on B — A, it is non-negative in 


R+B- A. 


) 
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This may be seen at once with the aid of the comparison function (5), 
where w is now taken as a negative quantity which is allowed to approach 
zero, 

}. From Poisson’s integral we can derive a well-known inequality* 
which will be useful in proving the next theorem. In the formula 


1 7(..R? = 
ik es = ffi p 
ee 4r. 5 Rr do 


let 1° = 0 everywhere on S. Then, by Theorem 3, V will be positive 
everywhere within S. Let Vo be the value of V at the center of S and V,, 
iis value at the point P. The maximum value of r is evidently R + p 
and its minimum value R — p. We have then, replacing r by R + p, 


: i fre B-@ 1 R—-p CC... 
Me > aS Rat op ane + oS S O@ 


hut by Gauss’ formula (2), we have 


Udo = 4xrR*V 5, 

and hence finally inte 

, R(R — p) ,- 

3 >. V 
| (R 4. p)? 


In) a similar manner, replacing r by R — p. we obtain 
£ h f 


_ R(R + p) 


{ i. << 
; (R — p)? 


Vo. 

HarRNACK’s THEOREM. If a sequence of monotonic increasing functions, 
WY 2), oy Una, y, 2Z), +++, all of which are harmonic ina region R, con- 
cryes at one point P of the region, it will converge at all points of R and the 
limit function will be harmonic in R. 

Let S be a sphere with center P and radius R lying entirely within the 
given region, Let A be any point in S at a distance p from P. If we con- 
ider the difference (u,., — U,)p, we have from the inequality (4) for all 


/ 


values of the indices n and p 

R(R + p) 
{ 

(R — p)- 


a 


(tUntp — Unda < Unsp — Un) py 


Which proves the convergence of the sequence at the point A. The above 
expression also shows that within and on any sphere S’ with the same 
center P but with radius R’ < R our sequence ui(x, ¥, 2), +++) Un(@, Y, 2), 

converges uniformly to a limit funetion u which may be written as a 


‘t., for example, Goursat, loc. cit. 
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uniformly convergent series, 


Z~@= Uy — Us» a7 + ies + (U,, — U, 1) ‘. 


= Y(u, — U,_1), U, 0. 


Replacing each term in this series by its value given by Poisson’s integral 
for the sphere S’ we have 


lL. fF eH P45 
uw = >. te. =— @ ie il —= 2 oa “3 da 
iz ~ J, Rr® 
1 “pn ; > 
: ] ] L(tn — Un-r ) - ra 
7. e Rr 
the signs © and f/f being interchangeable since S3(u, — u,—1) is wu- 


formly convergent on SS’. By our previous discussion we know that the 
last integral above is harmonic and we have that the limit function w is 
harmonie within S’. 

Having established the theorem for the points in WS’ we shall now prove 
that it is true at any other point Q of the region R. Suppose that the 
theorem fails for the point Q. Join P and Q by a continuous are -1(¢ 
fi, =t=th, Alt) P, A(ts (), lving in the region R. Proceeding 
from P to Q along this are we can then find a point R which is either the 
first point at which the theorem fails or is the last point which is such that 
the theorem is true for all points preceding it. But either of these situa- 
tions is impossible, for if we take a sphere S” lying entirely in the region 
R, having its center on the are PR, and enclosing the point R, we have 
immediately by the first part of the proof that the theorem is true in this 
<phere and hence true for points immediately following R. Hence ou 
supposition that the theorem fails at Q is false and the theorem is proved. 

THEOREM 8. [f the sequence of functions u;(a, yy 2), +++, Unl@, Ys 2), 
defined in R + Band harmonic in R conve rges uniformly everywhere on thie 
boundary B of R, it will conve rgde uniformly ere rywhere nR+ 6B and the 
limit function will be harmonic in R. 

Let U,, Us, +--+, U,, +--+ be the values which uw), us, +++, Un, ++ > take on 
the boundary B. Then by hypothesis if an « > 0 be given, we can find 
an msuch that for » > m and for all positive values of p we will have at 
all points of B 

U, — Unsp| < €. 
In particular this inequality holds for the maximum value of the left-hand 
member and hence we have by Theorem 2, at all interior points of FP, 

Un — Union| S €, 


n 


which proves the uniform convergence, 
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That the limit function is harmonic in PR ean now be proved precisely 
a. in the latter part of the previous theorem. 


SCHWARZ’S ALTERNATING PROCESS. 
>. This is a method whereby it is shown that if Dirichlet’s problem 
has a solution for each of two overlapping regions R and R’, then, under 
‘itable conditions, it has a solution for the entire region R + R’ covered 
the original pair of regions. It will be sufficient for our purposes to 
mifine our attention to the case when the region R is the sum of the 
eriors of a finite number of spheres S,, So, ---,S,, no two of which are 
ngent to one another, and when the region R’ consists of the interior of 
single sphere S’ such that S’ is not tangent to any of the spheres 3S), 
S,. We shall also assume that the regions R and R’ overlap but 
neither contains the other. It is then to be proved that if the exr- 
svded Dirichlet problem (¢§ 2) is always solvable for RP it is always solvable 
R+ PR’. We know, of course ($3), that the extended problem is 
rable for RY. 
Let B be the boundary of the region R and C the set of curves in which 
houndary B intersects the boundary S’ of R’. Moreover, let EF and J 
the portions of B exterior and interior to S’ respectively and £’ and J’ 
parts of S’ exterior and interior to B respectively. Under certain con- 
ditions it may happen that either / or £’ contains no points at all, that is 
yv, that the boundary of one of the two regions lies wholly within the 
ther region. This will not invalidate the argument, however. 
Qn the boundary of the region R + R’, a set of values WP) is given 
that WP) is bounded, 
W(P)| < M, 


and continuous over all of the boundary B with the possible exception of 
certain analytie ares A. The problem is then to determine a solution of 
the extended Dirichlet problem for the region R + R’ corresponding to the 


arbitrary boundary value W(P?). Evidently we may assume without loss 
of generality that the funetion W (2) is positive everywhere on B — A. 
For, as the funetion W is bounded, there exists a constant C such that 
I 4 (' is positive on B — A. Moreover, if we can solve the problem 


corresponding to the positive boundary values W + . the required 

ition for the boundary values W will be obtained by merely subtracting 
the constant C from the previous solution. 

\ Now let uw; be a function harmonie in R, taking the assigned value W 

0 and the value zero on 7. Then by Theorem 3 if the boundary values 

are continuous, or by Theorem 7 if they are discontinuous, the function 1, 

ll take a system of positive values on J’. Now let u, be a solution for 
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190 GEORGE E. RAYNOR. 


the region R’ taking the values of u; on J’ and the required values W on E’, 
The function wu,’ will have a certain set of positive values on J, and we can 
form a new harmonie function for R taking the required values W on F 
and the values of u;’ on J. Proceeding in this manner by alternating 
back and forth from region R to region R’ we obtain two sequences of 
functions, 

hi ey i BD, +8, 


i. Me. @*e, Me 


the first set being harmonic and positive in R and taking the required 
values on E, and the second harmonic in FR’ and taking the proper values 
on E’. 

Now we see from the manner in which these functions are obtained 
that at any point P in R the functions wu are continually increasing. 
Furthermore, they are all bounded and hence approach a limit at /. 
Thus, by Harnack’s Theorem, the functions u,, uw, --- converge to a 
limit function «w which is harmonic at all points of R. By the same 
argument we see that the sequence of u’’s converges to a harmonic func 
tion u’ in R’. In the region or regions bounded by J, J’ and C the limits 
of the uw and wu’ sequences must coincide with the limit of the monotonic 
increasing sequence 


and hence in this region we have wu = u’. Thus, we may regard the limit 
function in R’ as a continuation of the one in R and we have thus obtained 
a single function V harmonic in the region R + R’. 

It now remains to be shown that the limit funetion V(?) approaches the 
value W(P) as the point P of R + R’ approaches a point P» of the bound- 
ary, provided P, is not on one of the ares A. We first consider the case 
where the boundary point Py is a point of FE. Since the boundary of the 
region Rk + R’ is made up of portions of spheres, no two of which are 
tangent to one another, a sufficiently small sphere S, about the point P? 
will certainly pass through points that are not of the region R + R’, as 
well as through points of the region itself. Moreover, if the sphere S 
is made to shrink to the point Py by allowing its radius to approach zero, 
the ratio p between the area of the part of S, interior to R + R’ and the 
total area of S, will remain, from a certain point on, less than some 
constant q less than unity. If two of the spherical portions on the bound- 
ary of R + R’ were allowed to be tangent at P», the ratio in question 
would approach unity instead of remaining less than q, but the case of 
tangency we have explicitly ruled out. 

We now construct a comparison function U, defined in the following 
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manner. Let So be a sphere with center at Py and radius so small that the 
ratio pp of the portion of Sy interior to R + R’ to the total area is less 
than g. Moreover, let N denote the least upper bound of the assigned 
boundary values W at points of B — A within the sphere S, and N 

\’ (\’ = 0) the least upper bound of the values of W at the points of 
fh — A asa whole. The comparison function Uy is then to be such that 

points of Sy within R + R’ it takes on the value NV + N’, at the re- 
maining points of Sy it takes on the value NV, at points within Sy it is 
harmonic and defined by means of a Poisson integral, using the boundary 
values just assigned on this surface So itself. Thus at points P of S, 
interior to R + R’, we have 


U(P) =N+N =2u,(P), 


nee no Value of the function u, can exceed the least upper bound of the 
assigned boundary values on B — A. Moreover, at points of B — A 
interior to No, 


U(P) =N = u,(P) n=1,2 
Therefore, by Theorem 7, the inequality 
i) U(P) = u,(P) n=1,2 


ld- at all points of the region or regions composed of the points of 
+ FR interior to So. Consequently, a similar inequality holds for the 
limit function V(P) also, 

U(P) = V(P) 


tall points of R + R’ interior to So. 


Now by Gauss’ mean value theorem, the value of Uo(P) at the center 
P of S, is given by 


8) UG( Po) po(N +N’) + (1 — po) N = N + poN’ < N +9. 


Moreover, since the funetion Uy is continuous within So, it will be possible 
to find a sphere S, interior to and concentric with Sy such that within and 
on S; the inequality 


UP) < N+ qn’ 


continues to hold. We are thus in a position to construct a second 
approximating funetion U,, harmonic within S; and such that at points of 
‘, interior to R + R’ the function U, takes on the value V + qN’, while 
ut the remaining points of S,, U, will take on the value \. 

\t points of S, interior to R + R’, we shall have for this new function 


U(P) = U,.(P) = u,(P), 
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192 GEORGE E. RAYNOR. 


while at points of B within or on S), 


UP) = NHN = af). 


Consequently, for points of R + FR’ interior or on S; we shall have the 
result 

6") ((P u,(P) 

and therefore, also, 

“i hy) = Fr, 


similar to (6) and (7) respectively. Moreover, the value of (7)) 2?) at the 


eenter Py of SN; 1s 
UP) = pyiN + gaN’) + (1 -— pi V+ pignN’ < N+ Nn, 
which is similar to (8S). Consequently, there exists a third sphere s 
interior to and concentric with S; within which we have 
Cth) < N+ EN 


By repetitions of this argument, it is possible to find a sequence of spheres 
So, Si, Se. Ss, -++ about P, and a corresponding sequence of functions 
(, Uy, Us, Uy, +++ such that within the sphere S, the function U 
satisfies the inequality 

Ui (PF) < N + oN’, 
while at points of R + R’ within this sphere 


UA?) > VP). 


Now, given any positive value e, the initial sphere Sy may be chosen 
so small that 
— € 
N <= W(P,) + —> 


/—) 


Moreover, the integer / may be chosen so large that 


gQN'< 


~ 


Thus 
_— Ui (P) < Wie.) +<« 
within S,, and 


)) ViP) < WIP.) + 





at all points of R + R’ within S.. 
In precisely the same way, using greatest lower bounds where before 
we used least upper bounds, we can prove the existence of a sphere S 
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shout Py within which 


10) VP) > WIP.) — «. 


Relations (9) and (10).establish the continuity of V(P) at Py. In similar 
fashion we can establish the continuity of the function V(P) at a point P, 
of the portion £” of the boundary such that P, is not on an are A. It only 
remains, therefore, to prove the continuity of V(P) at a point P, of ( 
which is not a point of A. This we do by constructing a series of spheres 


SS), >: about the point ?, and the corresponding comparison functions 
(Uy, +++, Just as before. The only difference is that in treating this 


ease, we have already established the continuity of the funetion V(P) 
, 


t all boundary points of R + R’ except those of A and C. Therefore. 
t cach step we obtain the relation 


U(P) > V(P) 


etly from Theorem (7) without having to consider the approximating 

ctions u,(P?) or v,(P) at all. Thus, the extended Dirichlet problem 

the region R + R’ is solved. 

(i. We are now in a position to establish Dirichlet’s problem for a very 
general type of region R. It will be sufficient to assume that the boundary 
Bot the region Ris such that if a sphere Sy of variable radius be drawn with 
center at any point 2, of B, then the ratio p of the Lebesgue surface 

-ure of the portion of the sphere interior to and on B to the total area 

i the sphere remains less than some constant g(P,) < 1 as soon as the 
dius of the sphere is less than some value r(P?,). This condition throws 
of consideration a region R bounded by a surface B possessing an 
uward pointing spur of too sharp a type, though an inward pointing 
nical point is perfectly legitimate, or an outward pointing spur of any 
degree of sharpness. As a matter of facet, it is easy to prove that given a 
ficiently sharp inward pointing spur on the boundary, the problem 
admits of no solution continuous at the tip of the spur. In the course of 
the discussion we shall see that the radius of S, need not shrink to zero 
continuously, it being sufficient merely that we ean find for each point ot 
Bat least one denumerably infinite set of spheres satisfying the above 
conditions, 

Before proceeding further we shall prove the following well-known 
lemma.* 

Limma. A three-dimensional region R can be covered by the interiors 


Cnn rably infinite set of sphe res. 


’ : r. = 
‘oo, for example, Poinearé, “Sur les Equations aux Deérivées Partielles de | 


tique,” in the Am. Jour. of Math., vol. 12, p. 211. 
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For, given any e > 0, the set o; of all points of R within a distance 
of « or more from the boundary B of R forms a closed set (which may be 
the null-set). Moreover, each point of o; is the center of a sphere S of 
radius e 2 and such, therefore, that S neither meets nor contains a bound- 
ary point of R. Consequently, by the Heine-Borel theorem, the set co, 
may be covered by a finite number of the spheres S. Consider next the 
infinite decreasing sequence of positive numbers 


The set of all points of R at a distance of at least e€ n but not more than 
e(n — 1) from the nearest boundary point of R forms a closed set o, such 
that each point of ¢, is the center of a sphere of radius ¢ (n + 1) lying 
wholly in R. Hence by the same argument as before, the set ¢, may be 
covered by a finite number of spheres of the type required. We have 
thus constructed a denumerable set of sets ¢, each covered by a finite 
number of spheres and such that between them the sets o, include all the 
points of R. It therefore follows that the points of R may be covered by 
a denumerable number of finite sets of spheres, that is to say, by a de- 
numerable number of spheres. 

Now, let the covering spheres be arranged in a sequence as is always 
possible since they form a denumerable set. Each member of the sequence 
will then be preceded by a finite number of other spheres. By examining 
the spheres in the order 1, 2, 3, --- and expanding each one slightly, 
though not enough for it to meet the boundary, we may always arrange so 
that no sphere is tangent to any of its predecessors. We shall assume in 
the sequel that the spheres have this property. 

Now let Wiz, y, z) be a function defined and continuous everywhere 
on the boundary B of the region R. We shall assume that there exists a 
function Fr, y, z) continuous in the domain R + B and identical with 
Wir, y,z) on B.* Let us now cover the region R with the interiors of a 
denumerably infinite set of spheres 


Bi, me,.--*, 8 


ney 


By means of Poisson's integral we can construct a function m'(z, y, 
harmonic within S,; and which takes on S; the same values as F(z, y, 2). 
We then define our first approximating function v,(z, y, z) to be equal to 
v,’ within and on S, and identical with F(z. y, z) in the remaining portion 
of R+ B. Now, if the spheres S,; and S, intersect, by means of the 


* For a proof of the existence of such a function, see an article by L. E. J. Brouwer in the 
Math. Annalen ,vol. 7, p. 209; or by Tietze, Jour. f. Math., vol. 145, p. 10. 
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alternating process we can find a function v2’ harmonie in the region R’ 
covered by the interiors of S; and S. and taking on the boundary of this 
region the same values as F(x, y, z). We then define a second approxi- 
mating function vz as equal to v2" in and on the boundary of R’ and identical 
with Fur, y, z) in the remaining portion of R + B. If S; and S, do not 
intersect, by Poisson’s integral we can obtain two functions vo’ and pr." 
harmonic in S; and Ss respectively, rv,’ taking the same values as F(x, y, 2) 
on SN; and vo’ the same values as f 


, 
’ 


r,y, 2) on S. Then the function vs 
will he taken as equal to vr,’ and v2” in and on S; and S, respectively and 
identical with F(z, y, z) in the remaining portion of R + B. Proceeding 
in this manner, step by step, we obtain a sequence of functions, 


Vig Ve, ** *5 Das 


heing harmonie in the regions covered by the interiors of the first 7» 
-pheres, taking on the boundaries of those regions the same values as 
For, y, 2) and identical with F(x, y, z) in the remaining portion of R + B. 
We shall now prove that as n increases the function v, approaches 4 limit 
function vir, y, 2) which will be continuous in R + B, harmonie in R and 
identical with Wor, y, z) on B, or, in other words, that the solution of 
Dirichlet’s problem exists for the domain R + B. 

Consider then a point P, of B and let W be the value of W(x, y, z) at 
this point. Let S, be a sphere with center Py) and radius so small that the 
ratio p of the Lebesgue surface measure of the portion of S, within or on B 
to its total area is less than some constant g <1. Let B,’ be the boundary 
of the region R’ within which the approximating function rv, is harmonic 
and M be the least upper bound of F(x, y, z) in R + B. Within B,,’ we 
know, by Theorem 2, that r, is less than the greatest value of F(x, y, 2) 
on B,’. Henee, sinee rv, is identical with F(x, y, z) inthe portion of R + B 
on and exterior to B,’, we have 


1] v,(%, y¥,z) = M 


at all points of R + B. Let M’ be the least upper bound of F(x, y, 2) 
within or on S». Let us now construct, by means of Poisson’s integral, a 
comparison funetion U,) harmonie within S,) and taking on the portion of 
S, interior to B the value M and on the portion exterior to B the value W’. 
We then have at once that within S, 


l2 Ve = FR’ = FW, g, 2). 


Now, if B,’ intersects So, the portion of R’ within So will be made up of 
regions bounded partly by So and partly by B,,' on which 7, = F(z, Yy, 2). 
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Hence on the boundaries of these regions we have 


13 Ue = Pas 
and by Theorem 4 the same relation will subsist within these regions. In 
the portions of the region R — R’ within Sy we have 

14 F(x, y, 2 


and hence by (12) we find (13) holding for this region. On the other hand 
if B,,’ does not intersect Sy we once more obtain (13) directly from (14) and 
12). Henee in each case we see that the comparison function (', is 
greater than all the approximating functions within So. 
We may now take a sequence of spheres S, with center Py) and with 
radii decreasing to zero and set up, precisely as deseribed in connection 


with the alternating process, a sequence of comparison functions 
U., Uy +-*, U 


such that inS,, 0°, will be greater than all of the approximating functions. 
Since Fur, y, Z) is continuous in Rk + B, given ane > Othe initial sphere S 
may be taken so small that within this sphere MW’ will differ from W, by 
less thane 2.) Then, since our decreasing spheres are subject to exactly 
the same condition as in the preceding section, we can take 7 so large that 
ultimately in S,, U,, will differ from the value W, by less thane. Hence 
all the approximating functions will be less than Wy + ein S,. Now by 
using greatest lower bounds where before we used least upper bounds we 
obtain by an exactly analogous argument that all the approximating 


functions will be greater than nw. — ¢ SOme sphere hia with center at 
P.. Hence if we let S,p, bea ~phere with center at 2, and interior to 
both S, and S,’, we have the result, given any e > 0 weean find for each 


point Pot Ba ~phere re with P as center within which the oscillations 
of the approximating functions 7, all remain less than Ve. From this se 
of spheres we can choose by the Heine-Borel Theorem a finite sub-set 
which will cover the boundary B. Consider now any point P?’ in the region 
R and draw about it a small sphere S’ Iving entirely in R. Let us now 
choose a value m of nso large that the boundary B,,’ of the region in which 


the a proximating function rv, is harmonic lies entirely in the above sub- 


set of spheres and encloses the sphere S’. By the above argument we 
have that for all values of n mn the oscillations of the approximating 


functions will be less than e everywhere on B.’ and hence by Theorem 2 
will be less than e on S’. There fore, by Theorem S the approximating 
functions converge to a limit in S’ whieh is harmonie in WS’. Hence tn 
particular, we have that at any interior point P’ of the region FP the 











4 
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pproximating functions converge to a limit, and this limit function is . 
harmonie at lt { 
It now remains to prove that our limit function » takes on the assigned 
dary values W tL, Y¥, 2) ON B. But this follows at once by precisely i 
same argument as was used in the case of the alternating process to i 
that the limit function there obtained approaches the proper bound- re 
values. We have precisely the same inequalities subsisting between 1. 
the comparison functions ara the limit functions, and by the restriction e 
the boundary B mse at the beginning of this section, we have the ie 
e condition op che decreasing set of spheres for each point of B. 3 
Hence we have finsily the result, : 
Turorem 9 Dirichlet’s problem has a solution for every region R 
houndary Bis such that, uf a sphere be drawn about any point of B, the | 
the measure of the points of the surface of the sphere interior to and has 
by to the whole area of the sphe re will ultimate ly remain less than unity as } 
is of thie sphere approaches ZETO, The shrinking proce SS need not + 
he nuous but may be made by a denumerably infinite set of steps only. ) 
i? 
i} 
1; 
{ 


wr 

mee 

—— 
hs . 


ae 58 


em i eg rm y 
argh FO rF 


z fe : 
oe estes Ad rer 





— jw he 








ANNIHILATORS OF MODULAR INVARIANTS AND COVARIANTS.’ 


By Oxvive C. Hazverr. 


Introduction. 


|. Abstract and relation to the literature. Up to the present, not very 
much has been accomplished toward developing a theory of modular 
covariants for the general case—i.e., for the general form or for the 
general field. Dickson has proved that modular invariants and covariants 
of any system of binary forms possess the finiteness property when the 
coefficients of the transformations are marks of any Galois Field GF[ p" | ot 
order p",+ and fundamental sets of invariants, seminvariants and co- 
variants have been found by various writers for the more important 
special cases.t But in these latter papers, one is struck by the fact that 
the methods used are ones which apply admirably to the cases considered 
but in some way fail of complete generality.$ 

Nevertheless, the results for the different special cases have analogies, 
some of which are rather striking. Some of these analogies are shown 
in the conditions that a given function ¢ be a seminvariant of a form f and 
in the closely related subject of annihilators of invariants and covariants. 
A few years ago, Professor Dickson found annihilators of modular semin- 


* Read before the American Mathematical Society 


y, September 6, 1920.0 The work of t! 
pauper has been facilitated by the purch ise of an abstract journal and other books from a gra 
made by the American Association for the Advancement of Science. 

Since finishing this Ms., there has appeared an article by W. L. G. Williams on * For 
modular seminvariants’’ (presented to the American Mathematical Society October 30, 1920; 
published in the Transactions of the American Mathematical Society for January, 1921), in 
which he proves Theorem III] of the present paper. Nevertheless, I have decided to leave m\ 
own paper unchanged, especially since his proof does not seem to me very convincing (see 30 

t “General theory of modular invariants,’’ Trans. Amer. Math. Soc., vol. 10 (1909), pp. 125 
158; ° Proof of the finiteness of modular covariants,” ibid., vol. 14 (1913), pp. 209-310. 

} Dickson’s results are summarized in his Madison Colloquium Lectures, “On invariants «1 
the theory of numbers’’ (1914). Glenn, “A fundamental system of formal covariants modulo 2 
of the binary cubic,” Trans. Amer. Math. Soc., vol. 19 (1918), pp. 109-118; “ Modular concomitant 
scales with a fundamental system of formal covariants 
vol. 20 (1919), pp. 154-168. 

§ Perhaps this statement should be qualified. The methods of constructing invariants a1 | 
covariants have generality in that they are applicable to other cases and some of them are appli- 
cable even for general modulus p or for the general form f; but none of them is applicable to a 
covariants of every form. 


modulo 3, of the binary quadratic,” 1bid., 





Invariants of binary forms under modular transformations,” Trans. Amer. Math. So 
vol. 8 (1907), pp. 205-232. 


198 








\NNIHILATORS OF MODULAR INVARIANTS AND COVARIANTS. 199 


variants of the binary quadratic and binary cubic analogous (in a general 
way) to those in classical invariant theory. Then he found a set of 
annihilators for modular seminvariants of a binary quadratic (or cubic) 
for some of the Galois Fields GF{p" ] of order p", where p is a small prime 
and n is greater than 1. This gives at once necessary conditions that a 
polynomial ¢ be a seminvariant of f. For the cases considered, he verified 
that these conditions are also sufficient. * 

The present paper attacks the problem in a slightly different way and 
obtains results which apply to any system of binary forms and any Galois 
Field GF[p"] of order p". The annihilators of modular invariants ob- 
tained in this manner are of the type anticipated in the paper by Professor 
Dickson: so also are the set of necessary and sufficient conditions that a 
polynomial ¢ be a modular seminvariant. It is interesting to note that 
these operators are also annihilators of formal modular invariants if no 
reductions are made by Galois’ generalization of Fermat's Theorem 
a a). Hence, since the modular covariants of a system S may be 
obtained from the modular invariants of an enlarged system S’, we readily 
have annihilators of modular covariants. In the same manner, we obtain 
annihilators of formal modular covariants. These annihilators lead to 
a set of nm necessary and sufficient conditions that a polynomial ¢ be a 
modular covariant (formal or otherwise). 

”. Summary of previous results. The first published work on anni- 
hilators of modular invariants was in a paper by Dickson. As he there 
pointed out, the differential operators which annihilate an invariant are 
more complicated in the theory of modular invariants than in the theory 
of classic invariants, for in a series of powers of an arbitrary mark ¢ of the 
GF op"), certain terms now combine—namely, (', ('**, ('***, ---, where 

p 1. Bearing this fact in mind, and applying Taylor's Theorem, 
he finds annihilators for some special cases. 

For the first example, he considers the form 


yt? + ayry + acy’, 


in Which the coefficients are integers reduced modulo 3. Let ¢ be a 
polynomial in the a’s with all exponents = 2. There is no loss of generality 
in doing this, sinee any polynomial may be reduced to this form by apply- 
ine Fermat's Theorem, which in this case gives us a? a (mod 3). Under 
the transformation 
P r=2r'+ ty’, 

’ 


7 = 2 


let a; and a, be transformed into a; + a; and ay + a» respectively, and 


in outline of his results, the reader is referred to § 2 of the present paper. 
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let ¢ be transformed into ¢’. Then, by Taylor's Theorem, ¢’ — © is 
readily expressed as a polynomial in a; and a, in which the exponents 
of the a’s are = 2 and the coefficients are partial derivatives of ¢ with 
respect to a; and a», divided by an integer relatively prime to 3. 

By rearranging terms, it is evident that 
g’ — ¢ = lie + bg, 


where 6,¢ and é:¢ are differential operators on ¢. A necessary condition 
that ¢ = ¢ is clearly 6:¢ = 0. It is not so evident, however, that this 
is also sufficient. In the classical case, 6.¢ 1s readily shown to be 36,(d;¢ 
= 36°¢. The classic procedure does not obtain here because 6, is a 
differential operator which applies only to a polynomial in which the 
exponents are all = 2, whereas the polynomial 6;¢ does not have all its 
exponents = 2. Hence we have no right to talk about 6)(6;¢) in this 
case. If we let [6:¢ ] denote 6:¢ in reduced form, i.e., with every exponent 

2, then 6:[6:¢ ] téo¢. Hence it follows that é:¢ 0 is both a 
necessary and sufficient condition that ¢’ = ¢; that is, ¢ Is a seminvariant 
of the binary quadratic modulo 3 if and only if é:¢ = 0. 

Dickson found that a similar statement can be made about the semin- 
variants of the other special cases that he studied, provided that the field 
is a Galois Field GF[p"] of order p where p is a prime. 

But, Just as soon as we consider seminvariants of a quantic in the 
GF{p"], where n > 1, then difficulties arise. If y is a polynomial in { 
of degree = uw = p" — 1, then 


Yia+t) — Pla) = Wi(a) +. 5H (6) Fore + at 'y’%(a) + 


When n > 1, the denominators 7! are not all relatively prime to p. Con- 
sider the quantic 


1 


y + aox™*y* + --- + day” 


(3) agt™ + a,z™" 


and subject z and y to the transformation 
r= x’ + ty’, : Pd n-| 
(4) ; (tin the GF| p" }). 


If ¢ is any polynomial in the a’s, and ¢’ denotes its transform, then 


(5) g’ —¢ loge + ie + --- + tbe + --- + “b,¢, 


where the 6; are differential operators. Professor Dickson considered 
special quantics when n > 1, and from his results he conjectured that 1 
general necessary and sufficient conditions that ¢ shall be an invariant 
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/ (3) under the group of transformations (4) are the vanishing of 6;¢ 
where t Loe. 
Nine years later, Professor Glenn* observed that, for the GF p], any 
formal covariant would have to be annihilated by 
res T Op + Or * + QOo7r- dl +--- +O d + 


Oy ~ OY? Oy? 

He does not say what the O; are except that they are partial differential 
operators “in the derivatives with respect to the coefficients of (3), non- 
homogeneous as to the derivatives the orders of which range from zero 
to infinity in each O,.”’ In this paper he points out that, if we proceed 

in the proof of Robert’s Theorem on the unique-determination of an 

vebraie covariant from its leader, we get relations among the coefficients 
of the covariant and the operators O, which are not recurrent as they are 

the elassie case. Under special conditions, he gives these relations; 
hut they are so complicated that they do not seem particularly useful. 


Annihilators for GF _p |. 

A preliminary formula. (Consider a system S of forms with coeffi- 
cients, the a’s, which are marks of the Galois Field GF[p"] of order p". 
Let ¢ be any polynomial of the a’s. When we subject the variables x 
nd y to the transformation 
‘ r=27+ly’ . wp 
se ry ({ any mark in GF[p")), 
let the a’s be transformed into the as and let ¢ be transformed into ¢’. 
Then, by the Lie theory, 


a l 
, q 
‘ Co = @ Qe T oat Oo 7 l ae ot 
where 
- , / 
le o-¢e 
5 U¢ ie ae Oiay = © 
ee ee & ee ee & 
Gl | tent al 
ind, in general, 
on? 
: ; O*¢ 
Ok, re/epk—1.,.) = ¥ 
ee & ee oe cv ah 
al t 


Note that @ is the Aronhold annihilator for the case when the a’s and ¢ 
are in the field of ordinary complex numbers. Hence, for the classic case, 
a hecessary and sufficient condition that ¢’ = ¢ is that Q¢ = 0. This is 
hot true, however, when ¢ and the a’s are marks of a finite field, since then 

Nhe formal modular invariant theory of binary quantics,” Trans. Amer. Math. Soe., 


191th » Pp. D45 556, especially pp. 5AT-5AS 
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the different powers of ¢ are not distinct and thus certain terms coalesce. 
If ¢ is any mark of the Galois Field GF{p"] of order p", then ¢°" = ¢ in 
the field (by Galois’ generalization of Fermat's Theorem). Thus, in the 
field, we have the congruence 

Ol tk( p"-1 x Cj2+k( p*—1) 

‘ tex. 2 


i011 — I: p" = 1) }! . 6[2 + k p" ia 1) }! 


= 


Ms 


Q) oe Se t 


2 Q(k+1 
ot 36 _ 

io (kh + 1)(p" -—1 |! 
In each of these coefficients, it must be borne in mind that the division 
by the factorial is purely a formal one. This is legitimate even when the 
factorial is not relatively prime to p, since 0%¢ dt? is always exactly divisible 
by q!. We shall write (9) for convenience in the form 
(9’) ~~ —_—_ Cf = tdi¢ + l-d0¢ + sa a l’du¢, 
where p = p™ — 1. 


4. Significance of the differential operators. Before proceeding any 
further, it will be well to pause a moment to consider the full force of the 
operators 6,. When the a’s and ¢ are independent variables, then ¢’ — ¢ 
is given by (8), where @ is the classical Aronhold annihilator denoted by 
U' in Lie’s theory. But when the a’s and ¢ are indeterminate marks of the 
GF{_p"], then ¢’ may be written in a variety of ways and for each such 
way of writing ¢’ we get a different expansion for ¢’ — ¢. When ¢’ 
denotes the result of replacing the a’s by the a's in a purely formal 
manner—i.e., without reducing by the aid of Fermat’s Theorem, we shall 
say ¢’ is written in unreduced form. If we go to the extreme of reducing 


the exponents of the ¢ so that they are all = » = p" — 1, then 
, Ag t- ‘he , {+ Aye a 
(10) o=- @ t + Rall. t- + ee if ° 
dt t 2! ol- t=—0 p! ol’ t<-0 
Gg tC ort — | 
But , is not now the same as Q¢ and the derivatives of higher orde1 
( t=0 


are not now the same as the corresponding iterations of 2. In fact, in 
the coefficients of ¢ we will now have not only the coefficient of ¢ when ¢ 
is written in unreduced form, but also the coefficient of (°°), of U° 
ete. Hence the coefficient of ¢ in (10) is the sum of a number of expres- 
sions—viz., the partial derivatives of the unreduced ¢g’ with respect to / 
of orders 1, 1+ (p" — 1), 14+ 2(p" —1), ---. A similar statement 
applies to the coefficients of the other powers of ¢ in (10). 

But ¢’ — ¢ is also given by the congruence (9). Hence, in (9), the 


’ 


coefficient of ¢ is actually congruent to the first partial derivative of ¢ 
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with respect to Cif we reduce by Fermat’s Theorem before differentiating; 


” <2 > eae 














the coefficient of & is congruent to 1/2! times the second partial derivative fi 
of ¢ with respect to ¢ if we reduce by Fermat’s Theorem first: and so on. 
Sinee this is true of any polynomial ¢’ in the a’s, then we would expect | 
that the coefficient of - would be found by applying the operator i 
l 71 1 +a 
Oo , go '.? , = ] yitku ‘a 
D, = —+ png te eh : = 
al (1 + °c 1) ]! al k o[ 1 hey |! ath 1: oe 
ty Dye’ and then setting ¢ = 0 in the result. This will be proved in the i 
~( jel, Hi 
5. Annihilators of modular invariants for G/'[3]. First we shall consider ; 
the case when the field consists of the classes of residues of integers taken : 
. 9 rn , hi 
modulo 3. Then (9') becomes t 
g’ = 2 ldie¢ + l-do¢, 
where 
5 =-o+¢toa4 bo 4 - Lg : 
31 5! 1 + 2k)! | 
t 
ee Ses eee aen.. Qreey 4 1] 
2! }! t}! [2(k + 1)]! (] 
\s indicated in § 4, we are led to suspect that 6. = 6,° 2!; at least our y" 
hope is enough to warrant our computing 6°. Now r 
r Tr ? 
‘Be Q1+2k I ©! DS 
m7 (] Qk)t 2. l QI) a 
. i 
() + _ I >) I = | t 2S 
|! |! 1 3 |! vio 1'5! >r OT ary! r 
l | 
(1 +72)! 3!f1 + G@ — 12]! 
+ ‘ O20G47) 
5! | I+a-2 2}! : ~ 


It is easy to verify for small values of 7 that the expression inside the 
braces in each coefficient is identically congruent modulo 3 to 2! times the 


corresponding coefficient in the expression for 6 and then proceed by 
tion. We leave the details to the reader. Thus we have 
; 5 em 
oe = 2 loie | 51 9 ¢v; 


and it at onee follows that a necessary and sufficient condition that ¢ ¢ 


od 3) is that bi¢ 0 (mod 3). 
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By interchanging x and y and also interchanging 2x’ and y’, it follows 
that a polynomial ¢ in the a’s is unaltered under the group of trans- 


formations 


fr =2 pale aa acc 
(11) eS (t, any mark in GF[3)), 
y=tr +y . Se 
if and only if 
= I ] ‘ 
(12) 65 = O+ L os 4. (ae Saree Qt 4 2... 


3! a) ai ' (1 + 2k)! 
in which O is the second Aronhold annihilator of the classic theory. 


6. Annihilators of modular invariants for GF{ pj. For the set of classes 
of residues of integers taken modulo a general prime p,* 


13) g —¢ = lie + CPbrye + +--+ + l?"5,_1¢, 
where 
6 =_ : 1@) 1( p—1) } ] is | 
) Hk + Up — 1) ]!> sa 
Here 


he c . I Ol+l( p-l ¢ QOlitr(p-! 
siiliel err tip - 1)" |Plress heat 
l ia 


a r : , . 7 Q2tets 
pp ere eV] r9 4 gp — 1)! 


Now the expression inside the brackets is congruent to 2 modulo p.— For, 
since by Fermat’s Theorem 
arty) rt+yP=r4+2ry4+ ¥° (mod p), 
whenever z and y are integers, the sum of the coefficients of all terms o! 
the form a2)*@7-Py!*e-)) must be eongruent to 2 modulo p. Thus 
6;> = 26. (mod p). 
Also 


- 2 


= 6,(6;°) = 26,6 


“ ] oa 2 l 
=2 gieta-n | > oe 
bes es \x| Bisset 


* Dr. Williams reasons thus: “A necessary and sufficient condition that ¢’ be independent o! 


tand so = y, modulo p, which it is when ¢ = 0, modulo p, is that dg’/At = 6, ¢, whence the theor 
follows”’ Transactions, vol. 22, p. 60). Ivery part of this statement is self-evident with th 
exception of the assertion that a sufficient condition that ¢’ — ¢ 0 (mod p) is that d¢g/dt — 0 


(mod p). Although such a statement is well known to be true when the field of definition | 
infinite and ¢ is a continuous function of ¢ where ¢ ranges over a continuous interval (a, }), 1 do 
not see how one is thereby justified in omitting the proof that the coefficients of the higher power- 
of tin gy’ — ¢ are actually the iterations of 4;¢ multiplied by suitable constants, even when t] 

field is finite. It is, however, very easy to give a careful proof. 
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[< ] 
» > " he - O3+8(p-1) 
és 34-a(p—1) 1+q( p—1) ‘ oe ° 
Le 243 I I [3 + sp — 1) }! 
I, this last member, the expression inside the brackets is congruent to 
3 mod p), since it is the coefficient of z’y in (x + y)**8-) when all 
exponents are reauced modulo p — 1. Thus 


n ] : 

a? = 2-3). Qtlr-) = Zl §. 

[3 + s(p — 1)]! ins 

In general, by induction, we have 
0 6,(6\* 1) 
3 . > ?* ' ils 
f6[1 + Up — 1) }! 
xfae—opy : 9 
15 o[(k — 1) + r(p — 1)}! 

kk — 1)! > > > tsi p—l ( 1 p—1 | 





l 
x a— | latte 
[k +; ai = 1) }! 

But the expression inside the last pair of brackets is the sum of the coefh- 

nts of all terms of the form 

lt) all ll i die 

the expansion of (a + y)**"*>",. But, when «x and y are any two 
tegers, 

rt y)tter-) = (x + yt = ot + hat ly + --- (mod p); 

and thus, since all terms of the form (16) in (2 + y)'*"?7? coalesce to 


vive the term aé~'y in (xr + y)*, 


d 
Therefore (15) gives 
17 ia kts Qed = hb, 
pe" S40k + s(p — 1)}!- | 
Since (17) holds when k has any value from 1 to p — 1 inclusive, 
1) becomes 
wat 
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Hence a necessary and sufficient condition that ¢’ = ¢ is that é;¢ = 0) 
in the field. Thus we have proved 

THEOREM I. Let S be a system of forms in the variables x and y with 
coefficients, the a’s, which may assume any set of values which are integers, 
reduced modulo Pp, a prime. Let ¢ be a polynomial in the a’s. Then a 


necessary and sufficient condition that ¢ be a modular invariant under the 


group of transformations x = x + ly’, y = y’ is that bi¢ = 0 (mod p). 
Here 6, ts the differential operator 
i i il ok I QO) 
p! [1 + 2p —1)]}! 
ain ee me QItK(p-)l) 4 


fl + kip — 1)]! 


in which Q is the (first) Aronhold annihilator used in the classic invariant 
theory. It must be remembered that, since the a’s are integers reduced modulo 
P; this theorem re quire Ss mere li that 6,¢ shall vanish afte r all possible reduc- 
tions have hee n made ria Fy rmat's The Orem. 

7. A second annihilator for modular invariants in GF[p |. By interchang- 
ing the roles of x and y in the above theorem, we have 

THEOREM II. Let S and ¢ be defined as in Theorem I. Then a 


necessary and sufficient condition that ¢ be a modular invariant under the 


group of transformations x = 2", y = tr’ + y’ ts that 6y'¢ Q (mod p 
where 
= l l 
61¢ O+ , 0 + — 
p [1 — 2 p= ] I 
l ; 
= ()! } 


Hi re Q) is thre second Aronhold annihilator used in the theory of classic in- 


variants and is given by the formula 


de fda 
ed | ot ) 

S. Two annihilators for formal invariants in GF{p]. In the last three 
sections, we have been considering modular invariants of S that were 
not (necessarily) formal and thus the a’s were integers reduced modulo 
p. Accordingly, the condition that ¢ be unaltered under the trans- 
formation 2 = a2’ + ty’, y = y’ was that 6,¢ shall vanish whenever the a's 
are in the field. If we now turn our attention to the corresponding 
problem for formal modular invariants, the a’s are no longer integers 
reduced modulo p, but are independent variables and consequently 4 
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i no longer congruent toa. If we follow through the reasoning of sections 
3 to 7, it is evident that the results still hold, provided all the work is 
purely formal and we do not replace a” by a. Thus we have 
TueoreM III. Let S be a system of forms in the variables x and y with 
cocflicients, the a’s, which are independent variables; and let ¢ be a polynomial 
the a's. Then a necessary and sufficient condition that ¢ be a formal 
odular invariant of the system S under the group of transformations x 
ty’, y = y’, where t is any integer reduced modulo p, is that 6,¢ be 
tically congruent to zero, modulo p. 
In the same manner, we readily prove the 
(oroLLARY. If the coefficients of some forms of the system S, say the 
a's, are independent variables while the coefficients of the other forms of S are 
cgers reduced modulo p, then ¢ is a modular invariant of S under the 
group of transformations x rot ly’, y = y' (where t is any integer taken 


modulo p) which is formally invariant under the group as to the a’s if and 


O° 0h acetate mattis sinh ma Oe ty i LOD mm lel 


only t 61¢ QO. where this congruence is an ide ntity in the a’s. 
By interchanging the roles of x and y in Theorem III, we have 

THroreM IV. Let S and ¢ be defined as in Theorem III. Then a 
ary and sufficient condition that ¢ be a formal modular invariant under 
the group of transformations 2 = 2’, y = tr’ + y’ (where t is any integer 

luced modulo p) ts that 6,'¢ be identically congruent to zero, modulo p. 
“. Two annihilators of modular covariants for GF{p]. By the aid of 
‘heorems IIIT and IV we can readily derive two annihilators of modular 
covariants (whether formal or otherwise). For it has already been 
shown that every modular covariant of the system S(.r, y)—with variables 
dy can be obtained in a simple manner from the modular invariants 
of the svstem S’ consisting of the forms of S(£¢, 7) and the additional 
linear me — £y in which the variables are & and ».* For every modular 
covariant of S(r, y) is a polynomial in L = xy — xy” and in the modular 
iriants M of S’ which have been made formally invariant as to x and y. 
by the Corollary of Theorem III, a function ¢ is a modular invariant 


oat S under the group of transformations induced by fae + ty’, 
and is formally invariant as to 2 and y under the group if and only ! 
if it is annihilated by 
A Q’ 4 qr A : Q” t 
be ' j . ! 
p! L1 + 2p — 1) }! 
> ] Qe p-l ; 
of 1 + k(p — 1)1! 

rt [1 | } p l }! \ 
Where © — : . Sinee L is itself a modular invariant of 8 (§, ao 

~ ae 


Amer. Math. Soc., vol. 21 (1920), p. 255. 
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namely, the invariant which is zero for all classes of S’(£, »)—-which has 
been made formally invariant as to x and y, this last statement applies 
also to L or to any polynomial in Z and in the modular invariants VM which 
have been made formally invariant as to rand y. Moreover, a necessary 
and sufficient condition that ¢ be a formal modular covariant of S is that 
Ai¢ be identically congruent to zero. Thus we have 

THEOREM V. Let S be a system of forms in the variables x and y with 


coefficients, the a’s, which may assume any set of values which are integers, 


reduced modulo Pp, @ prime. Let chea polynomial in the a’s and in x and y. 
Then a necessary and sufficient condition that ¢ be a modular covariant under 
the group of transformations x rot ty’, y y (where t is any integer 
reduced modulo P) is that Aye Q (mod p). This congruence must be an 


identity in the variables x and y. If, in addition, it ts an identity in the a’s, 
the ne is a formal modular covariant af S. 

If, in Theorem V, we interchange the rédles of 2 and y, we have 

THEOREM VI. Let S and © be defined as in Theorem V. Then a 
necessary and sufficient condition that ¢ be a modular covariant of S under 
the group of transformations x rey =tr'+y' isthat Aye QO (mod p). 
This congruence must be an identity in x and y. When the coefficients of S 
are inde pendent variables, then ¢ is a formal covariant of S under this group 
of transformations if and only if Arve Q (mod P), this congruence being 


an ide nlily in the a’s and in the variables x and y. 


Generalization to G/'| p” }. 

1). Annihilators for invariants. Thus far, / the coefficient of the trans- 
formation--has been an integer reduced modulo some prime p; now we 
shall generalize and consider the case when ¢ is a polynomial in some 
variable (say 7) reduced modulis a polynomial P(7) of degree n and some 
prime PD. Thus ¢ is congruent to one of the p" expressions of the form 
cot”! + cy" * + --- +6, i +c,, where the c’s range independently 
over the set of integers 0, 1, ---, p— 1. If Pd) is irreducible modulo /, 
then the set of all such expressions is closed under the processes of addi- 
tion, subtraction, multiplication and division (provided the divisor is 
not zero modulis P(7) and p), and it is called the Galois Field of order p’' 
denoted by GF p"). For any mark a of this field, we have holding 
Galois’ generalization of Fermat's Theorem, a’" = a (mod P(7), p). 

Let S be, as before. a system of forms in the variables x and y with 
coefficients, the a’s, which may be independent variables or indeterminate 
marks of the GF[p"]. A polynomial ¢ in the a’s is invariant under the 
group of transformations 


c= 2’ + ty’ (4, a mark of GF{p 
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and only if the inerement of ¢ is congruent to zero in the field. But, 


ey’ -—¢ Ll die, (u = p" — 1), 
where 
dn¢ > ilies i (tk = I, ,p" — 1). 
S[k + Up" — 1)! f 


This is congruent to zero in the field if and only if each 6.¢ = 0. 
Now in the work on annihilators for the GFLp"], we have already 
~hown that 


o 2 


14 6,’ i! 6, mod p) 
when / 1,---,p— 1. These results hold here without change, so that, 
jc  O, then 6.¢ = O when k < p. But, when & = p, although we 
til] have (19) holding, it does not now follow that, if 6,¢ = 0, then so also 
> 0. For, sinee 6,¢ is formally congruent to 6,’¢ p! in the field, 
then the vanishing of 6,¢ requires that 6,’¢ = 0 [mod pP(i) and p*]. 
Thus, when n > 1, there arises a second necessary condition which is 
independent of the first. 
Since the result of dividing by p + l—-where / = 1, ---, p — 1—and 
then redueing modulo p is the same as the result obtained by dividing by / 
and then redueing modulo p, it follows that, when 0 = / < p, 


7; oO,” _ Oy 01”) 6," 5) — p) 
re ; 
(A+ p)! kt p! I! 


Hence, if é,¢ 0, then 6,.,¢ Q in the field for 0 = k < p. When 
= p, we have 


6,” Ove mop" ; 
| p! | br + m(p" — 1) )!" 


l g2ptm(p®—1) 


[2p + m(p" — 1) ]ferr*™ ed 


‘ 2. Ca! 


in) which 


Now 
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210 OLIVE C. HAZLETT. 
whenever x and y are marks in the field GF[p"]. But »,C, »C’, modulo 


>) a 
p, sinee ~" t 1 (modulo p) when / # 0 (modulo p). Hence 


l ; 6,” P 5 
oy ry 02 p mod p). 
By induction, we see that 
P 1,” ey terion 
(20 “| fo eg 2 (mod p) 
p! ‘ Atlrtmr™—1 
I! 6,,. (mod p). 
Hence necessary and sufficient conditions that é.¢ (4 = 1, 2, +--+, p? — 1) 


shall vanish are that 6,¢ and 6,¢ shall vanish. 
More generally, by induction, we see that if s = ky + hip 4 


+ k,_,p"" (each / an integer between 0 and p — 1), then 
6," ee ] 6? |* 1 5,7" * Tea 
: = | 6; } aD ‘es I 
s! (eave i)! p! (K,—1)! i (p’ 1)! 


Hence we readily prove 

THEOREM VII. Let S be a system of forms in the variables x and y wit! 
coe fhicie nts, the a's, which may be inde pe ndent variables or may be inde- 
terminates ranging over the Galois Field GF{p"] of order p". Let ¢ be a 


polynomial in the a’s. Then nece ssary and sufficient conditions that ¢ be 


an invariant of S under the group of transformations x = x’ + ly’, y y 
where t is any mark: of GF{ p" }) are that ¢ be annihilated in the fi ld by 6 
where k = 1, p, p*, «++, p™. Moreover ¢ is a formal invariant of S if and 


only if these congruences hold identically in the field when the a’s are inde- 
pe ndent variables. 

In a similar manner, we find necessary and sufficient conditions that 
¢ shall be an invariant of S under the group of transformations x = 2’, 
y = tr’ + y’ (where ¢ is any mark of the field GF[p"]). 

11. Annihilators for covariants. We can now readily prove the analogous 
theorem for covariants, for the modular covariants of a system S are the 
modular invariants of an enlarged system S’. We leave the details of 
the proof to the reader since they are very similar to those given in § ‘. 
Thus we have 

THEOREM VIII. Let S be a system of forms as in Theorem VII and 
let ¢ be a polynomial in the a’s and in x and y. Then necessary and suffi- 
cient conditions that ¢ be a covariant of S under the group of transformations 
c= x + ty’, y = y' (where t is any mark of GF[p"]) are that ¢ be anni- 
hilated in the field by Ay where k L, PB, +++, pr. Here A, is defined 
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$9 and A ae . V oreover ‘a ee 
Tew I! 1)". Moreover, ¢ is a formal covariant of S if and 


A, go 


0 are inde pe nde nl variable B: 


only if these congruences 


0 hold identically in the field when the 


In a similar manner, we derive necessary and sufficient conditions that 


¢ shall be a covariant of S under the group of transformations x = 2’ 


) = te’ + y’ (where (is any mark of the field GF[p")). 
wNT Hotvoke COLLEGE, 
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SYSTEMS OF LINEAR INEQUALITIES. 


By Water B. Carver. 


In a paper under this same title,* Professor L. L. Dines found a neces- 
sary and sufficient condition for the existence of solutions of a system of 
linear inequalities, for both the homogeneous and non-homogeneous cases. 
His condition was expressed in terms of the ‘ J-rank”’ of the matrix. 
It is the purpose of the present paper to give, in a quite different form, 
a necessary and sufficient condition for the non-existence of solutions; and 
to consider the questions of the independence of a system and the equiy- 
alence of two systems. 

Let S represent the system of m linear inequalities in n variables, 


in which the 6s may or may not all be zero. For brevity we may write 


n n 
L(x) for > air; + B and L,’(x) for ait, 
J=1 j=1 
The matrix of the coefficients, a (not including the @’s), will be 


denoted by WM. 

A system of inequalities will be said to be consistent or inconsistent 
according as solutions of the system do or do not exist. A single inequality 
will be inconsistent only when 


Q@i1 = @i2 = --- = ay, = V, and B; = @. 


THEOREM 1. If for a system S the rank of the matrix M is m, the system 
is consistent. 

We may suppose that the non-vanishing determinant of order m 
in the matrix M is made up of the first m columns of the matrix; and 
consider the set of equations, 


PR 
Since the determinant of the coefficients does not vanish, solutions of 
this set of equations exist for any values of the c’s. Fix e’s satisfying the 
relations c; > — 8,, and let a, ao, --- a,, be the solution of the resulting 
set of equations. Then evidently a), a2, --- a», 0, --- 0 is a solution of 
the system S of inequalities. 


* These Annals, vol. 20, p. 191 


to 
to 
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\ system S of m inequalities will be said to be irreducibly inconsistent 
when the system S is inconsistent, but each sub-system of m — 1 in- 
equalities in S is consistent; i.e., when the omission of any one inequality 
from the inconsistent system leaves a consistent system. A single in- 
equality will be irreducibly inconsistent if it is inconsistent. 

TuroreM 2. If the system S is irreducibly inconsistent, there exists a 

of constants ky, ke, +++ Kmsi, homogeneously unique, such that 


™ 


kL, XU) + haa Q, 
c=i 


lo hu. +++ hy being positive and k,,., positive or zero; and the rank of the 
matric M must be m — 1.* ; 
hv hypothesis there exists a set of numbers ay, ay, +--+ a, or, briefly, 
point? a, which satisfies all the inequalities except the first one. This 
may be conveniently expressed by saying that there exists a point a 
which gives the row of m symbols 


ih 2 awe « wt OU 


the double symbol ‘0 indieating that L,(a) is either negative or zero, 
and the following plus sigus indicating that each of the expressions L,(a), 
for / # 1, is positive. Similarly, there exists a point giving each of the 


] { ~ 
“| 0 + 4+ + + + 4, 
+ + QO + Ts 
ct ae He & « « & 


' ' ' 


li, and hy are any two positive numbers whose sum is unity, we may 
~peak of the point hya + hob (i.e., the set of numbers hia, + hebi, hide 
hobo. +++ hya, + hob,) asa point between a and 6. Since the expressions 
Lov) are linear, Liha + hob) = hyL(a) + hel (b). Suppose now that 
a point 6 should exist which, when substituted in the L’s, makes at least 
one of them positive and all of them either positive or zero; giving, for 


stance 


+ 00+ :- +: + +. 
“ince there is a point a which gives 
0 -t. + + “ ’ . +, 


rhe method of proof of this theorem was suggested to the author by Professor Hurwitz. 
Whether the svstem S is or is not homogeneous, the set of numbers indicated by the phrase 
ta" will not be a homogeneous set; i.e., the point a does not mean the set of numbers 


" 
1p 
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it is evident that there would be a point between a and 6b which would 
make the L’s all positive. But this is contrary to the hypothesis that 
the system S is inconsistent. Hence every point which, when substituted 
in the L’s, makes at least one of them positive, will also make at least 
one of them negative. It follows that where we used the double symbol 
“0” above, the zero can not occur; and that there are therefore points 
giving each of the rows 


— + — — . . . + 


+ + + + . . . eS 


Again, if the points a and b give respectively 


and 


= aes = S aie ol 
7 ° . . - 
Ty 


then some point between a and 6 will make L(x) vanish, and will give 


O—- + tsesnw 


' 


This point must make L.(.r) negative, as indicated, because we have shown 
that a point which makes any of the L’s positive must make at least one 
L negative. Evidently, then, there exists a point which makes any 
arbitrarily chosen L vanish, any other one negative, and all the rest 
positive. 

Between the two points which give respectively 


and 


there is similarly some point which gives 


Se a as se ee Oe 


By continuing this process, it is evident that we can establish the existence 
of a point p such that 


L(p) = 0, i #8, t; Lp) <0, and Lip) > 9, 


L, and L, being any two of the L’s chosen arbitrarily. Also, by carrying 
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ihe process one step further, it may be shown that there exists a point q 
such that 
Liq) = 0, Ll #8; and L.(q) = 0. 


lf, now, there exists a set of constants /,, hs, Kms, not all zero, 
such that 


DkiL(x) + kena: = 0, 


| 


it ix evident that the identity 


yk L.’ (x) Q) 
(a: | 


must also hold, and that /,,,, must be equal to — Yf="'k.3.. Sinee the 


<ystem S is inconsistent, the rank of the matrix MW must be less than m 
by theorem 1); and hence it follows that there is at least one set of 
eonstants hy, ke, --- k,,, not all zero, such that 


yk L(x) (0). 


If we first suppose that our system S is homogeneous, L,/(2) = L(x), 
and we have 


AA wv) (). 
Substituting the point p in this identity, we have 
keL.(p) + kL p) = 0; 


und since Lip) <0 and L,(p) > 0, it follows that either /, and /, are 
both zero, or neither of them is zero and they have the same sign. But 


these are any two constants of the set fy, As, --- k,,; and sinee not all of 
them are zero, none of them are zero and they all have the same sign. 
They may evidently all be made positive, and ky, fs, +--+ &,, 0 is then 


such a set of constants as our theorem requires. 
Suppose, on the other hand, that the system S is non-homogeneous. 
Then L,'(r Lix) — 3,, and we have 


DAL, I) Yk By. 
{=| i=| 
Substituting the point g in this identity, we have 


hk L.Aq) : yk 5. 


lf S/3, #0, then k&, + 0 and differs in sign from Sk,3;. This means 
it none of the k’s are zero, and that. all of them have the sign contrary 
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to that of }4,8;. We may make them all positive, and with k,,,, 
— ¥i,3, we have a set of constants of the kind required by the t!eorem. 
For the case 3k,8; = 0, none of the /’s are zero, by the same argument 
that was used in the homogeneous case. Hence there must be a point ¢ 
such that L,(q) = 0,7 = 1,2, --- m. It follows that the transformation 
tr; = 2; +4), j=1,2,---n, 
sends this non-homogeneous system into the corresponding homogeneous 
system. And since such a transformation does not affect the existence 
or non-existence of solutions, the corresponding homogeneous system 
must be irreducibly inconsistent. It follows then, from our treatment 


the same sign. Taking them all positive, and putting /,,.,; = 0, we have 


of the homogeneous case, that the set of constants /), ko, +--+ k,, all have 


such a set as the theorem requires. 

We have then shown that for any system, homogeneous or non- 
homogeneous, which is irreducibly inconsistent, there exists at least one 
set of constants, fy, fo. --- k,,, not all zero, such that 


that in any such set none of the constants is zero, and all of them may be 
taken as positive; and that when we adjoin to any such set 


we then have such a set of /’s as our theorem requires. It will follow 
that this set of constants is homogeneously unique when we show that 
the rank of the matrix M must be m — 1. 

Suppose that the rank 7 of the matrix M were less than m — 1. Then 
for a properly chosen sub-set of 7 + 1 of the inequalities, say the first 
r+ 1 of them, there would be a set of constants fi, fo, --+ fryi, not all 
zero, such that 


These 7 + 1s, together with m — r — 1 zeros, would make up a set ol 
k’s such that 


But we have shown that one of such a set of k’s can not vanish unless they 
all vanish. Hence the rank of the matrix M can not be less than, and 
7? 


must therefore be equal to, m — 1. And it follows that the set of fs 
is homogeneously unique. This completes the proof of the theorem. 
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It is rather obvious that if solutions exist for a homogeneous system, 
they exist for any corresponding non-homogeneous system; and that the 
converse is not true.* But it follows from the proof of the lest theorem 
that if a non-homogeneous system is irreducibly inconsistent, the same 
will be true of the corresponding homogeneous system. 

\nother by-product of the proof of the last theorem is the following 
fact: If in the matrix M of an irreducibly inconsistent system S we pick 


out any non-vanishing determinant of order m — 1, and throw out all 
the columns of the matrix except those involved in this determinant. 
we have left a matrix of m — 1 columns and m rows, in which the m de- 


terminants of order m — 1 alternate in sign, none of them vanishing. 
THEOREM 3. A necessary and sufficient condition that a given system 
S be inconsistent ts that there should exist a set of m + 1 constants, ky, k- 
such that 


™ 


Dkr) + kms = 0, 


(=! 


af least one of the k’s being positive, and none of them being negative. 

\s to the sufficiency of the condition: suppose that a point a is a 
solution of the system, ie., that L.(a) > 0, 7 = 1, 2, --- m. Since at 
least one kis positive, and none are negative, it is obvious that the identity 


m 


kL (7) + Kaas 0) 
=| 


id not hold for this point. Hence there can be no solutions. 


lt remains to establish the necessity of the condition. If the system 
‘is inconsistent, but not irreducibly inconsistent, we may drop out some 
inequality from the system which will leave an inconsistent sub-system 
of | inequalities. If this sub-system is not irreducibly inconsistent, 
we may drop one inequality from it, leaving an inconsistent sub-system 
of wm — 2 inequalities. By continuing this process, we must finally arrive 
un irreducibly inconsistent sub-system of p inequalities, where 1 = p 
We may think of this sub-system as consisting of the first p of the 
inequalities of our system S; and, by theorem 2, we have a set of constants 
Whisks, +++ hy, Kmai, such that 


Yk L.(2x) + Recad Q), 
i=l 


Miohs. +++ ky being positive, and k,,,, positive or zero. If now we put 
Ket = Ieeas ... = k, = 0, we have the set of constants required by 
our theorem. 


In connection with the above proof it may be noted that an inconsistent 


*Cf. Dines, loc. cit. 
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system S may have a number of different irreducibly inconsistent sub- 
systems. The rank of the matrix of any such sub-system of p inequalities 
is p — 1, and can not be greater than the rank 7 of the matrix WM. Hence 
we must always have p= r+ 1. Fora given inconsistent system, there 
may or may not be an irreducibly inconsistent sub-system containing as 
many as r + 1 inequalities.* 

An inequality will be said to be superfluous in a system S, in which 
m = 2, when it is satisfied by every point which satisfies all the other 


inequalities of the system.7 In an inconsistent system, m — 2, an 


inequality can be superfluous if and only if the sub-system obtained by 
omitting this inequality is inconsistent. We therefore have at once 

THEOREM 4.) The necessary and sufficient condition that the inequality 
Lox) > 0 should be superfluous in an inconsistent system S is that ther 
should exist a set of constants Ko, a | ly such that 


DALAz) + kerr = 0, 
¢=3 


with kk. = 0. at least one k: positive and none negative. 
THEOREM 5. The necessary and sufficient condition that the inequality 
L.ix) > O should be supe rfluous ina consistent system S is that there should 


exist a set of constants ky, he, +++ Rm.y, such that 
TELA2) + ke, = @ 


ks, and no other k being negative, and at least one k being positive. 

The sufficiency of the condition is rather obvious. We have by 
hy pothesis 
ky, I; 1] i: 


L,(z)+---4 "L,-\(z) + * L..:{2) 


LAr) 
ae - 


for the system 


» 3 


* For instance 


Dz > (), 2) t2>9 o) —2r,; —%2- 5 > 0, 1 fr, + Jre + l > 


for which r = 2, if we drop 1), we have at onee an irreducibly inconsistent system with p 
but if we first drop (1), we must then drop (2) before we arrive at an irreducibly inconsistent 
system with p = 2. Again, in the system 


aoe 2 +45G 2 =3>h «Heme + 1S 
for which r = 3, we ean drop only the first inequality, giving p = 3. 
+ For the case m = 1, we shall define an inequality to be superfluous/in the system consisune 
of itself alone when and only when it is an identical inequality, i.e., when all the coefficients of 1 
variables are zero and the constant term is positive. It is readily verified that the necessary ane 


sufficient conditions of the next two theorems are in accord with this definition. 
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where at least one coefficient on the right is positive and none are negative. 
If in this identity we substitute a point a which satisfies all the inequalities 
of the system except possibly L,(7) > 0, we see at once that L,(a) must 
also be positive. 

To prove the necessity of the condition, consider a system S’ obtained 
by replacing the inequality L,(x) > 0 in S by the contradictory inequality 


Lic) > 0. By hypothesis, every point which satisfies the inequalities 
of S other than L,(2) > 0 must also satisfy this inequality, and hence can 
not satisfy the inequality — L,(7) > 0. Hence S’ is inconsistent, and 
there exists a set of constants /), fe, --- Amoi. such that 

fig) + ise SE mF (z) + hf — L(x)} + --- Relea rv) + Raves (), 
least one / being positive, and none negative. Moreover, we know 
that /. + O, and that at least one other / does not vanish, for otherwise 
the system S would be inconsistent. If then we replace hk, by — k., 


} 


we have the set of constants requifed by the theorem. 

\ s\ stem S will be said to be inde pe ndent if it contains no superfluous 
inequalities. In accordance with this definition, an irreducibly incon- 
sistent system is an inconsistent system which is independent. <A single 
nequality will always be independent except in the case of the identical 
nequality noted above. 

Two systems may be said to be equivalent if every point which satisfies 
either of them satisfies the other one. Any two inconsistent systems are 
equivalent, and an inconsistent system can not be equivalent to a con- 
~istent system. A single inequality is obviously equivalent to another 
~ingle inequality when and only when they are identically the same except 


possibly for a positive constant factor. 
TuroremM 6. If tivo systems S and SX, each of which is independent 
and consistent, are equivale nt, the number of inequalitic s in the two syste MLS 


same, and cach inequality of one system is equivalent to one and only 
nequality of the other system; v.e., the inequalities of the two systems are 


al exce pl for possible positive constant factors. 


Let Lor) > 0 be any inequality of the system S. Since it is not 
spertluous in S, and S is consistent, there must exist a point a such that 
Loa 0,7 4s, and La) = 0; and also a point 6 such that L,(b) > 0, 

1.2. ++. m. Henee there must be a point ¢ coincident with a or 
between a and b, such that L,(c) > 0, 7 # s, and L.(e (). Since there 
ix one such point, there must be an infinite number of them; for every 
point satisfying the equation L,(2) = 0 and lying in a sufficiently small 


region about ¢ will satisfy the same conditions. Let @ represent the set 
of all points satisfying these conditions, L,(c) > 0, 7 4s, and L,(c) = 0. 
Let H represent the set of all points satisfying the system S. Che only 
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limit points of H which do not belong to H are points which satisfy the 
equations L(x) = 0 for one or more values of 7, and the inequalities 
Lx) > 0 for the remaining values of 7. The points of the set G are such 
limit points of H. But since, by hypothesis, H is also the set of all points 
satisfying the system SX, each point of the set G must satisfy at least one 
equation A,(.1) = 0 corresponding to an inequality A,(7) > 0 of the set ¥. 
And since there are only a finite number of inequalities in the set ¥, 


at least one equation, say \,(.c) = 0, must be satisfied by an infinite number 
of points of G. Hence the equation A,(7) = 0 must be equivalent to 
the equation L.(r) = 0; and the inequality A,(7) > 0 must be equivalent 
to the inequality L.(.r) > 0. Moreover, an inequality of S can not be 


equivalent to more than one inequality of }, for in that case these in- 
equalities in } would all be equivalent to each other, and all but one of 
them would be superfluous in © 

If one drops a superfluous inequality from a consistent system S, 
the remaining system of m — 1 inequalities is evidently equivalent to 
the original system. If this system of m — 1 inequalities is not inde- 
pendent, a superfluous inequality may be dropped from it. By continuing 
this process, we must finally arrive at an independent sub-system equiv- 
alent to the original system.* The order in which the superfluous in- 
equalities are dropped in this process is immaterial; for, by the last 
theorem, any two independent sub-systems obtained in this way can differ 
only by positive constant factors in the inequalities. This is in distinet 
contrast to the facts for an inconsistent system. 


ITHaca, N.Y. 


* The only exception is the trivial ease in which all the inequalities of the system S are the 


identical inequalities noted above. 





EULER SQUARES. 


By Harris F. MacNersn. 
|. Introduction. Iuler Squares were first considered in a_ paper, 
“Recherches sur une espéce de carrés magique,’”’ Commentationes Arith- 
meticw Colleetar, 1849, vol. IT, pp. 302-361. In this paper Euler pro- 
posed the following problem now well known as ‘‘The problem of the 36 


officers. '* Six officers of six different ranks are chosen from each of 
-ix different regiments. It is required to arrange them in a solid square 
<«) that no officer of the same rank or of the same regiment shall be in 
the same row or in the same column. The problem is equivalent to that 
of arranging 36 pairs of integers, each less than or equal to six, in a square 
array so that the first (or second) numbers of the pairs in any row or 
column are all distinet, and no two pairs are identical. Such a square 
array would be called an Euler Square of index 6, 2. 


In this paper we shall be concerned with more general syuares defined 
as tollows. An Euler square of order n, degree k and index n, k is a square 


array of n° k-ads of numbers, (a,)1, 2. +--+, @ij.), Where aj;;, = 1,2, ---, 7; 
1,2, +++, ks a, 7 = 1, 2, +++, 5 0 > Bs Gipr F Cigr BNE Eye ¥ Coir for 
p + q and 4;;-Ajje # ApgrA pgs for i + pandy + g. 


The impossibility of constructing squares of index n, 2 for n = 2 
mod 4) was stated without proof by Euler in the paper referred to above. 
\ very laborious proof for index 6, 2 obtained by combining two squares of 
index 6, 1 has been given by G. Tarry (Mathesis, vol. 20, July, 1901). 
\ geometrical proof by methods of Analysis Situs has been given by J. 
Petersen (Annuaire des Mathématiciens, 1901-02, pp. 413-426). A 
third method is given for index n, 2, n = 2 (mod 4), by P. Wernicke, ** Das 
Problem der 36 Offiziere,” Jahresbericht der deutschen Mathematiker- 
Vercinigung, vol. 19, 1910, p. 264. The method of Wernicke is proved to 
he incorrect in an article under the same title in the same journal, vol. 31, 
122, p. 151, by H. F. MaeNeish. An Euler Square of degree one is 
called a Latin Square and of degree two a Grweco-Latin Square. 

We shall show how to construct Euler squares for the following cases: 
1) Index p, p — 1 for p prime; (B) Index p", p" — 1 for p prime; (C) 
Index n,k, where n = 2" py pes ++ for pry Pay o °° distinet odd primes and 
where i: + 1 equals the least of the numbers 2’, pi", pes, *7°- (The 

Cf. Ahrens, Math. Unterhaltungen und Spiele. Leipzig, 1901, Chap, NIT. Eneye. des 
‘el. Math., ‘Tome I, vol. 3, Fase. I, p. 72 
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999 HARRIS F. MACNEISH. 


proof that type (C) is impossible for degree greater than this value of / 
is a generalization of the Euler problem of the 36 officers which has not 
been proved. The simplest case would be to prove that the Euler Square 
of index 12, 3 is impossible.) 

”. A geometrical interpretation of the Euler Square. For simplicity we con- 


sider first the Euler Square of index 3, 2, 
i 22 a @ 
7 -— oe hoo 
SS 3.2 Fh. 


The generalization to index n, 2 offers no diffieulty. We shall eon- 
sider the numbers 1, 2, 3 as representing points, and the first column 
omitting 1, 1 as representing the triangles 1, 2, 3 and 1, 38, 2 where the 
order of the numbers following 1 is the same as the order of the numbers 
in the number pairs in the Euler Square. Also in triangle 1, 2, 3 for 
instance 1 shall be called the first vertex, 2 the second vertex, 3 the third 
vertex; 1, 2 shall be called the first side, 2, 3 the second side and 3, 1 the 
third side. To make a diagram in a plane representing the six triangles 
of this Euler Square, the first sides shall be drawn as straight lines, th 
second sides as ares bending outward, the third sides as ares bending 
inward; giving the following figure in which segment 7j is the same as 
segment j/ only when they are both first sides, second sides, or third sides. 


1 





2 3 


In a more complicated figure the second sides instead of bending out- 
ward might be represented by red lines or dotted lines, and the third side- 
by blue lines or dashed lines. 

Evidently then each segment has precisely two regions abutting upon 
it, for 77 is an rth side in but one triangle and ji is an rth side in but one 
triangle and the two triangles are distinct. 

We shall also consider any segment as positively or negatively related 
to a triangle which it abuts according as the numbers specifying that side 
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in the notation for the triangle occur in the cyclic order (123) or the evclic 
rder (132); and a point as positively or negatively related to a segment 
which it terminates according as it is the first or the second point in the 
notation for the segment as chosen above. 

This Euler Square therefore represents a closed two-sided two-dimen- 

nal complex (see ‘* Manifolds of m dimensions,” O. Veblen and J. W. 
Jexander, Annals of Math., vol. 14, p. 164) and the two matrices Ay , 
nd 1,» defining it are as follows, where 1 indicates incidence and positive 
relation, — 1 indicates incidence and negative relation and 0 indicates 


. 
non-lMcldencee ¢ 


Lines as first sides Lines as second sides Lines as third sides 
2 23 1,2 2,3 1 3 23 Es 
| l 0) —] l Q --!1 l 0 —] 
» — | l 0 —| ] Q —| l 0) 
} 0 —] ] 0 —] | 0 —| | 
Triangles 1238 132 231 213 312 321 
First 
sides 
12 l (0) () —] () (0) 
] 23 () 0) l 0) () —|] 
31 () —| () () l 0 
second 
sides 
fs 0 0 Q Q l —] 
23 l —] 0 0) 0 () 
31 0 Q) l —]| 0) 0) 
Third 
sides 
12 (0) — | l (0) () () 
03 () () () —| | (0) 
b, ol l (0) 0) 0 0 — | 


The Euler Square specifies all of the incidence relations of the con- 
figuration given by these two matrices in a more compact form. 
The Euler Square of index n, 2 for n = 2 (mod 4) is impossible. From 


paragraph 2 in the general case the Euler Square of index n, 2 represents 
. : ° ° . ° » ») 
closed two-sided two-dimensional complex with n points, 38n(n — 1) 
segments and n(n — 1) triangular regions. 


If the complex is a single two-dimensional circuit (loe. cit., Veblen and 
\lexander, p. 166), the configuration is a polyhedral region and the ao = 2" 
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points, a, = 3n(n — 1)/2 segments and a, = n(n — 1) regions satisfy the 
relation 
a — a, +a, = 2 — 2p 1) 


for some positive integral value of p, in which case p represents the genus 
of the surface of the polyhedral region. (See Veblen and Young, * Pro- 
jective Geometry,” vol. IT, § 18S.) 

We shall consider the values of p for various Euler squares. If p is 
not a positive integer no configuration exists of the above type, hence no 
Euler square exists. If the square of index n, 2 does not exist, then the 
square of index n, / for / > 2 cannot exist; hence we shall first consider 
squares of index n, 2. 

(A) For an Euler Square of index n, 2, if the configuration is a single 


two-dimensional circuit, 
ag =n, a, =—n(n — 1), a. = n(n — 1). 


From (1) 
n —‘-n(n —1) + n(n — 1) = 2—2p. 
» 


Then 
p=1 4! n(n — 3). 
4 
Therefore n must have the form 4/ or 4k + 3. 


(B) If the configuration is separable into m two-dimensional sub- 
circuits, each of the n vertices must occur in the same number mm’ of 


circuits. For one of these circuits ap = n,, ay = 3k,/2, a2 = k,, therefore 
n, —k,/2 = 2 — 29,. 
Taking the sum of the m equations of this type, 
mn — n(n — 1)/2 = 2m — 20 4q,, 


or 
n(2m' — n +1) =4(m— >9i)- 


Therefore n must be a multiple of 4 or 2m’ — n + 1 must be a multipl 
of 4, in which latter case n must be an odd integer. 

In neither case (A) nor (B) can n have the form 4k + 2, therefore the 
Kuler Square is impossible for order n = 2 (mod 4). 

If a configuration representing a single circuit determined as abov 
by an Euler Square of index n, 2 be projected on a surface ot the same genus 
so that none of its segments intersect, since at each vertex the same numbe! 
of segments 3(m — 1) and the same number of regions n — 1 meet, ther 
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amar) 


is determined a regular reticulation of the surface. H.S. White has con- 
sidered regular reticulations for surfaces of genus p = 2,3, ---,9. When- 
ever the genus determined by an Euler Square lies in that interval. the 
corresponding reticulation appears in his list. (H.S. White, ‘‘ Numerically 
Regular Reticulations upon Surfaces of Deficiency Higher than One,” 
Bull. Amer. Math. Soe., vol. 3, p. 116, vol. 4, p. 376.) 

The following is a table of the genus of the surfaces upon which Euler 
Squares of order n = 3, 4, ---, 12 may be developed: 


2 circuits , circuits $ circuits 


|. Methods of constructing Euler squares. .\s the members of the first 
row are arbitrary subject to the restrictions of the definition, the numbers 
of the ‘th /-ad of the first row may all be taken equal to i merely by proper 
choice of notation. Also since the rows may be permuted the initial 
members of the first column are taken in the numerical order 1, 2, 3, 
Furthermore the second k-ad of the first column may be taken in the 
numerical order 2, 3, 4, --- since the same permutation may evidently 
he applied to all the A-ads of an Euler Square. 

A) Supposen = p, paprime > 2. Call G, the eyelic group of powers 
of the substitution S; = (1, 2, 3, ---, m), and G, the eyelie group of the 
powers of a substitution S. of the numbers 2, 3, ---, , omitting 1, so 
chosen that it does not send any two numbers to the same two numbers 
as any substitution of G;. For n = 3 or n = 5 there is only one choice 


for S., for n = 7 there are 7 choices and the number of choices increases 
rapidly with n. To construct the Euler Square of index n, n — 1 apply 
the substitutions of G, to the (n — 1)-ad 2, 3, 4, ---, n which was chosen 


us the second member of the first column, to obtain the remaining members 
of the first column, then apply the substitutions of G, to the first column 
to obtain the other columns. 


S, and S. generate a group G of degree n and order n(n — 1) called 
the group of the Euler Square. All of the n(z — 1) members of the Euler 
~quare omitting the first row may be obtained by applying the sub- 
stitutions of G to the (n — 1)-ad 2, 3, ---, n. For example for n = 5, 
the Euler Square of index 5, 4 is obtained from S, = (1, 2, 3, 4, 5) and 
So 2, 3, 5, 4) as follows: 

mm 25 By ee @ ..3,3,3 4,4, 4, 4 5,5, 9,9 
2,3;4,5 3,4 65,1 4,5,1,2 51,2, 1, 2, 3, 4 
3,9, 2,4 4,1,3,5 a, 2, 4,3 1, 3, 3, 2 ee 
, 2,3,3 5, 3, 1,4 1,4, 2,5 2, 5, 3, 1 3,1, 4,2 
=} Ree ee 23 4, 3, 2, 1 
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In a similar manner an Euler Square can be constructed of index p, 
p — 1 for any prime p. 

Remark. A cyclic group of even order has a subgroup of order 2. 
Therefore any Euler Square of order 24 + 1 is separable into k Euler 
Rectangles, because G, is a eyelic group of order 


J. 


2k and hence has a sub- 
group G; of order 2. Each Euler Rectangle will give a separate circuit 
in the configuration, hence an Euler Square of order 24 + 1 represents 
k circuits on a surface of genus 1, for 
ao = 2k + I, a, = 3kh(2k + 1), As 2h(2k + 1). 

Therefore from (1) p x 

For instance, in the square of index 5, 4 above, the first, second and 
fifth rows form one Euler Rectangle and the first, third and fourth another. 
In the ith column of an Euler Rectangle the numbers except 7 occur 
number of times equal to the order of the sub-group G;, hence each number 
does not appear in every position of the /-ads of a column as is the case 
in an Euler Square. 

B) Suppose n = p’, paprime. In this case G; cannot be chosen as 
a cyclic group, but may be chosen as a group of substitutions which are 
products of p™! eycles of p numbers each; while G, may be chosen as a 
evclic group fulfilling the same conditions as in (A), i.e., its substitutions 
must not transform any two numbers to the same two numbers as any 
substitution of G,. 

For example, for n 2° let G, consist of the identity and the following 
substitutions: 


A = (12)(34)(56)(78). B = (13)(24)(57)(68), 

C = (14)(23)(58)(67). D 15)(26)(37)(48), 

E = (16)(25)(38)(47), F = (17)(28) (35) (46), 
. 13 


H = (18)(27)(36)(45), 
and let G, be the eyelie group of powers of the substitution S., = (2354786 

several other choices for S. are possible. G, and G, determine the group 
of the Euler Square of index 8, 7 by the method given in (A). As 2 


second example, for n = 3? let G; consist of the identity and the following 
substitutions: 

A = (123)(468) (597), B = (132)(486) (579), 

C = (145)(269) (387), D (154) (296) (378), 

E = (167)(285)(349), F = (176)(258)(394), 

H = (189)(247)(365), J = (198) (274) (356), 


and let G, be the eyclic group. of powers of the substitution S 
= (24693578); several other choices for S, are possible. G, and G 
generate the Euler Square of index 9, 8. 
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By the method illustrated in these two examples an Euler Square can 
be constructed of index p’, p’ — 1 for p any prime. 

() Let nm = 2" pi! po +++5 7,71, T2, +++ positive integers,r + land 
Di, Pa °° distinct odd prime numbers. 

Jordan has proved the following theorem (Recherches sur les Sub- 
stitutions, Liouville Jr. de Math., vol. XVII, 1873, p. 355): “A transitive 
croup of degree n and order n(n — 1) whose operations other than the 
identity displace all or all but one of the symbols can exist only when n 
ix a power of a prime.” From this theorem the method used in (4) and 
By cannot be extended to case (C) 

For this case we shall use the following method, which is an extension 
of the method used by G. Tarry (Ahrens, loc. cit.) for degree 2, by com- 
hining two Euler Squares of orders a and b to obtain one of order ab; 
which is similar to the method used for combining two magic squares. 

The method may be illustrated as follows, using Euler Squares of 
indices 5, 3 and 4, 3 to obtain a square of index 20, 3. Given the Euler 
square of index 5, 3 as follows: 


a ts 3 » Sie ee - 3, 3,3 1, 4, 4 2,9, 9 
i 3,4, 5 4,5, 1 » & 2 1,2,3 
5, 3, 2 4,1,3 0, 2,4 1, 3, 5 2, 4, 1 
‘, 2,2 5, 3, 1 ge 2 a 3, 1,4 
0, 4,3 1,5, 4 + by ay 4,3, 2 


decrease by one all of the numbers of the Euler Square of index 4, 3 given 
in paragraph 1, giving the following square array: 


0,0, 0 es : i oe i a 
l 


1, 2,3 0, 3, 2 3, 0, 2,1, 9 
2; 4, 3 3, 2, 0 0,1,3 1,0 2 
, 1,2 2, 0, 3 1, 3, 0 S; 2 3, 


then replace each triple 7, 7, & of this array by an entire Euler Square of 

index 5, 3 obtained from the above Euler Square of index 5, 3 by adding to 

each of its 25 number triples the numbers 57, 5j, 5k respectively. In 

veneral by this method we will obtain an Euler Square of index n, / where 
is the least of the numbers 2", pi'', pe 

The Euler Square of index n, / gives a se he dite for a contest between 

exms of m members each, where each member is to meet each member of 


other teams precisely once, and each member is to participate but 
once gt each field (table, court, ete.) (see kK. H. Moore, * Tactical Memo- 
randa, L11," Amer. Jr. of Math., vol. XVIII, 1896, p. 264). 
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GEOMETRIC ASPECTS OF EINSTEIN’S THEORY. 


By James PIERPONT. 


Historical introduction. [instein’s General Theory of Relativity 
marks an epoch in physics only comparable with the Principia of Newton. 
One of its extraordinary features is its intimate interlacement with the 
foundations of geometry. In the past geometers have imagined different 
non-euclidean geometries, while the geometry of physicists has remained 
euclidean. Einstein has broken with this tradition and has shown 
how the presence of gravitating matter and electricity may determine the 
character of cireumambient space. We wish to show briefly how this 
has been effected. 

To do this we must devote a few words to the origin of his theory in 
order that the reader may realize how natural, how almost necessary, 
his generalized theory is. For a long time physicists have tried to develop 
a satisfactory theory of electro-magnetic phenomena (e.g., light) in moving 
media. Let us suppose two persons A, A, observe a certain phenomenon 
and that A; moves relative to A with a uniform velocity v. A uses a 
rectangular system S of coérdinates x, y, z and a clock to mark the time / 
A, uses another rectangular system S,(2;, y¥1, 2:) and a clock time 4, 
having the same rate as A’s when v = 0. Each clock and system of 
codrdinates is at rest relative to its observer. Suppose now that each 
observer writes down the equations which give an account of the phenom- 
enon. Lorentz showed that a satisfactory theory was obtained if we 
suppose the equations of A are related to those of A, by a certain group of 
transformations. For simplicity, suppose at a certain instant the axes 
coincided and that the motion of A; is parallel to the x axis. Then these 
transformations are 


(1) x = K(x, + rth), y= Ny, 2= 2, ( k(t ss 4) 
, 


where ¢ is the velocity of light in vacuo and k2(c? — 0%) = ec. 

A hcsdlaiads ntal hypothesis of this theory is ‘th at the velocity of light 
is the same for both observers. Suppose at the time ¢ a light signal has 
reached the point P(z, y, z), and at the time ¢ + dt its codrdinates have 
changed by dz, dy, dz. Then 


‘ - lr \* dy \? dz 
; ji) r dt T dt 


228 
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If P has the codrdinates x1, y:, 2; in the system S; and dt, is the interval 
of time measured on A,’s clock corresponding to dt, then the velocity 
being the same, 


= we ee dx, ‘ dy) - dz, \* 
? (F) +(%) + (SE). 


From (2) and (3) we have 


II 


edt? — dx* — dy? — dz? = 0, 


2 edt; - dz," —_ dy," — dz," 


II 


0. 


\ccording to the general theory (4) must go over into (5) on applying the 
transformations (1). This is indeed so. 

The next important step we wish to mention in the history of Einstein’s 
theory was taken by Poincaré and Minkowski. They interpreted the 
quadruple “7, y, 2, 0) as a point in 4-way space whose metrie¢ ds (element of 
are) is given by 


(} ds* = c*dl? — dx? — dy? — dz’. 


liwe set ds = 0, we get (4). It is at this point that quadratic differential 
forms make their modest entrance on the scene where later they are to 


play a dominant réle. 
\~ we have seen, the form (6) remains unaltered for the transforma- 
|). But this quadratic form remains unaltered by a much wider 
group. In fact, if we set ct? = — w*, it goes over, aside from the sign, 
int 
dx* + dy? + dz* + dw 
which remains unchanged for all rotations of the (x, y, z, w) axes, Le., for 


group of linear orthogonal transformations. Minkowski, therefore, 
required that the equations of mathematical physics shall remain un- 
altered for these transformations, and it became incumbent on the ad- 
vocates of this theory to find such invariant equations. The execution 

this program was practically completed by 1910-11; it finds its best 
exposition in the book of M. v. Laue, ‘Das Relativititsprinzip” (first 
edition, 1911). 

The most salient feature of this theory of relativity is the fact that the 
equations of transformation involve the time ¢ as well as the space co- 
ordinates x, y, 2. No one had ever ventured to make so revolutionary a 
‘ep. That it is possible and often desirable to give the equation of 
dynamies an invariant form was shown by Lagrange a century and a 


half ago. We refer to Lagrange’s classic equations, e.g., 
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og; dtog: 
and to the invariant equation of Hamilton, 
bf Lat Q). 


We refer also to the researches of Lamé (e.g., Legons sur les Coordonnées 
Curvilignes, 1859), to those of Beltrami, and, finally, to Chapters V and 
VI, ‘‘ Applications mécanique” and ** physiques,” in the memorable paper 
of Ricei and Levi-Civita, ** Méthodes de caleul differentiel absolu,”’ in the 
Mathematische Annalen, vol. 54 (1901 

The foregoing theory depends on the hypothesis that the two observers 
are moving uniformly relative to each other. Since uniform motion is 
only an exceptional case, one might urge that a theory which depends on 
such a limitation must be defective and not worthy of much confidence. 
Drude voices this opinion in his **¢ Yptik 1912), p. 470, where he says 
“Allein hieraus ist zu erkennen dass diese ‘Theorie’ keine physikalische 
Bedeutung haben kann” and scornfully speaks of it as ‘* dieses Zerrbild.” 

To turn such objections Einstein sought and found (1913-14) a far 
broader theory which he and others have developed and which is called 
the general theory of relativity. The older theory outlined above is 
ealled the restricted theory of relativity. 

The new theory may be briefly characterized as follows. When the 
observer A; is moving in a general manner, the relation between the two 
sets of variables wx, y, z, ¢ and wx), y). 2;, 4) is no longer linear. Einstein 
therefore replaces the quadratic form 

7) ds? cal? — dr — dy — dz 

by the general quadratic form 

(S) ds" = > a,dxdrxr,, 7, ) e 2 = 7 

{J 

To express the equations of physies Einstein has recourse to the calcul 0! 
Ricci and Levi-Civita mentioned above. The quadratic form (8) is funda- 
mental. From a purely abstract standpoint it furnishes the analytical 
means of writing down invariant (tensor) equations. On the other hand, 
by regarding 2x), %2, 73, 2, as coordinates (which in general are not rec- 
tangular) of a point in 4-way space, (8) may be regarded as defining the 
element of are in this space, i.e., it defines the metric in this space since all 
the metrical properties in the last analysis depend upon (8). The coeffi- 
cients a,; are only 10 in number since a,, = a,,; they are functions of the 
, *-- 2s Their determination in any given case depends on the di 
position of the gravitating matter and electricity which enter the problem. 
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lor example, in the celebrated problem of the motion of Mercury’s 
perihelion, electrical forces are ignored, the gravitational field is produced 

the sun alone, the mass of the planet being neglected in comparison 
with the sun’s. On account of the symmetry of the field it is found that 
the metrie of the surrounding space is given by 


\) ds —(l—ypr)'dr — rdge? — r* cos? cde? + (1 — uw rjdz;. 

Here r, g, 8 are polar codrdinates, x; is the time coérdinate, p = 2km’e 
3-10° in e.g.s. units, m mass of sun, ¢ = 3-10" the velocity of light, 
A 6, 7-107> is the constant of gravitation. 
For 2; constant, dx; = O and (9) reduces to 

10) — ds? = (1 —pwrjdr? + rd? + r cos? cd@. 


fhis defines the metric of the three-dimensional space around the sun. 
It is not euclidean. 

2. n-way space. Non-euclidean geometry. These terms are full of 

vstery to the layman, and it must be confessed that, before the advent 

Kinstein’s theory, few mathematicians and still fewer physicists had 
more than a bowing aequaintance with these subjects. This is partly 
due to the unfortunate, one might almost say repulsive, way they have 
often been presented. To begin with the reader should disabuse himself 
iii 


idea that there is an n-way space (n > 3) in any such way as we 
think of our 3-way space. For the purpose of this paper it will be helpful 

hear in mind that our geometrical terms are merely geometrical names 
applied to certain analytical expressions or complexes which have their 
analogues in our ordinary space. We leave it to the metaphysician to 
decide whether space is one or many, three or n-dimensional, finite or 


Intinite, ete, 


Let ry, +++ a, be n variables, the complex (1), --- 2,) = x we ealla 
pout and xy, +++ 2, its codrdinates. The totality of the 2's as the co- 
ordinates vary form an n-way space R,. Let p be a variable parameter; 
it the codrdinates ay, «++ a, are related by 
1] iy C1 P), ese a ¢, P); 


the totality or loeus of the points 2 when p ranges over a certain interval 
Isacurve. Let p,q be two variable parameters; we say 


ID ty = Wilp, g), + Tn = ValP, Q) 
define a surface. A relation F(x, --- 2x,) = 0 defines a hypersurface. 
hus ary + +++ + a,a, = 0 is a hyperplane. 


The metrie properties of our space FR, depend on our definition of 
distance. We say the distance between the point x and x + dx is ds where 
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(13) ds? = Ya,dridzr;, i,j = 1, +--+ n, aj; = aj. 
In general the a’s are functions of the x, +++ 2%). 
Example 1. In our ordinary space Fs (rectangular coérdinates) 
(14) ds? = dx," + dr.* + dr;?. 
In polar coordinates 
(15) ds? = dx; + rdr.2 + 27;° cos? rodr3°. 
Example 2. If Ry is the surface of a sphere of radius r and x, x, are 
the ordinary polar codrdinates, 
(16) ds? = r-dx,- + r* cos* x,d2,". 


Example 3. In the restricted theory of relativity 


(17) ds? = cde’ — dn? — drs — drs 
We call 
(yy) Qj. see At», 
( 18) 4 = 
tn a,2 eee = 
the determinant of the form (13). For the form (15), for example, 
1 0 0) 
a=|0 Zz; 0) = £,° cos* Z3 
0 O Z1° COS” Xo 


Associated with the n° coefficients a,, are the quantities 


A 
(19) ad — 

a 
where A,, is the minor of a,, with its proper sign. Since a,; = a), we 
have alsoa’ =a’. A relation of constant use is 


> a,,a"%= | if A = v. 


= () if A # », 


(20) 


In fact the well-known relation 
ee oe ee Se ees 


on dividing by a, gives the first, and 


aynA,, + --- +4a,,A,, = 0 
gives the other. 
Example 4. For the form (15) we have a” = 0 if i # Jj, and 
ee ry" +2)" COS” I» “3 q? = Xr," COS” Xe Ls l a3 = I 


a a #.* £1" cos’ « 
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\nother metric notion of great importance is the angle 6 between two 
lines, or in general between two curves meeting at a point x. We define 


dx; 6x 
| cos @ = a,; _—— 
ds 6s 
where ds, 6s are the elements of are along the two curves and dz,, 6x, are 
the coordinate differences of the extremities of these ares. 
rample 5. Using the form (14), 


dx, 62, , drs 6x2 
cos § = — fe ——* of 
21a ds 6s ds 6s 


= 1X + mu + np, 


dx, 62's 
ds és 


where om, n and \, uw, v are the direction cosines of the two curves at the 

point Ye 

When cos 6 = 0, we say the curves meet at right angles or orthogonally. 
When p varies from p = a to p = 8, a < B, the length of the are on 

the curve (11) is defined to be 


~ i... @2:dr 
22 ; = | Sa, . dp. 
a \ dp dp 
We need one other metric notion, that of area for an R, and of volume for 
Ron > 2. Calling this V whether n = 2 or n > 2, we define 
oo V= ff Va dx,---dx,,. 


Krample 6. Using the metrie of example 2 we have va= 7° cos 2, 
hence for the whole sphere 
_ on 2 
| = dx» r> cos x,dx, = 4xr-. 
e/0 . re 
It is important to note that the expressions (21), (22) defining angle and 
volume are invariant under any transformation. To illustrate what this 
leans, suppose we transform the variables x, +--+ 7, tou, ++ -° UW, whereby 
ds as given by (13) goes over into 
de? = > bagdudus, a, 8B = 1,2, --- p. 


a,g 


If we make this transformation in (21), we find it goes over into 


du, 5Us 


(24 os6= Fl ’ 
oe a0 08 da 6a 


.., (24) is the same function of the new letters as (21) is of the old. If, 


In particular, do? = du,? + du.2 + --- + du,’, 
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du; 6u, , duly buy , du, du, 
cos 6 = ot . treet fod, 
dao dba da ba da éa 
If n = 3, this reduces to (2la), ie., the angle @ is the same as in the 


corresponding three-dimensional ordinary space. 

3. Geodesics. These curves take the place of right lines, whence their 
importance in non-euclidean geometry. To better understand their 
definition, which will be given presently, let us consider the integral 

+3 
(25) A= gia, y, 2, u, udp 
taken over the curve C whose equations are x = x(p), y = y(p), 2 = 2p). 
Here u, v are functions of p, x, y, z and their derivatives. Let us in this 
integral replace x, y, z by tc =2x+ 6x, y = y + by, 2 = 2+ 62. Geo- 
metrically speaking we replace ( by an adjacent curve having however 
the same endpoints. At the same time uw becomes u + éu, v becomes 


v+ é6v, while ¢ becomes ¢ = ¢giu + 6x, +--+ w+ bu, v + br), which, 


developed by Taylor's theorem, gives 


neglecting small quantities beyond the first order. Then 


Je] 3 bd 2 
6A = A — A = cdp —_ gdp = d¢dp. 
When the original curve C is such that 6A = 0, we say the curve renders 


the integral (25) stationary. Ordinarily it corresponds to a maximum or 
minimum value of A. 
Let us apply these considerations to the integral 


6 | dr-dx, 
s= S oh diac I = Is 
| \ 24; i a” | ds, 


which gives the length of an are of the curve (11). If this curve is such 
that 

(26) 6 fds = 0, 

we say that it is a geodesic, ordinarily it is the shortest curve between the 
two fixed points p = a, p= 3. The variational equation (26) leads 


vasily to the n equations 


ae dz,dz;da d dr 
(2 b : t y] tj 9 Y , iil a _— —) oe . 
‘) ~* “(a ds ) 0, h I, 2, ‘ 


‘j ds ds dx, 


Example 7. In case n = 2, these equations become, on setung 
= U, I. = 2, 
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h dv ja Vi6 ; 9 \2 
ofl ie” l 4 PR - ~ 11 du i‘ 9 912 du do 4. 0422 dv 
ds ds ds_ du \ ds du dsds du \ds 
2% 


Z _d | ™ du i 7. | ™ 00); (“) " 9 9412 du dv ‘‘ OA» FS 2 
“ de “" ds ““ ds Ov ds ' ~ ov dsds Ov =) , 

It should be noticed that, if one of these equations is satisfied, the other 
Ix GUSO. 

Evample 8. Let us consider as a special case a surface of revolution, 

7 = 9 COS &, y = vsin yp, z= ¢(0), 

using the ordinary definition of ds? = dr? + dy? + dz. Then for an are 

this surface ds? = udu? + (1 + y)de*, where y = (de /dv)?. 

From (28) we can show at once that the meridians u = constant are 
veodesics on this surface. For along a meridian du/ds = 0, also ay. = 0 
nd dites Ou 0. Hence both sides of the first equation of (28) are 
identically zero. Thus uw = constant is a soluticn of cur differential 
equations. The parallels, < = constant, are the orthogonal trajectories 
to these geodesies. 
Reverting to the general case we notice that the equations (27) involve 
<eeond derivatives of the coérdinates x, In order to solve the 
tions with respect to these quantities we introduce the symbols of 


( foffel which pervade Einstein’s theory. They are 
3 1 fda. , OQa; oa 
ty ar 2 : a 4 . 4 — 2) a, B, } — 4 see 
i. 2\ dx, OX, On; 
a p | ap 
1 = > q’ k= 1,2,---n. 
rag > K 
It is important to notice that they are symmetric in a, 8. 
Krample 9. ds? = x2dx° + dre (element of are in polar coérdinates). 
Here a To", Qi: as, = 0, dee l.a z., a" = 1 2z,’, a" = q™ = 0, 
is 
] l ] OQ); 0) l Z l day, : 
Xo, 
] 2 Ax, l 2 OX» 
2 2 OA: _ l da 0 
l OX» 2 AQ 
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>) ’ 


— 


(22) _ fli] _ fi 
+7" 7 ad 


2 | 


In terms of the symbols {‘,’} we may write the n equations (27) 


tig {21 
| 


2 | 
2 | =o 


Pry. sie Jj | dayday _ 


awd —/=0, h=1,2..-.-- An. 
ds: 57|x [ds ds 


(31) 
These are the equations of 2 geodesic employed by Einstein. As he 
supposes that a body moving freely in a gravitational field describes a 
geodesic, these are the equations of motion of this body as, for example, 
Mercury about the sun (here n = 4). They depend entirely upon ds, 
that is, the metrie of the surrounding space. 

Example 10. Let ds? = Sa, dr.dx,, the coefficients a;, being constant 
From (29) we see all the symbols [*.° ] = 0 as thea’s are constant. Thus 
by (30) all the {*,7} = 0. Hence (31) reduces to the n equations dr, ds 
=0,’\ =1, 2, --- n. Integrating we get r, = A,s + B,, A, and B 
being constants. These are the equations of a right line, the parameter 
being s. Thus when the coefficients a,, which define ds? are constants, 
the geodesics in this space are right lines. This is the case in the restricted 
theory of relativity (6), since there the velocity ¢ of light in vacuo i- 
constant. 

4. Elliptic space. As we shall see, Einstein assumes that our space ts 


not infinite in extent. It has a definite volume like a sphere, viz., V = 7°R’, 
where FR has the approximate value R = 9-10" orbrads, this unit being 
the mean distance of the earth from the sun, i.e., 1 orbrad = 150 million 


kilometers. All geodesics (pseudo right lines) are closed curves and have 
the length ~R. Thus, were it not for the absorption of light in traversing 
such enormous distances, to the sun should correspond another sun, a 
sort of anti-sun, in the opposite direction. Such a space may seem 
preposterous to the naive mind, but so did the existence of people living 
at the antipodes a few hundred years ago. The first to study an elliptic 
space R,, n > 2, was Riemann; a 2-way space of this type has been 
known since the days of the Greeks, it is the surface of a sphere. 

Without going into details let us show how the properties of this 
space may be easily deduced. To this end we take a set of reectangulal 
axes in the euclidean plane and define the position of a point by the 
coordinates x, y measured in the ordinary way. The distance ds between 
the point z, y and the point « + dr, y + dy we define by 


(32) ds? = ; dx? aa = erg (dr? a dy’), Y= 7 4 y? 4 4R 
ee 14 1 gl u 
[+ se | 
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The metric of this R, is not euclidean; but we may refer it to a euclidean 
R. as follows. Set 


_ 4x - AR? y _ 8R 


33 u = »? . w= x R. 
Then 
hig “ (Adx — xdd), dv = (Ady — yd), dw = — aad 
from which follows 
24 ds? = du* + dv? + du°. 


Thus to each point x, y in the elliptic plane corresponds a point u,v, w 
in our ordinary three-dimensional space. This illustrates the important 
theorem: If the metric of an R,, is defined by 


ds* = Ya, dr,dr,, 321,23, ---2#, 
may choose m + n new variables uy, +++ uy. such that 
ds? = du,*> + duo? + --- + du,, 


cover m7 nin — 1) 2 


Thus we may regard the n-way space R,, as embedded in an (m + n)- 
euclidean space. From (33) we find that 
35 “tert = PR. 
Thus when «, y ranges over the elliptic plane, the point u, 7, w ranges over 
{ ~phere. 
Let us now see what conclusions we can draw relative to the geometry 
of this plane R.. In the first place we find 


IPRu IRr 
= - Y = : 
R+w R+w 
To each point uv. 0. Ww corresponds a single point ee, with one exception, 
Vid., when R + 2° (). But then u I U. as 33) shows. The 


correspondence between FR. and PR; is thus 1 to 1 with this one exception. 
The geodesies or, as we shall call them, the pseudo right lines, are 
determined hy 
5 fds ), 

where ds is defined by (32). If we change to the u, 7, w variables, ds is 
defined by (34) subject, however, to the relation (35). Thus, to pseudo 
right lines correspond geodesies on the sphere (39), i.e., to great circles 
on this sphere. From this we have: 

i) All pseudo right lines in this R» are closed curves. 

1) Their length is 27R. 
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to 
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St 


(iii) Two pseudo right lines meet in two points. Hence 
(iv) There are no parallels. 
Let C,, Cy be two curves making an angle @ with each other as defined by 
(21). On changing to the u, v, w variables these curves go over into 
two curves T;, IT. on the sphere, and ds* = du? + dv? + dw*. But in 
this case we saw that @ is the angle between I’, and Tf, in the ordinary way. 
Hence we have 
(v) The trigonometry of our R, is the trigonometry on a sphere of 
radius R. The sum of the angles of a triangle formed by three 
pseudo right lines is always greater than 180°. 
Since all great circles on a sphere perpendicular to a given great circle 
meet at a point, viz., the pole of this circle, and hence have the length 
TR /2, we have 
(vi) All pseudo right lines in the elliptic plane perpendicular to a 
given pseudo right line meet at a point and have a commen 
length 7R/2. 
We have so far made no attempt to visualize the pseudo right lines in the 
elliptic plane. It is easy to do this; for on the sphere they correspond to 
great circles. Let one of these great circles lie in the plane Au + bi 
+Cw=0. Replacing u,v, w by their values in (33) we get 


Az + BRy — (z° + y? + 4B’) + 8R°C = 0, 


the equation of a circle in the (euclidean) x, y plane. In particular, the 
pseudo right line corresponding to the equation w = 0 is the circle 


36) x+y? = 4R’, 


which we call the fundamental circle. Since all great circles cut the 
equator in diametrically opposite points, we see that all pseudo right 
lines cut the fundamental circle in such points. Conversely, such circles 
are pseudo right lines in our elliptic geometry. 

The geometry so far developed differs from plane euclidean geometry 
therein that its pseudo right lines cut a given pseudo right line twice. 
We may, if we like, agree to regard all points of the xz, y plane outside the 
fundamental circle as non-existent as far as our elliptic geometry is con- 
cerned. Also we shall assume that diametrically opposite points of this 
circle are identical. In this case two pseudo right lines cut once only and 
they all have the common length +R. 

Let us turn now to elliptic space; as the work is entirely analogous, 
we may be more brief. We start with a set of rectangular coérdinates and 
define a point by the coérdinates x, y, z measured in the ordinary way. 
We define the metrie by 
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dx* + dy? + dz? —16R?*(dx? + dy? + dz?) 
o- asia 72 Fa "ew. * 
si 1 + oe (ar- + y” + 2°) Lt + , T. | 4k? } 


\~ before we set A x+y? + 2 + 4R* and 


7 — Ahoy _ 4R*z ; R 
N d d =" ', 


d find again that 


ds* = du,? + du.* + du;? + du,?. 

1 entirely analogous manner we find that geodesics in this space or, 
ve prefer to call them, pseudo right lines cut the fundamental sphere 
34 x+yt+2 4P 


liametrically Opposite points. 
The analogue of the euclidean plane is a 


a sphere cutting the funda- 
mental sphere along a great circle. We call it a pseudo plane. As before 
we have two geometries according as we regard opposite ends of a diameter 


he fundamental sphere (39) as identical or not. In the former case 


points outside of (39) are non-existent. Einstein in his cosmological 
usiderations prefers this type of geometry. In this sphere we have: 
\ll pseudo right lines have the length 7 and are closed curves. 


ii) These lines cut once only. 


ii) There are no parallels. 
Two points determine a pseudo right line. 
Three points determine a pseudo plane. 
\ceording to this geometry the whole physical universe lies within 
fundamental sphere. Let us find the volume. By (23) 


~? 


V S va dxrdydz. 


37) we have, setting a7! 1+ pia t+ y° + 2°), p 1 2R, 
a () () 
a ) a 0 a’. 
() Q) Q 


change the variables in the integral (40), setting 


rcos @ cos ¢, y recos 6 sin ¢, 2 resin @. 


\ ' J oe 
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where 

Ox Oy Oz 
Or or or 
Ox Oy Oz 


= 06 00 ae 
Ox Oy az 
dc d¢ O¢ 
Thus 
‘i Yn r" dr | ( Fe ¥2 Po a (" rdr _— 
I (1 + p?r*)5, : - I } + pr: ; 


As we have remarked and as we shall see later, an approximate value of 
R is 9-10" times the mean distance of the earth from the sun. 

5. Curvature. The metric properties of a given FR, depend, as we have 
seen, on the definition of distance between two nearby points, i.e., on the 
quadratie form 

4) ds? = Soa dy dax.,. 

Another space R,,’, whose metric is defined by quite a different expression 
43) do = Sb du du 3 

may have essentially the same geometry. For example, in RP. let 
= dry, + dr.*, and in R.' let do? = urdu,’ + du.*. Tf we set 


44) . Ly = Us COS %, Ts Us» SIN Uy, 
we find ds* = de®. The relations (44) enable us to establish a 1 to 1 
correspondence between the points of R. and R,’. Since ds = do, corre- 


sponding arcs have the same length and corresponding angles are equal. 
Hence their metrical properties are the same. 

We are therefore led to ask when is it possible, by a suitable change 
of variables, to transform (42) into (43), and conversely. Without 
answering this with entire generality we may give a partial answer suffi- 
cient for our purpose. To this end we introduce the symbols of Riemann. 


| aflwAl nfeael 
1a3, Au} =A a) 
lef "le | 
$5) Or, OX} 
lk J[ BJ [| k fl eB J 
and 
(46) (a y, A p) dias fap, rp}. 


6 
As in the case of the Christoffel symbols we have 


(47) fa, Bd, uw} = Doa*(a y, Ny). 


Y 
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sy means of (46) we may separate out an important class of n-way spaces 
called spaces of constant curvature.* We say R,, has constant curvature 
when for all a, B, A, w = 1, 2, --- n 


aa q.. 
1S (a B,Ap) = I: , sa 


gp, Qe, 


We may now state the important theorem: Jf R,, R,' are two spaces of 
hy same constant curvature k, we may transform (42) into (43) by a settalile 
change of variable, and conversely; that is, ds = do. The metric properties 
of the two spaces are the same, at least for sufficiently restricted regions. 

Riemann showed that for spaces of constant curvature /: the element 
of are may be defined by 


\s the term curvature figures so largely in Einstein's theorv and quite wrong ideas are 


n some quarters, a few additional words of explanation may be acceptable. In ordinary 
the curvature of a surface S at a point x Is defined by 
l 
’ 
RR, 


?:, Re. are the greatest and least radu of curvature of the normal seetions of S at 2x. Gauss 
traordinary discovery that & remains invariant under all transformations of t} 


ne 
We find in fact that, if the metrie of S is given by 


ds? ay ahh + Jy ality + owls’, 
iz, 82 
a 
= ow the surface S, lving In an v-wayv space .. is defined by J , Ma), 
If the metrie of R, is defined by (13), the element of are do on S is given by 
mr a 
de a os du; > dil;, a ae 2 teeoet m Tea 
“J bk Ou 1 ou ‘ 
da q liu 24 wld tu + fil 
ture of NS at a point 2 is now defined by 
] > l > 
qd , 
he determinant of the quadratie form (7) and (12, 12 is the Riemannian symbol (46 
this form. We see this definition is merely an extension of (¢) from 5 to m-way space, 
I} re c) has the geometrie inte rpretation (a), the definition (¢) has not, it 1s mer lv an 
eneralization, The reader should not undervalue it on that seore; its importance Is 
Lact now consider a curve C. The » quantities 7 adr; ds, ++: 7 adr, ads are ¢ illed the 
rameters of C at a given point 2. Through any point . of our R, there passes 2 
qe NAVIN & given 7 (Wi, Wa, °°* If n m.°°°® ') is another set of parameters 
» 2% In). hs 


» will denote a pencil of these parameters, g, g° being variables. To this pencil 
' pencil of geodesics through r having qn + q'n’ as directional parameters. hese 
Keen constitute a surface G in R, on which an element of are do? has the form («). Phe 


ofG at the point 2 is given by (e). Suppose now that / has the same constant vaiue 


f a er , 
we sav 2, Is a space of consta curvatu 


peneil (», n') Is onented about 
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dx;* + dro? + +--+ + dr," 


= (1 + P(r + re t+ eee + r,7) 


(49) ds? 


When / = 0, this reduces to ds? = dr, + dx. + --- dx,*. In this case 
we have seen that the geodesics are right lines, the 2, --- x, being referred 
to a rectangular coérdinate system (for clearness the reader may suppose 
n = 3). We therefore regard / as a measure of the departure of the 
space R, defined by (42) from euclidean space. Thus we saw in the 
elliptic space R; that the geodesics, instead of being straight lines, are 
ares of circles. Here / = 1 R*, as is seen by comparing (37) and (49). 
The smaller / is, the more nearly these geodesics or pseudo right lines 
approach straight lines in euclidean space. 
Example 11. Let us see if the R, whose metric is defined by 


(50 ds? = ¢c° cos’ xedx,° + c’dr.’ 


has constant curvature. Here 


ai; = C- Cox Lo, (ly. Qs 0), (oo eB. a c' c@os Is, 
l 
a= ’ a an {) a 
(yy a 
ei 1 2 ' 29 
= i. — C’ SIN Zo COS Xo, ‘A (), 
] l l 
11 ;  & )» » 
| = = C- SIN Mo COS 2 | a | (), | ia | (), 
1 1} ‘3 2 2:33 
= a. ! — tan 22, | Q), 
1 | | 1 | -= 5 
1 ] : 32 ZZ 
; = SIN T. COS J ae 0) 0, 
2 a 2 | 
a os Q@e{/11,12 Geol 2, 2 Zi eis Se 
12.19 QOj;il i] fil 2)ji 1} 
~ ~ da | 2) | | | | 2 | 
— sin Le + COS" Xe + TaN Fe SIM Wy COS Ly COS” 
1 2, 1 2) C° Cos” Ze. 
From 48 
Qi; ly I 
12,12)=e°" “Y = gh. “k= 
7 os» c 


sy using the fact that (@ 3, \ uw) changes its sign when we interchange 
a, 3 or \, uw, and hence is zero when a 3 or X u, we find that all the 
2' = 16 symbols (a@ 3, \ uw) placed in (48) either give k = 1/c? or 0 = k-0. 
Thus the 16 relations (48) are satisfied by this value of /. Hence R. as 
defined by (50) is a 2-way space of constant curvature / L/c?. In 
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if we regard x, 22 as longitude and latitude, (50) defines ds on a 
-phere of radius ec. 
Example pa 


a7 ds? Cdr? + eodr. + --- + e¢,dr2 


where the coefficients are constants. Here all the [*,4] = 0 since the a,; 
re constants, a,; being zero if ¢ # j. Hence all the {*,2! = 0. Thusall 
the fa 3,Xu} = 0, and hence finally all the (@ 8, yn) = 0. Thus the 
equations (48) are satisfied by / = 0. The curvature of the space 
defined by (50) is therefore 0. A special case of (51) is 
ds? = cdl — dx* — dy? — dz’, 


} 


which defines the metric of the 4-way space of the restricted theory of 
lativitv. Although we eall a space for which k = 0 euclidean, the 


reader should note that such a space may possess pseudo lines of null 
length, i.e., lines for which ds 0. If we set ds = 0 in the last equation, 


edl — dx? — dy? — dz (), 


which is (4)... Thus the path of a ray of light is a null line in the restricted 
theory of relativity. 

(. Tensors. To form invariant differential equations expressing the 
laws of physies, Einstein found ready at hand a ealeulus which seems 
almost created for his needs. This is the calcul diff€rentiel absolu of Ricei 
and Levi-Civita already referred to. We think a better name is fensor 

nalysis. To give the reader a concrete example of a tensor, in fact one 
of the most important tensors, let us see how the n° coefficients a; in 
y2 ds? Soa, dx dx ;, 1,j=1,2,---A, 
{J 
behave when we replace the variables x1, +++ 2n by nm new variables 


Hoes) ua. Sinee 


Or . 
dr, = 5 du, ‘4 eee 
DT OUy 

22) heecomes 


Vr Vr ON; ON; 
ds > a, > Ti du Mp dr, = > duydu, do a, 


N : =o 
tJ » OU, zy OU, - {J Ou, Ou, 
Hence 
4 a -—- ») “ee 
ds? = Yay, dudu,, h, uw = 1, 2, n, 

7 where 

5%: Ox, OX; 

ve ay, = a;;- 


T7 OU, OU, 


Let us generalize and say that the n? functions A,; of m1, +++ 2%) form 





: 





ee ee 


4 


$F Dg a Bint 


a ee 


ee ee 
wh T. 


EF es “eee oS, 
ea 


ce 





are 
ot 


EE NE ILE: 


3 


Lb hie J 


eee 


ee Sree 


ae , 


ee 


> 





MPL LEP A 


Sa eye RA 


1. Ap agg aa: Aree eager 














244 JAMES PIERPONT. 


a covariant tensor of order 2 if, on changing the variables to u,, +--+ u 


ny 


the transformed <A,, are related to the old A,; by 


u 


. Ou; OX 
(d4) Ay, = p i gt 
7 OU, OU, 
The individual A,; are called the components of this tensor. From this 
we see the n° coefficients a.,; in (52) form a covariant tensor of order 2. 
We may generalize (54) as follows. Suppose we have n* functions 


Ags... Of 2), +>: 2, Which are transformed according to 
a OX, O23 Or, 
(55) Biv ae et 8% met ee 
Ou, OU, Ou, 
the summation extending over the /& indices a, 8, --- «from lton. We 


say these n* functions form a covariant tensor of order k. 
Example 13. Then‘ symbols of Riemann (a 8, y 6) are transformed in 
this way. In fact, if we set 


(56) Goss = (a B, y 8), 


we find by a reasoning too long to give here that, on changing variables, 


— OF, OL, OF. OXs . 

(4) Pacis = ; : an ‘ TaByhs a, ), Y, 0 = I, 2, +>" M. 
a.8.+,50U,0U, dU, OU, 

The reader should note that the new variables in (55) are in the denomi- 

nator and that their / indices are those of the transformed component 


A, 


utt*we 


7. Contravariant tensors. If the n°? functions A” of wa, +--+ &, on 
changing the variables to w,, --- u, go ever into 


Ou, Ou, 


(58 A™ A’), 


1) OX, O07, 

we say they form a contravariant tensor of order 2. If we compare (94 
with (58), we see the relations between the old and the transformed com- 
ponents differ by having the new variables wu in the denominator when 
covariant and in the numerator when contravariant. The extension of 
(58) to define contravariant tensors of order k is obvious; instead of 2 
partial derivatives we have k. 

Example 14. Set A' = dx,, A? = dro, --- A" =dr,. The reader 
should note that 2 in A? is an upper index and not an exponent, and so on. 
On changing the variables these become 


A' = duy, A? = dus, --- A" = du,. 
But 


= - Ju Ou 
(59) A*® = du, = pi » Ai, 
= 2g Wi = De 
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Henee the » quantities form a contravariant tensor of order 1. 
Kvample 15. By a reasoning unfortunately too long to give here it 
G can be shown that the n* quantities a’ defined in (19) form a contra- 
C variant tensor of order 2. 
\. Mixed tensors. Suppose the law of transformation of the n? func- 
tions of 2, °+* Xn, call them A,*, is defined by 


j 


Ou, Ox 
a — 
60 iy = 


i) OX; OU; 
If there were l factors with uw in the numerator and m factors with wu in 
the denominator, the tensor would be a mixed tensor of order | + m, 
covariant of order m, contravariant of order l. 
Evample 16. Let us show that the n‘ functions of 2, ---+ 2, 


()] Geo.” = faB, dA p} = > a* | ae 
are the components of a mixed tensor, covariant of order 3 and contra- 
variant of order 1. For, by (57) and (58), we have 
: OU, OU OX, OX). OL, OX. A 
G.»,” > - 6 ‘= a 7 = > & : Thiers 
J OF; OZ; h,k7,sOU, OU, OU, OU, 
Ju. Or 
c+. 
1,5, 4. 4,7,8 On, Ou 


From the ealeulus we know that 


» ets dx, {1 if j = k, 
S Or; OU. 10) if j = k. 
Thus the terms in the sum over 7, j, k, r, s drop out for which j # 4; 


thie refore 


G.,,° = OUg OX), OX, on, aiiG, 
' tires OF, OU, OU, OU, F 
= OUs OX), OF, OX, Gi. aed. 
tires OF, OU, OU, OU, 

We must note one highly important feature which all tensors have 
in common: The components of the transformed tensor are always linear 
in the components of the original tensor (ef. (53), (55), (57), (98), (O9), 
HO), (6) 

Suppose now a certain law in physics is expressed by the vanishing 
of the components of a certain tensor, say, for example, by 


63 


Aas = (). Qa, B = l, 2. ove R, 


li we introduce the new variables w,, - ++ Un, these n° equations go over Into 
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—_ y . he 
‘we sr OL OL; 
= —~ dU, OUg 
But, as each A,; = 0 by hypothesis, we have 
(64) A. = @. 


Thus the equations (63) hold for any set of codrdinates, that is, they are 
invariant. 

9. Operations on tensors. The swum of two tensors of like character A, B 
is a tensor whose components are the sum of the components of A and B. 


Thus the sum of A = }A,3} and B = }|B,;} has the components A, 
+ Bs. 

The product of two tensors, as A ‘A.3} and B = |B'!, is the tensor 
whose components are (,37 = Aysb. 

The composition of two tensors is best illustrated by an example. 
Suppose A = {A,™}, B = {| By"); we set 
(65) Cio = > A Bas, 


the sum extending over the common indices, which must be upper indices 
in the one tensor and lower in the other. It can be shown easily that the 
result is a tensor whose character Is obtained by cancelling these common 
indices as indicated in (65). 


Example 17. Let A = {a,,}, B = {a'}. Their composition gives 
bb) Ya a a,’ = ~ J 
ie |Q if r#-# J, 


as we saw in (20). 
Example 18. The composition of this mixed tensor {a,"} with the 


mixed tensor |G,,,’} defined in (61) gives the tensor whose components are 


aru 


67) 220;'Gan? = LGan” = Diarra) = Gay 
,t - 


This tensor is historic. In faet the equations 
OS) a = (), a. U — l, 2 Z.. gy 
determine the metric (9) of the space about the sun. 

Contraction. This is another operation which leads to a_ tensor. 
Suppose, for example, in a mixed tensor whose components are -,,.°°: 
we set a = A, 8 = v and sum over a, 2, thus 


tI i 
(69) 2 Aus = A, 


This is found to be a tensor whose character is obtained by dropping the 
common upper and lower indices. Thus (69) are the components o! 
covariant tensor of order 1 as indicated. 
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Kvample 19. Contracting 'G.,’} by setting J =1T we get 
whose components are 


Gu! = Lierry) =G 


v 


ay) 


the same tensor obtained by composition in example 18. 
\). Tensors of order0. If we compound {A,;} with {B“}, we get a 
tensor whose sole component is 


70) >> A,B! ° 
7) 
Qn transforming this becomes 


~ OX, OUg Ou; OU; 
DAWBY = 2,2, "Aad, = A™ 
=| ij a o~ Ou, OX; nu OF, OX, 


> 44M >> OX, OU; OX, OU, 
, -* ape “ e 
BALM a Ou OX) j Ou; OX, 


Now 7, Qor | according as w= por does not, and a similar 
holds for the sum >. Thus (71) reduces to 

‘ 
pa. Fr, LAA 


— _— 


remark 


the expression is an invariant. On the other hand (70) is a tensor 
character is obtained by omitting common upper and lower indices; 
as no index is left, we may regard it as a tensor of order 0. The foregoing 
vy be extended obviously to tensors of any order. 
Frample 20, 


ds* = Soa, dx dx ° 


Here a ix covariant of order 2, {dzx.dx;\ = |B} is a contravariant 
tensor of order 2 also. As ds? is obtained by compounding these two 
tensors, it Is an invariant. 


era ii ple Zi. 


dx, bu; 
COs 7 a 


7. 0636—hC«< dss:«Obs 


mp o,° . xr, 6x 
Phis is the composition of }d,,} with & | 


‘Bet. Hence cos 6 is 
| ds bs 


? 
} 


invariant, as already observed. 

I ample 22. Beltrami's paran ler. 

- dc 0d¢ 
i Ai(¢e) ya , 


& - o 
‘ Or, OX 
y i 


Let us first show that A, = @¢ dx, are the components of a covanant 
tensor of order 1. In faet 


Ve Veo Ox de On, - OXg 
4 . ti mn A= D3 ‘ 
Ou, Ox, 0u, OX, OU, a OU, 
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= 


Thus B,: = 


¢g d0¢ 
a ~ are the components of a covariant tensor of order 2 


Y 


Hence (72) is an invariant. 
Example 23.  Beltrami’s mixed parameter. 


a Og Oy 
(73) Vie, ¥) = Ct = 
ili ps OX; OX; 


is obviously an invariant. 
Example 24. 


> a,,a". 
This is also an invariant. In faet by (66) 
(74) >oa,.a" = > >a, a”? = dia,’ =n. 
ar . 
Example 25. 


(75) G = >-a“(,,. 
A.p 


where by (67) Gy, = SatNh, hw} is an invariant. This invariant is 
fundamental in Einstein’s theory, as we shallsee. It is called the curratur 
invariant. For a euclidean space G is zero. 
Covariant differentiation. [Let |A,;| bea tensor of order 1. We find 

that 

_ dA, a Ja d| { 
a) az. = ~ h “i; 
are the components of a covariant tensor of order 2. Similarly 


aAe [hd] 


(77) Ax =a + 3) 


OL) h 


(76) A 


A’ 
a | 
are the components of a contravariant tensor of order 2. These tensors 
we say are obtained from {A,! and {A*! by covariant diffe rentiation. It 
is easy to extend this process to tensors of any order. Thus the covariant 
derivative of the three types of tensors of order 2 relative to 2, are the 


tensors of order 3 whose components are 


(7 7 OAvs | a N tA ) Z d . 
‘ ‘ A afr ~— Or, wins 4 | h é at 4 1. ’ 
a at 0A | hx ae h > 
(4 9) A . - 2 az, 3 ae A Ap + y : ha | A a he 
OA 4" - 3 d| 
80) . = ee Aa h 
(80 Asn = "9 - Dy", pA t+ An 


It is important to note that the covariant derivatives of the funda- 
mental tensor {a;;} are all zero. Let us note also that when these com 


“Spee 


a erry 


SEES 








ee ae ee ee 
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ponents @, are constants, covariant differentiation is identical with 

ordinary differentiation, since the Christoffel symbols {8 are all zero. 
Kvample 26. Let F be a function of 2, x, and set F; = dF /dz;. 

Then by (76) 

oF (ik | oF 


F = = - — ° 
= OX OX; * | h { dx, 


If we compound this tensor with the tensor whose components are a‘, 
we get Beltrami’s second differential parameter, which is therefore an 
invariant; V1z., 


; ’ [| @F {i k| oF 
S| AF = a“F ,, = g*i ———- — ; ; 
2 2, OF OX; 2. | h | Ox; 
When ds dr,2 + dr? + dzx;°, this reduces to 
’ OF OF i 
AF = 45° 4 —-. 
Or} OX»" OX:” 


\2. Divergence. In the restricted theory of relativity the divergence 
of certain tensors is of fundamental importance. They are equally im- 
portant in Einstein’s theory. Consider, for example, the covariant 
tensor Whose components are A,,. Its covariant derivative relative to 
has the components A,,,. It is of order 3. To get a tensor of order 
| we compound it with the fundamental tensor |a“*| getting a covariant 
tensor of order 1 whose components are 


ha ed 2a" A. = Ac’ 


i ae 
we call this tensor the divergence of |.A,,{ and write it div {A,,}. Similarly 
the divergence of the contravariant tensor {|A™! relative to x, has the 
components 


3 Ya,tA.” = YA = A’, 


ar i 
obviously a contravariant tensor of order 1. In a similar manner we 
may define the divergence of any tensor, but, as we shall not need them, 
we will not take space to write them down. 
|}. Einstein’s metric. We have seen that the metric of Einstein's 4-way 
pace is determined by a quadratic differential form 


\4 ds? = >a,;dz,dr;,, 1j2=1,2,3,4, e; =¢ 


\s vet, however, the 10 coefficients a,; are undetermined functions of the 
3’ space coordinates a}, @, a and the time codrdinate x. To determine 
these a's Einstein makes use of the fact that the restricted relativity 
theory gives a very satisfactory account of a wide class of phenomena. 
In this theory the metric is given by 
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(S85) ds? = cdl? — dx? — dy? — dz’. 
Einstein, therefore, requires as a first restriction that (S4) shall reduce to 
(85) by a suitable transformation of the variables and for a sufficiently 
small region about a given point, i.e., neglecting infinitesimals of a higher 
order. This amounts to Einstein’s celebrated principle of equivalence. 
The further determination of the a’s depends upon the presence of material 
bodies and electricity. For brevity we shall consider only a special case 
of a gravitational field. In a system of bodies removed from all othe: 
influences, i.e., a complete system, the most important facts relate to the 
conservation of energy and momentum. In the restricted theory this is 
expressed by the vanishing of the energy-momentum tensor 7’ of that 
theory. Einstein carries this over and takes, as a generalization of 7, 
asymmetric tensor covering a wide class of phenomena, whose components 
are in contravariant form 

, ry dx, dx, 

(SO) 7 p a ae , 
or in the equivalent covariant form 


dr, dr, 


Soa) T'.; : 02, ,a , 
Dy, * ds ds 


where p is the density of matter and ds is given by (S84)... Thus Einstein 
requires 
87) div {T‘/} =0 or div {7,;} = 0 


5 ’ 


either one of these equations having the other as a consequence. * 


* A few words of explanation may be welcome to some readers. Let us reeall the equat 
of motion of an elastie body (e.g., viscous fluid). At the point z , 2, 23) let the compone 
of the stress pi ona plane perpendicular to the z axis be denoted by DiirJ 2.3. Let ube 
components of the velocity of the element of mass dm of density p at the pont ©. Then, when 
external forces are neglected, 
ay cu ) 
a p> Ly (), l La 
j al df 
Here du;dt = du,/dt + S,,0u,/dr, Du Dt in English works. To these we add the equat 
of continuity 
op : a pu,) 
=—++2 i? =@, 
at 7 On, 
The four equations (a), 4) determine the four unknowns Pp, 1, M2, U3. 
Let us see how these equations look in the restrieted theory of relativity. For simp! 
ve shall choose our units so that the velocity of light in vacuo c 1. If we set 
c) q iF + uu ieee age 
4} Pi; p is od 


the energy-momentum tensor 7’ has the components 


q l q - q pili, 
d) G21 Jaz J23 plea, 

Yai Jaz Jaa 

pl; plz pls p 
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This is a physical requirement. The question now is, how does this 
epavitating matter affect the metric of the surrounding space? 


In the 
older mechanics the gravitational field is determined 


by Poisson’s 
equation, 


av’ ‘ av 3 07) 


ge = = . a S — 4 Tp. 
Ox oy 02° 


The left side of (SS) is a linear function of the second derivatives of the 
tential funetion V, and this function, as the right side of (88) shows. 

i; proportional to the amount of matter per unit volume. Now, in the 
restricted theory of relativity, mass and energy are proportional. This 
ds one to generalize by assuming that the effect of matter on the metric 

of space is obtained by setting the energy momentum tensor proportional 
to a space tensor of order 2 and, by analogy to (88), we shall take one 
which is linear in the second derivatives of a,;.. The most natural tensor of 
- kind to take would be |G,;{ defined in (67), but, unfortunately, the 
divergence of this tensor is not 0 and hence a relation of the type G 
1 would contradict (S7). From G,; we can however deduce a 

or whose divergence is zero by adding the term — 3a,,G, where G 

wly is now determined by the equatio 
div T = 0, 
eral, the divergence of a tensor A whose components are AA*, A, w = 1, 2, 3, 4 isa 


components are 


aA» AX, aA GA, 


Or; OLs or Ol, 
tion ‘ Is equivalent to tour equat ons For \ a ae 8 I f it gives 
A(pu,) at or, using ( 
ap ad d a 
~= 0] . 0) 
Ej Or; 7 OI - 
a dp 
v 4 0), 
7 a at 
equation (hk) has the same form as bh). To reduce to the form (a) we observe 
‘ a Mu ay ~ a “ a ; LY 
= a at ~ @ a , : a 
( 
py aw [fj } / 
Ld i OF; J a 
I] Ny plu, ld 0, which has the same form as (a). 
that (e) isa special case of Einstein's equation S7) or div | 7" | 0, we recall that, 
efficients a;, in (84) are constants, as thes are in the restricted theory ol relativity, 
ferentiation and ordinary differentiation are the same. Phen by (83 the components 
rr 
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252 JAMES PIERPONT. 
is the curvature tensor defined by (75). The required relation is thus 
obtained by setting the space tensor G;; — }a,;@ proportional to the 
energy momentum tensor 7;. We bave therefore as the 10 equations 
to determine the 10 unknown a,; 


(89) G;; — 3a,G = — «T;,;, 1,9 = I, 2, 3, 4. 


We can give these equations another form which is useful. Multiplying 
89) by a’ and summing we get 


(QQ) ya Gi; — 1G Sa;;a = = k>doa T 5 ;. 
Now by (74) ©.j; aja = 4, since n = 4. Hence, if we set 
P= Dae, 
J 
the energy momentum invariant, we get G — 2G = T, which, set in (90), 
gives 
(91) G = «i. 


Putting this in (S9) gives the desired relation 

(92) G, = — «(T;; — 3a,,T). 

When there is no matter present at the point x, JT and 7; vanish. Thus 
for space outside gravitating matter the 10 coefficients a,; are determined 
by the 10 differential equations 


(93) G (), 


which are linear in the second partial derivatives of the a,,. By means 
of these equations together with the radial symmetry of space we may 
show that the metric of our space produced by the gravitation of a central 
body, as the sun, may be given the form expressed in (9). The constant 
« Which figures in (89) and (92) is found to have the value 


Q4 ) k 8Sr— = 2-10-* c.g.s. units. 


14. Cosmological considerations. In studying the behavior of a complet: 
=ystem it is often a great convenience in ordinary mathematical physics 
to replace the boundary conditions by giving their values at infinity. 
This device was used by Einstein in bis celebrated paper on the perihelion 
of Mercury (1915). He supposed the a,; to take on the values at infinity 
(for a proper set of codrdinates) given by the scheme 


— () 0 0 
a 0 —4] 0 0 
(9: 
9) () . i.e © 


() () 0 ¢ 
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which correspond to the metric ds? = cdl? — dx? — dy? — dz of the 
restricted theory of relativity. A disadvantage of this assumption lies 
‘1 the faet that these values are tied down to a certain set of codrdinates, 
they are not invariant. For this and other reasons (stability of our stellar 
-ystem) Einstein was led to adopt a universe of finite magnitude. 1.€., 

| elliptic metric. In this space there are no boundary values as there 
i; no boundary. He supposes that matter is on the average uniformly 
distributed of density p. The stars are concentrations of this matter, 
hose greater density is compensated by a rarity of matter elsewhere. 
\< the metrie of his 4-way space he takes 


:; ae dz,? + dra + dr- 
ds ede — I 2 Iv 


(4) }-? 


1 + 7 ry? + ro? + 2°) 
It turns out, however, that this metric is in conflict with the equations 
Su) if we assume that the world matter has a velocity small in comparison 
vith light, an assumption justified by the relatively small velocity of 
the stars so far as ascertained. This difficulty is easily remedied by 
introducing a new term in (89). For the left-hand side of (89) was chosen 
us the simplest covariant tensor of order 2 whose divergence was zero. 
Now we saw that the covariant derivatives of the fundamental tensor, 
., a..4, are all zero. Hence by (82) div a,; = 0. Thus we may add 
term da,, (A = constant) to the left side of (89) and still have a tensor 
hose divergence vanishes. Einstein therefore sets 


7 (;,, — Xa,; - ha G = — «T;;, 
which is now in harmony with (96). As before we now find 
GS G=4+4+ «T, 
which, set In (97), gives 
44 G,, — da, — «K(7T,; -— 3a,,T). 
Where there is no matter, 7’ and 7; vanish and (99) becomes 
Lau) G,; — Aa,; (), 
which takes the place of the former equations (3). 

The two universal constants «, \ are related by 

») 


10] A = Kp, Ap ie 


R 


where 1 R = k is the curvature of the 2x), 22, 23 space Rs obtained by 
“eTting / const. in (96). 
Estimation of the size of the universe. .\stronomers often Use as a 


nit of distance 1 parsee which equals the distance of a star whose parallax 
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is 1”. Thus 1 parsee = 2-10° orbrads = 2-10°-150-10° kilometers, or 
l parsee = 3-10% em. Let us now assume with Kapteyn that the density 
of the cosmos is about the same as in a cube described about the sun and 
having a side of 10 parsees = 3-10" em. The volume of the cube is 
therefore 27-10" em.*. In such a cube Kapteyn estimates that there are 
about SO suns of about the mass of ours. As the mass of our sun is about 
2-10 gm., the mass of these suns is 16-10°! gms., we have 


. mass 16-10% 5 
density = p = _s § 9-10-*. 
5 volume 27-10" 
From (101) we have R? = 2 «xp and, as by 94) x = 2-107", we have 
I : 
eo = ___ = 1, 7-10, 
" ~~ 2.107" 5, 9-107 


therefore 
R = 1,3-10" em. = 9-10" orbrads. 











} 
lhe MWmced, 


CAUCHY’S PAPER OF 1814 ON DEFINITE INTEGRALS.* 


By H. J. Erruincer. 


Introduction. In 1814 Augustin Louis Cauchy presented before the 
\cadémie des Sciences a “*memoir on definite integrals,” in which appears 
or the first time the essence of his discoveries on residues. The memoir 
first printed in 18257 with additional notes and again in 1882+ with 
no change save in the matter of notation. . 

\lthough the kernel of the idea, that the integral of an analytie func- 

of a complex variable taken along a closed path depends entirely 

the behavior of the function at points of discontinuity within the 

ix contained in the paper, yet there are several reasons why the 
reader might notice nothing at all like this theorem. In the first place, 
though geometrical representation is now an essential feature of every 
presentation of the theory of functions, Cauchy used neither figures nor 
seometrical language. In the second place, the fundamental theorem, 
nd. indeed, all the applications in this paper, concern simple integrals; 
but the author states the central problem as the determination of the 
difference in the value of an iterated integral according to the order of 
niegration with respect to the two variables. By the use of this difference 


obtains the residue, thereby obscuring the relation of the latter to a 
e integral. Thirdly, he refrains from using complex quantities, in- 
variably separating an equation into its real and imaginary parts. This 


-itates longer equations, more of them, clumsier notation, and a 
more obscure treatment than would be the case had he used com- 
plex quantities. Cauchy himself came to appreciate this fact, for his 
footnotes of 1825 are devoted to the simpler complex equations from 
which his real ones can be readily deduced. Finally, all editions abound 
in -prints. 

For these reasons the discoveries contained in this memoir were not 
eciated even by the great mathematicians of his time. Poisson$ saw 


? 


in the paper merely a means of evaluating integrals and remarked that, 


~o far as the first part was concerned, no new formule were an- 
As for the evaluation of iterated integrals by the so-called 


ed to the Amer. Math. Soe., Se pt. 2, 101% 
oire sur les intégrales définies,” Savants Etrangers, 1, p. 509, Académie des Sciences 
t de France 
res Complétes, [ série, 1, p. 319 ff. 
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singular” integrals (which are equal to the difference between the value 
obtained by integrating first with respect to x and then with respect to y 
and the value obtained by integrating in the reverse order) he said that, 
though the new method was worthy of consideration, it ought not to 
replace the old ones! Lacroix and Legendre, in the official report on 
the paper, stated as the valuable results obtained by Cauchy: (1) the 
construction of a series of general formule for transforming and evaluating 
definite integrals, (2) the pointing out of the fact that the value of an 
iterated integral may depend on the order of integration, (3) the dis- 
covery of the cause and amount of this difference in value, (4) the deriva- 
tion of new formule which, to be sure, might have been otherwise ob- 
tained. It seems, then, likely that the foremost mathematicians of that 
time failed to recognize the contributions of main importance in this 
paper. 

To appreciate thoroughly the memoir, the following facets must be 
noted in addition: (1) imaginaries had no secure arithmetical basis in 
1814, (2) this was the first deduction by rigorous methods of the formule, 
hitherto obtained by purely formal processes, for evaluating definite 
integrals, (3) while the form had not vet been cast in the e-mould, which 
itself originated with Cauchy, nevertheless the proofs are so conceived 
that they correspond in substance to the standards of rigor of the present 
day. 

Part I. 


Continuous integrand. In discussing the memoir we shall frequently 
combine two separate real equations into one complex equation, as 
Cauchy did in his notes of 1825 and, very likely, in his original work. 
We shall also adopt the language of modern analysis for the sake of 
clearness and accuracy. 

The first theorem proved in the memoir is, in effect, that if a function 
of a complex variable is analytic throughout a region of a certain type and 
continuous in and on the boundary, the integral of the function taken 
along the boundary of the region is zero.* The regions considered are 
mapped in a one-to-one manner and continuously, but not in general 
conformally, on a rectangle in the real (2, y) plane. The mapping on 
the complex M + Ni plane is performed by taking M and JN as real and 
continuous functions of 2 and y with derivatives of all orders with respect 
to z and y, continuous in z and y regarded as independent variables. 

* For modern treatment of this theorem see Osgood, Lehrbuch der Funktionentheoric, erster 
Band, zweite Auflage, pp. 284-285; Pierpont, Functions of a Complex Variable, pp. 211-214; 
Goursat, Cours d’Analyse Mathématique, tome II, pp. 82-92. These three text-books will here- 
after be referred to as O., P., G., respectively. 
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Let* 
| J(M + Ni) = P+Qi 


be an analytie function of M + Ni in a certain region, S, of the M+ Ni 
plane, and let 
M Olr, yf) and N = (xr, y) 
« single-valued functions, continuous in x and y, in a_ rectangle, 
RiO- © = a,0= y — b), and on the boundary, I’, and possessing con- 
tinuous partial derivatives of all orders with respect to x and y in R and 
nT. 
Furthermore, let f 


o(M + Ni) 


) S + Ti f(M + Ni) , 
, Ox 
2 v 4 we f M 4 Ni) ar M 7 Ni) : 
OY 


Differentiate (2) and (3) with regard to y and x respectively: 


} aT ¥ le n rr) s) m Ni 
4 oe Ph RO OP SO 
i] ov Or OY 
| Fi Mu 1 ra M kd Ni). 
, OYOX 
ei = fe egte fase" 
id Or ay Ox 


.. O(M + Nz) 
+ f{(M + V7) ———— . 
OXOY 
But under the conditions imposed 

a7(M + Ni) or M + Nz) 


Oxy OYyOX 


as aT’ ; ou’ idV 


fe = 5 
OY Oy OV OV 
Henee 
as aU aT av 
{ —— a and a 2 
OY Or OY OQ 


Multiplying the equations (4) by dydx and integrating from x = 0 to 
a and y = 0 to y = b, and noting further that, since the integrand 
is continuous, the order of integration can be reversed, we have: 


‘The notation of the original paper has been changed here from P+ PG to P+ Qi and 
ct t0 2 Zt yt. 
q * 

VM + Ni) aM + Ni 


si 4 
| Hereafter , — % : 
OL oY 


d(M + Ni 
will be designated by a 


» 


t See Goursat-Hedrick, Mathematical Analysis, vol. I, p. 15. 
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— *a *h aS si °a ani f 
(5) dx dy = dy = dx. 
eo “0 OY U0 0 OV 
Let S(r, 6) = S, S(x, 0) = 8s, Ula, y) = U, UO, y) = u; then equa- 
tion (5) becomes 
(6) “Sdx — ‘sdx = Udy — } udy. 
eo eu ev eo 
In a similar manner, letting T(r, 6) = 7, T(x, 0) = tandV(a, y) = V, 
V(0O, y) = v, we obtain 
(7 { Tdx — | tdx = | ‘Vdy - vdy. 
Z Dlare 
~ atbe 














S+0¢ 
oe 
a 
Pic. 1 
Multiplying (7) by — 7 and (6) by — 1 and adding we have 
(s+ tidz + U + Vi)dy — (S + Tijdxr — (u + vi)dy = 0, 
or 
wr , are ACM + Ni) 
(yar + xi (AND ae 4 yi) <0 
oy dix + yr) ; 


which means that around the rectangle here given in the z plane, and hence 
in the Me+ Ni plane about the corresponding curve,* Ly, 


(8) f(M + Ni)d(M + Ni) = 0. 
~7L 

Hence 

FUNDAMENTAL THeoreM I: Let f(M + Ni) be an analytic function 
of M + Ni in a certain region, S, of the M + Ni plane, continuous in 5, 
and on the boundary, L, and let M = o(x, y) and N = (a, y) be single- 
valued continuous functions of x and y ina rectangle, R(O =x =a,0 = y 
= b), and on the boundary, 1, possessing continuous partial derivatives oJ 

* Cf. equation (3) and equations (A), footnote, (2uvres Complétes, I série, 1, p. 33S. This 
memoir will be referred to hereafter as O.C. 
























CAUCHY’S PAPER OF 1814 ON DEFINITE INTEGRALS. 259 


all orders with respect to x and y and mapping the closed region, S, on the 
closed rectangle, R, in a one-to-one manner and continuously; then the 
ntegral of f(M + Nijd(M + Ni) taken around L in the positive direction 


anishes, or 
| f(M + Nijd(M + Ni) = 0. 
/L 
In the applications Cauchy uses the real equations in S and U, T and 
\ respectively and does not combine them as is here done. The functions 


used in this paper for VM and N and the corresponding maps of the ree- 
tangle, R, on the W+ Ni plane are given in figures 2, 3, 4, and 5. 


°° Me=zZ, N = y. 
47 +Ne plane 


b (a,b) 

















(a* ab) 








2 





C a 


In several of the applications Cauchy allows a, the upper limit of the 
r-interval. to become infinite. He considered that his conclusions could 
be extended to this ease if the function f(M + Ni) approaches a limit for 


each value of y (0 = y = b) when a becomes infinite and the improper 
integrals thus introduced converge. These conditions are, of course, 





Syeee pee 
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3. M =r7 cosy, N = 2zsin y. 


/1+NMi plane 
(a cost, a dnt) 


T=@ 








( a*a b) 














O 


insufficient, but since all the functions f(.M + N7) considered by Cauchy 
approach their limits uniformly in (O = y = 6) and the integrals con- 
verge, the results may be established as correct. 

The following is an example of the method of application and of the 
results of Part I. 

tegion 1°. (See Fig. 2.) 

M = z, N = gy. 

Let fix + yi) = P(x, y) + Q(a, y)i, such that Q(z, 0) = 0, and S + T% 
=P+Q, U+Vi= —Q+4+ Pi. 

Equations (6) and (7) vield 


{ “QO, y)dy = 0, 


e/(0 


(6’) { P(z, b)dx — { P(x, O)dx + f Q(a, y)dy — 


(7’) { Q(x, b)dx — f P(a, y)dy + f P(0, y)dy = 
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Apply these equations to 
f(z) = e* where z=x+y.* 
P(x, y) = ee” cos 2ry, Q(z, y) = ee” sin 2ry, 
P(z,0) = e™, P(O, y) = e”, (0, y) = 0, 


<0 that in this case equations (6’) and (7’) become respectively 


*, Tf) Ti 
\y ee” cos 2brdx — e “| e” sin 2aydy = | as, 
e/) e/0 e/0 
we, v/, v, 
10) — ee” sin 2brdx — ¢ 7 e” cos 2aydy = ~f e"dy. 
eo ti v0 


Now let a increase without limit. The second integral in each of 
the equations (9) and (10) vanishes, for 


[ e” sin 2aydy - [ sin 2ay e~“e’dy 
i x ‘, 23 b> 0. 
But ~ 
lim be’-” = 0, 
hence _ 
lim [ “e” sin 2aydy = 0. 
Sinularly 7 


lim e~“e” cos 2aydy = 0. 
G=—? 2 o/Q) 


Since it can be readily shown that the other integrals converge, we are 


justified in writing Cauchy's equations: 


%~ ‘ee ( Es 
( > cos DPbrdx = ¢ H e "dr = 2 
e/a e/0 _ 
ea /, 
42 
e~” sin 2brdx = ¢ edy, 
eu e/t 
7s 
il we assume e~ “dz = ¥4/2. 
eo 


Part II. 
Integrands with poles. In the second part of the memoir Cauchy 
deals with the integrals of functions which are discontinuous at isolated 
points. In all the applications these singularities are simple poles. ; 


* Cf. O., p. 293, Beispiel, 4. Gp. 81,9". 
l O.C., p. 413. 
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Here Cauchy obtains for the first time a formula which contains the 
essence of the theorem on residues. The true significance of Cauchy's 
method at this point is very obscure. The result is apparently stated in 
terms of the evaluation in two different orders of an iterated integral 
whose integrand has a singularity at a single point.* As a matter of 
fact, the iterated integral plays an unessential rdle in Part II, since all the 
theorems and applications are concerned with simple integrals only. 
Moreover no useful facts are developed concerning iterated integrals. 

The exposition and criticism of Cauchy’s method we lay aside for the 
moment and proceed to set forth a method by which the results of Pa: 
Il are very simply obtained from the fundamental theorem of Part I. 
This method is not so very unlike Cauchy's, as will be pointed out later, 
and would probably be used by him were he writing in the notation of 
the present-day analyst. It is the method used in many modern text 
books on the Theory of Functions. 

FUNDAMENTAL THEOREM II: Let fi. M+ Ni) be an analytic function 
of M + Niina certain region, S, of the M + Ni plane, except for a single 
pole atm + ni, inside of S, and continuous tn and on the boundary, Ey. of S, 
except at this pole. Let M oir, y) and N Wir, y) be continuous func- 
tions of x and y in and on the boundary, 1, of a rectangle, R(O ~— x ~ a, 
if y: b). POSSE Ssing continuous partial derivatives of all orders, mapping 
the closed region, S, on the closed rectangle, R, in a one-to-one manner and 
continuously, and such that m = @(NX, Y) and n = W(X, ¥). Let R’ (a’ 

roa’, b' = y = b"’) be any rectangle interiort to R and containing 

NX, Y) within its boundary V', and let L' be the curve in S corresponding to 1". 
Then the integral of f(M + Ni)-d(M + Ni) taken around L in the positive 
SELLE is equal lo the inte gral of f M + Ni) ad M - Nz) talk Vl in the positive 
SENSE around 
ls M + Nijd(M + Ni - | f(M + Nid(M + Ni. 
Jr. . 
Z plane 
= 
y.) 
- / ¥| 7 


{| 2 |Z) 6 


























a a 
‘oa e «2 Qa 
CVE sg * 38S ff. 


YO... p..3a) 8.2 P., p. 206 ff.: G., p. 114 ff. 


tic. C< de <2" <a, 0<¥ <b” <b. 





WremrEN TRE eye 


Ay ome 




























CAUCHY'S PAPER OF IS14 ON DEFINITE INTEGRALS. 263 


oe te 
z ~ 





The proof follows immediately from the fundamental theorem I by 
application successively to the rectangles marked 1 --- 8 in Fig. 6 and Ht iy 
I eS 
addition of the resulting equations. The equivalent of this equation in bi 
(Cauchy's paper gives the first statement of his discovery on Residues.* ie 
We proceed to derive the formule necessary to make the first applica- i 
. ie 
on by evaluating | J(M + Nijd(M + Ni)+ explicitly for the case ¢ 
e/ I’ . ‘ 
J zr, N y,orz = M + Ni. 
Lett A+ Bi f(z)dz, and suppose: 
e/j’ 
( ise | i 
f(z) a where Z NX + Yiu. 
z-Z 
‘T) en ii 
4 (dz ; 
1+ Bi = | ae 
June = Z 
Let 
z-—-Z re dz ire?'dd + e?'d) | 
Then 
: wa 7 "dr 
A T Bi Cidd - > ; 
Jo Jar 
A+ Bi 2ril',§ 
~ince the initial and final values of 7 are equal. ie | 
(‘ase 2. 
0 
f(z) = o(z) 4 


where @(z) is analytie in R and continuous in R and on the boundary, L, 
and where Z is within R, (Fos 


”~ > (" ia : 

A + Bi g(z)dz + | , dz ies | 

J 1! Jue — Z 

or | 4 
A+ Bi = 2m, a oe 

“ince o(z)dz = 0 by the fundamental theorem I. lit) i 
vl] ; . 
Case 3. If f(z) has a pole on the boundary, L, of the rectangle, R, but : 


*O.C., p. 381, equation (4). 
' L.’ is identical with I’ in this case. 
‘ | r The notation has here been changed from A’ T A 7to A — Bi. 


§Cf. O. C., footnote, p. 412, equation (C) 
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not at one of the vertices, we construct R”’ as in figure 7 and denote by 
Land L” respectively the boundaries of the rectangles R and R”, omitting 
in each case the segment AB. We apply now the fundamental theorem | 
to the rectangles 1, 2, 3 and sum the results. In this way we find 


[ fiz)dz ‘ rf f(z)dz = 0. 


ef of [’" 


z pla ne 























b 
3 I 
u 
/ £iR{@) 
2 B 
| LZ, 
oO! a. 
Fic. 7. 
If now, in particular, we suppose f(z) = C (z — Z’), we write A + Bi 
= [/ z)\dz = — ( ( (z — Z')dz, and z — Z’ = re*': then dz = ire*'dd 


wu wale il 


+ e®°'dr. Hence 


A+ Bi = [ Cidé + ( ts dr = ri, 


since L’’ may be chosen in such a manner that the initial and final values 
of r are equal. 
Case 4. Let f(z) = C (z — Z’) + o(z) where ¢(z) is analytic through- 
out R, and Z’ is a point of L, not at a vertex of R. Now [ ¢(z)dz = 0 
VL 


by the fundamental theorem I. Hence here also we obtain 


A+ Bi = mC. 





Case 5. In general let us consider a rational function 


, G(z) pe C.? 
‘ J Z) = ’ = ~~; + r [+ $(z), 
F(z) ns ¥ ) ey 


where F(z) has only simple roots in R, and on the boundary, L, but not at 
a verter. Then A + Bi must be computed for each pole and the results 
summed. Hence 
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| A+ Bi = 27ri>_C, aa rid C,""* 

where C; is the coefficient of 1/(z — Z,), Z, an interior point of R, and 
where Cy" is the coefficient of 1/(z — Z,’), Z,.’ a point on the boundary 
not at a vertex. 
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Let C; Ay — tu, and Cy” = dy” — ine’. Then 


12 A = 2roue + to’ 


13 B= 27d + ry". 


On the basis of the fundamental theorem II and equations (12) and 
13) we may work out one of the examples given by Cauchy in Part II. 
Cauchy apples these formule to the rectangle bounded by y = 0, y = 6 
0; z — a, x = a, and then allows a and 5 to increase without limit 
lig. 8). 
S(M + Nid) = f(z) = fia t+ yi) = P+ Qi, 
where Q(x, 0) Q. 


A+ Bi J S(z)dz 
Ji, 


; | “P(x, O)dx + | ‘[P(a, y) + iQ(a, y) jidy 


ai | [ P(x, b) + iQ(ax, b) dx — J [P(0, y) + 7Q(0, y) jidy. 
0 


e a 


Separating this equation into real and imaginary parts, we have 


v0 


14) A= | P(x, O)\dx - Q a, y)dy — "P(x, b)dx + | (0, y)dy, 


wh ee wh 
1) B = Pia, y)dy — Q(x, b)dx — P(O, y)dy. 


To be able to eliminate from the formule all integrals except those 
along the axis of reals, Cauchy thinks it sufficient to take f(z) to be a 
function such that P and Q vanish when x = + %, y= %. This is 
not at all sufficient, however, for stronger conditions are called for to 
insure the vanishing of the integrals in question. It is sufficient, however, 
if a and 6} inerease indefinitely in a prescribed manner such as e.g. 


lim b =k <0 


a—xfl 


and that 
lim va? + 6? max f(x + yt) | = 0, 


a—>® 


"<x. Uk Oe p. $22, footnote, equation (). 
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the maximum being taken for all points + a + yi in the interval 0 = y 
= 6 and all points x + bi in the interval — a ~ x = a, ie., for all points 
on three sides of the rectangle determined by (— a, 0), (— a, b), (a, b), 


and (a, 0). That is, we shall assume that, given a positive number, e, 
arbitrarily small, we can find a positive number, Y, such that 


va? + b* max fir + yi) <eé, 


when a > X for all points + a+ yi in the interval 0 = y = 6 and all 
points 2 + bi in the interval — a = x = a. Then 
Q(t a, y)dy - fiat yr) dy 


e/0 0 

€ " eb 
dy < “. 4; 
Jy vae + b va? + b 
when a > X. 


Hence, as a and 6 increase indefinitely in this prescribed manner, 


lim Q(+ a, y)dy = 0. 
a, b-—> xz JQ 
Similarly, it may be proved that 


lim P(x, b)dx = 0, lim Q(x, b)dxe = 0, lim | P(O, y)dy = 0, 


a.b—>=x a os 


yo— 
—3a * i 4 x 


lim { ((0, y)dy = i. lim Pia, y)dy — (). 


b—> x 


Moreover, if in addition lim,_., af(a) = 0, then #“.P(2, O)dx converges 
as a increases indefinitely, for if € is positive and arbitrarily small, there 
exists a positive number X such that f(7) < «a fora > 2 > X, and 


{ P(x, O)dx : { f(a) dx 


€ > 
(a —X) <e 


a 
fora > X. 
Formula (15) tells us that, for a function fulfilling the above conditions, 
B = 0, and the formula (14) reduces to 


{- pdx = A, 


where A is taken for all the poles of f(z) where y = 0. If f(z) is an even 
function, (16) becomes j 
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A =2 | “pdr. 


Let fiz) = 2"/(1 + 2°"), where n is the greater of the two positive 
integers, m and n. Then Q(z, 0) = 0 and P(x, 0) = x2"/(] +22"), an 
even function. Hence 


7 ius [ ie 
; g7* 4. j 


0 


ws ' — 
We must now specify a path for a + bi such that lim ° = k + 0 and 


o-_z a 


lim va’ + 6 max f(x + yi), = 0 for all points + a + yi in the interval 


(- y ~ band all points x + bi in the interval — a =z =a. 





























CO 
“101 2 a 


Fic. 8. 








We will take a = b (see Fig. 8). Then 


(+ a+ at)°*" 
1+ (+ta)*" 


va> + 6 max f(+a+ yi) = wa 


v2 (41 +1) 


a a ' 


m—U(qm2n-4 J) 


The last expression approaches zero as a increases indefinitely. 


Similarly 
va? + B? max f(x + bi) = wa => os il 
al 1 + (ar)*" 
V2 (1 + 2)" l 


a on ft 1-" a’ n—m)—1 
The last expression obviously approaches zero as a@ increases indefinitely. 
Also 


. ; . qemtl 
lim af(a) lim , =0 


a—> a— ee ] ge 


The conditions sufficient to justify (17) are therefore satisfied. 
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The poles of f(z) are to be found where 2°" + 1 = 0, or 


2k+1 
Cae. buh) sis im ¥ 


We observe that the poles are on the unit circle and therefore certainly 
inside the rectangle R as soon as a > 1. 





zm C ( C, 
— u ' 1 ! n 1 
= —— aa + — —) 
P+ 22" 2 — e> z — em! z—e mm" 
Now 
. 2@(2z — Z,) 
C, = lm 
s=% ] — 2 
~ (2m + 1)27" — 2m2z2"Z 
lim ; 
s—Z, 2nz 
- Lye" Se eicuas 
2nZ jo" Ino 
ni 
= ol =f e n ] ’ 
2n 
at 
—— I f ] i+1) 2m 
2n 
Also 
= LS ott 
Cc. = - é _ ee 
r=0 Dn &=0 
11—e hah atc ai 
— —_ 2 +1 = f = 
2n 1 —e? 
i 27 7 ] 
titi 2m+1 2m+1 as ) 1 
. 2m 
Q2nen "*—en * 2nsin T 
2n 
And 
2n—1 _ 
1 = 27>) um = ‘.—— 
imo . 2m+ 1 
In sin 7 
2n 
Hence 
7s 7 m = 
dx = 
» 1+ Zz’ . 2m+ 1 
. ) +) 
<n sin T 
2n 
Let 2m + 1 = a and 2n = 8. Then 
** .a—1 
pe Tv 
| 1 4 gir a . 
‘ + = « @ 
” 8sin— 7 
B 
a formula which Euler had obtained. 
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In a similar manner other formule are obtained by taking other func- 
tions and other regions and integrating around the corresponding rec- 
tungle.* 

We return to consider the method used by Cauchy in the second part 
to obtain the results of the fundamental theorem II and its immediate 
corollaries proved above. In the first place, Cauchy adopts the “ principal 
value” definition to remove any difficulties regarding the eveluation of 
imple integrals due to singularities on the path of integration. 

Suppose we have @’(x), the derivative of a real function ¢(x) of a real 
variable. Consider 


*/ 


AD o'(x)dx, 


where @'(.c) has a finite or infinite discontinuity at (XY) between c and d 
but is continuous In ¢ = 2 <X and X <2=d. By the “principal 
value” of (19) is meant 


*\ / Lr 
linn | o' (xr)dx + d’ a)de | 
- ‘ JN+h 


= lim [— ¢(c) + 6X —h) — of X +h) + d(d)] 


A—>0 


= @ d) —_— iC; = A, 
where 


A = lim [¢ X +h) — ra) Dy —h }. 


ever 
\ccording to the modern definition of convergence of an improper integra}, 
the existence of this limit is a necessary but not a sufficient condition for 
the convergence of (19); Cauchy takes it as his working definition.} 
secondly, to define the improper iterated integrals which occur, Cauchy 
proceeds as follows. Let U(x, y) be a function which is continuous in x 
and y and possesses a continuous partial derivative with respect to x every- 
where inside a rectangle, R(O = x = a,0 = y = 6), and on the boundary, 
L, except at the poiat (0, 0) where it possesses a non-removable singularity 
but does not become infinite.§ Then 
20 [ dy (“a dx lim dy wo dx 

a ee t—-0 Jy Je ON 


0 e 


where & > 0. 

This definition is totally inadequate, since the simple integral obtained 
after a first integration does not even come under the principal value 
definition and may even diverge. 

* See O., pp. 289-295; G., pp. L1S-122. 

1 O.C,, p. 402. 

tO.C. Cf. example on p. 104, | a Z. 


§ Cf. examples given by Cauchy, 0.C., p. 394 and p. 397. 
O.C., p. 390. 
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It is, however, to be noticed that these insufficient definitions do not 
impair the value of Cauchy's results, nor do they substantially affeet 
the method. If the discontinuity occurs at a corner of R, the method is 
not applicable in general, as Cauchy's formula itself shows.* For the 
definition of equation (20) above is an attempt to “cut-out” the singu- 
larity. But this does not yield a convergent result for this case. We 
cannot, therefore, put any real content into this particular result from our 
modern point of view and have, therefore, excluded it in our treatment. 
Cauchy, himself, makes no use of this equation in any of the numerous 
applications of the memoir. 

When the point of discontinuity occurs inside of R at (Y, ¥), the 
rectangle is divided into four parts? by the lines x = NX, y Y, and the 
iterated integral is separated in a manner corresponding to the double 
integrals over each of the four rectangles. When these four integrals 
are added together, we have in rather obscure form what amounts to 
the method which we have set forth above. The singular point has been 
“eut-out”’ by a small rectangle, . X-s 97 X+:, y y — », 
y = Y + yn. and a method of evaluating the line integral about the small 
rectangle is given in the form? 


a) A= te im | Pox + a ydy + [ON + & yay 


—~ i) fF —et) mA 
| 


i . 


a (U(X — &, yjdy — U(X — &, &)dy|- 

The bracket is substantially the real part of our equation (11). The 
difference between our method of evaluation of (11) and Cauehy’s method 
of evaluating$ (21) is a striking example of the economy of the complex 
variable formulation. 

When the point of discontinuity is on the boundary of R, the value ot 
A is given by two terms of (21). In both cases the results after integra- 
tion are identical with those of (12) and (13). 

In the historical review of the theory of functions by Brill and Noether* 
a brief treatment of the historical importance of the memoir is given but 
not from a critical point of view as is here done.** 

UNIVERSITY OF TEXAS, 

AUSTIN, TEXAS. 

*O.C. Cf. third equation under (20), p. 412. 

rO.C., p. 396. 

tO.C. Cf. p. 397, equation (13 

$0.C., pp. 406-412. 

O.C., p. 400. 

« Jahresbericht der deutschen Mathemataken-vereinigung, vol. 2 ISO4), p. 165 fi 

** The above paper has grown out of an investigation of Cauchy's work on definite integrals 
and residues in a Seminar course at Harvard University. Some of the early work was done with 
the collaboration of Dr. E. 8. Allen 
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ARITHMETICAL DEDUCTION OF KRONECKER’S 
CLASS-NUMBER RELATIONS. 


By G. H. Cresse. 


The class-number relations which appear near the end of this paper 
are three of the eight celebrated class-number recursion formulas which 
I. Kronecker published* in 1860. In a preliminary announcement,t 
he had said, “‘ If n denote an odd number > 3 and « denote the modulus 
of an elliptic function, then the number of different values of x? for which 
multiplication of the elliptic function by v— n is possible is six times the 
number of classes of quadratic forms belonging to the determinant — n. 
Mach value of «? is the root of an integral equation whose degree is the 
number of such values of «*.” Latert he intimated clearly that his only 
metho, of obtaining class-number relations from the theory of singular 
moduli was by setting two moduli equal to each other in the modular 
equation. By this method, H. J. Stephen Smith deduced§ in detail the 
eight formulas in a report which Kronecker has commended | for insight 
and mastery of principles. 

(*. Hermite® showed how a class-number relation can be obtained by 
equating the coefficients of like powers of e™ in two expansions of a 
“doubly periodie function of the third kind.” K. Petr** by Hermite’s 
method deduced all eight of Kronecker’s relations. In parallel researches, 
(i. Humbert tt and L. J. Mordellt{ have reproduced independently many of 
Petr’s intermediate results. 

Kronecker§§ set up a one-to-one correspondence between certain 
quadratie forms and bilinear forms in four variables and then developed 
a theory of bilinear forms which established arithmetically the first six 
of his eight formulas. More interest however has been taken in the 
method of arithmetieal deduction which was first illustrated by J. Liou- 


* Jour. fiir Math., 57, 1860, 248-255; Jour. de math. (2), 5, 1860, 289-299. 


f + Monatsberichte Akad., Berlin, Oct., 1857, 456. 
‘ t Ibid., 1875, 235. 
, § Report of the British Association, 35, 1865, 349-359. 


Monatsberichte Akad., Berlin, 1875, 234. 


: © Comptes Rendus, Paris, 53, 1861, 214-228; Jour. de math. (2), 7, 1862, 25-44; Euvres, 
, 1908, IT, 109-124. 
** Rozpravy ceske Akademia, Prague, 9, 1900, No. 38 (Bohemian language). 


tt Jour. de math. (6), 3, 1907, 337-449. 

tt Messenger of Math., 45, 1916, 76-80 ° 

te , arr <énigl. Preuss. Akad. Wiss 

$§ Monatsberichte Akad., Berlin, 1866, 873; Abhandlungen Koénigl. Preuss. Akad. i 
erlin, 1883, I], 2d Abhand., pp. 60. Werke, Leipzig, 1897, IT, 425-490. 


241 

















Te OSE TT ETN + 


am 





272 G. H. CRESSE. 


ville* and which has been applied to a certain class-number relation by 
L. J. Mordell.+ The method is the result of translating one of Hermite’s 
analytic proofs into an arithmetical one. J. V. Uspenskyt has acecom- 
plished the deduction of the eight fornmilas by this method. In the 
remainder of this paper, I shall reproduce the substance of his proof of 
formulas I, II, V and supply myself many desirable details including the 
proofs of his leinmas. 

Lemma 1. Let F(x) be an uneven arithmetical function of the 
integer r;ie., F(— x) = — Flr’, F(O) = 0. Let m be an uneven positive 
number and let 


(1) mF(*3*) S. 


where the summation extends to all integer solutions of the equation 


(2 m= 4h? + dé, 
in which d and 6 are positive but h S 0. Let 
(3) | SF(i +d’) = 8’, 


where the summation extends to all integer solutions of the equation 

(4 m= i+ 2d'3, 

in which d’ and 6’ are positive and 6’ uneven, but ¢is = 0. Then S = 2S’ 
if m isnot asquare, and S = 2S’ + vm F( vm) if mis asquare. That is, 


}45 (O, if mis not a square, 
ft: "ia 9 | i FG +d’ - Pe image 
_ = 2 = ‘Cr aA)42 NmF(vm), if misa (A 


r sh2+d 


-_- 


l square. 
Proof $ of Lemma 1. Referring to (3) and (4), let 
r=icdd', y= 6 —i, z=i¢d' — 3; 


that is 
L=7—-—y—zZ, d’=y +z, =x —2. 


Then (4) becomes all representations 


(9) m=27-+y° — 2’, 
in which z and z are each even or uneven 3 0; y even 30; 4 + 2 > O 
x >z. But the sum (3) is not affected if we add the condition x + z > 0 


for, corresponding to every solution (z, y, z) of (5) in which x 4+ zis < 0, 


* Jour. de math. (2), 7, 1862, 44-48. Details of proof have been furnished by H. J. S. Smith, 
Report British Assoc., 35, 1865, 366-369; and by P. Bachmann, Niedere Zahlentheorie, Leipzig, 
1910, II, 423-433. 

+ Messenger of Mathematics, 45, 1916, 177-180. 

t Math. Sbornik, Moscow, 29, 1913, 26-52 (Russian language). 

§Cf. H. J. Stephen Smith, Rep. Brit. Assoc., 35, 1865, 368. 
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there is a solution (— 2, y, z) in which z + zis <0. Hence we consider 


in (9) all and only the representations in which 
() y z> 0, X>/|z 
That is to say, in (3), Sis equal to SF (x) in which the summation ex- 
tends to all solutions (x, y, 2) of (5). (6). 
Referring to (1) and (2), let 
id a ‘ 
v= » id — 3, z= > (d = Oo, y = Zh. 
Then (2) becomes all the representations 


( m=r27-+y°-—2z 


in which y is even and = 0 and 


\ > > is 


That is to say, in (1), S is equal to F(x) in which the summation ex- 
tends to all solutions (x, y, z) of (7), (8). 
a) Case of ma non-square, Le., y +2. If (x >O0, y >0,2< y) 
isa solution of (5), (6), then (x, y, — z) but neither (2, — y, z) nor (2, — y, 
is a solution of (5), (6); while all four sets are solutions of (5), (6), 
while all four sets are solutions of (7), (8). 
If (x > 0, y > 0, z > y) is a solution of (5), (6), then (x, — y, z) but 


neither (7, y, — 2) nor (xr, — y, — z) is a solution of (5), (6), while all 
four sets are solutions of (7), (S). 

If (rx > 0, y < 0, z > y) is a solution of (5), (6), then (x, — y, 2) 
hut neither (2, y, — z) nor (2, — y, — 2) is a solution of (7), (8). 


The categories given in the last three paragraphs of solutions of (7), 
S) are exhaustive. Hence the lemma is proved for m a non-square. 

b) Case of ma square. To the solutions of (5), (6) for ease (a), there 
will now be added only those solutions (x, y, 2) in which y = z > 0. But 
corresponding to each of these new solutions of (5), (6) there are the new 
solutions (x, y, 2), (a, — y, 2), (ayy, — 2), (a, — y — 2) of (7), (8). The 
number of such solutions (x, y, — z) and (x, — y, z) combined with the 
solution (x, 0, 0) of (7), (8) is Vm and the sum of the corresponding terms 
of (1) is Vm F( vm). This completes the proof of Lemma 1. 

Let f(x) be an even function of the integer x. Let o be an arbitrary 
real number. Then the function 

F(x) = f(x — a) — f(x + @) 
is an uneven function of (x). In (A), we replace m by m — 2pa, where p 
and @ are given uneven positive numbers; and we take F as just defined. 


Then (A) hecomes 
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> Li(’ go °)-s(4 $2 + 0) ] 


) 
2o@ -+ 4h? + « 
=0 
= 2 z. (fitd—«) -—fiitd+a)] (B) 
i,d 
‘84> 6 
m= 2po0 + 12+ 2d8 
1 (mod 2), > 0 
, {| Oif m — 2po is not a square | 
s[ fis — ¢) — f(s + a) | ifm —2p0 = 8? > 0] 


We take hereafter in this paper m = 4n + 1 and for this case the 
brace in the last equation is equal to zero, since m — 2po = s* has no 
solution for odd p and o. We may now extend the summation in (B) to 
all possible p and a, and have: 


> s( - °) +7( +) | 


go 
m= 4h2>+2p0 + dé 


t=O 56> 


= 2: > [fid—o +2) (') 


+fid—o —i) —fid+o4+1) —fid+o— 1) ]. 
The right member of (C) is transformed by means* of 
LemMa 2. Let n be an even number and consider all the representa- 
tions 
n = db + pa, 
in which d, 6, p, ¢ are positive uneven numbers; also consider all the 
representations 


in which d, 6 are positive integers, 6 uneven. If ¥(z) is an even function, 
then 


2 » [y @d—t) — ¥(d + a) | = Dm d[ y(0) —_ vid) }. 


p,@,4,6>0, d>o0 
Limeod 2 n= db 
n pa + dé é 0 1 (mod 2 


Prooft of Lemma 2. Consider the system 
dé’ + p'o =n, d+o= 2, 5’ — p’ = 2p; a 
in which d, 6’ p’, 0 are positive and uneven, and yp, v are given positive 
integers. The solutions of this system are equal in number to the solu- 
tions of the system 


dé’ + p’o = Nn, d—o = — 2p, 6’ +p’ = 2». (a 


* Cf. J. Liouville, Jour. de math. (2), 3, 1858, 194. - 
+ Cf. H. J. 8. Smith, Rep. Brit. Assoe., 35, 1865, 366-367. 
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For, eliminating 6’ and o, we find that (a) has as many solutions as 

2 = vd + up’ has solutions in which d < 2u and (a’) has as many as 
ihe same equation has solutions in which p’ < 2v. These numbers 
of solutions are the same. For, corresponding to each solution of 
n 2 vd + wp’ in which d < 2u and p’ > 2», there is a solution of 

» vid + 2h) + pwlp’ — 2kv) in which p’ — 2kv < 2v: k being so 
chosen that 2/v is the largest multiple of 2y that is < p’. 

Similarly, the solutions of the two systems 


dé’ + p'o = n, d+oa= 2u, 6’ — p’ = — 2p; (b) 
and 
dé’ + ap’ = n, d—o = — 2, 6’ + p’ = 2p, * (b’) 


are equal in number. Also the number of solutions of each of the two 


<Vstems 


dé’ + p'o = n, d+o=d", S =p = 3”: (¢c) 
itl d 
dé’ + p'o = n, d= ¢ = §”, 6° +p’ =d", (c’) 
e » e ° e ” err a ° a 
for each pair of conjugate divisors d’’, 6” of n, is—- 


») 


Hence if ¥(x) is an even function, the enumeration of the solutions of 
a), a’), (b), (b’), (ec), (c’) gives the Lemma 2. 


We specialize the even function ¥(2) as 
v(x) = f(r —1) + f(x +2) 
in which f(r) and 7 have the same meanings respectively as above. So 
the Lemma 2 applied to the right member of (C) becomes 





») ¥ = E 4 A. ¥ _ ae *\ 
2 > Cf d o 2) | d o 2 
t,d.¢ 1 
f*) g lt 2 
— {2 ; 
ie ad . 
—fid+oat+2) —-fid+o- i) 
. df2f(i) — f(id + i) —f(d — i]. 
L= F d - 
€.6.%4>9 
lon 2 
m {2 


And henee (C) beeomes 


— se fd+é6 
|r ( » -o)-s( > +o)| 


o> 
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From (C’), Kronecker’s classical formulas I, II, V now follow by 
taking f(+ 1) = 1, f(x) = Oif 2? is not = 1. 
We evaluate the left member of (C’). Only the first f has significance 


, d+ 6 . 
and that only for the argument ——~— — ¢ = + 1 We denote the un- 
’, ee . d+ 6 : 
even number —~— by 7 and take first —,— — ¢ = +1. It follows 
that — ¢0 =7 =o. Consequently, if we set 
2u=o-T, 20 =o+7, 
the numbers uw and rv will be = 0 and of different parity. Then since 
m = 4n + 1, it is easily found, when we set p = 2k — 1, that the above 


equation, m = 4h? + 2pa + dé, is equivalent to either of the following 
three equations: * 
n—-h=(k+uj(k+r)-—PFP, 


n—- h? = (u os kK\(utry — , D) 
n— h? = u + Vv) Uu a Ir) ee uw, 
hSs0,kK2z1u20,0720,u+e 1 (mod 2). 


It is evident that the complete number of solutions of each equation 
in (D) is 2 times the number of those solutions in which wis < +. Hence 
we confine our study to these latter solutions of (D). To each solution 
of (D;) in which k = u < v, there corresponds a quadratie form (A, B, C) 
in which 

A=w+k, B = k, C =o +k, 
of determinant h? — n < 0, whose coefficients satisfy the condition 
A<(C, B > 0, 2B = A, A+C 1 (mod 2). 
To each of the solutions of (D,) in which u < k = rv, there corresponds a 
quadratic form (A, B, C) in which 
A=uctk, B= u, C=u-+e, 
of determinant h? — n < 0, whose coefficients satisfy the condition 
A=, B= 0, 2B < A, C = 1 (mod 2). 
To each of the solutions of (D;) in which u < v < k, there corresponds a 
quadratic form (A, B, C) in which 
A=u-+pr, B= u, C=u+h, 
of determinant h? — n < 0, whose coefficients satisfy the condition 
A<C, Bz0 2B <A, A =1 (mod 2). 


Conversely, to an arbitrary form (A, B, C) of any of the three types 


] 


*Cf. C. Hermite, Jour. de math. (2), 7, 1862, 32; GSuvres, Paris, 2, 1908, 116. 
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just considered, there corresponds uniquely a solution w, », k, of (D). Hence 
the number of solutions of the above equation m = 4h? + 290 + dé is 


4P + 2Q + 2R 4+ 2S, 


n which P, Q, R, S denote numbers of forms (4A, B, C) of determinant 

—n <Q: 

P, the number of those forms in which A < (, B > 0, 2B < A and 
ne of the numbers A and C is uneven; 

(J, the number of those forms in which A < C,2B = A and one of the 
numbers A and C is uneven; 

R, the number of those forms in which A < C, B = 0 and one of the 
numbers A and C is uneven; 

S, the number of those forms in which A = C, B =O, 2B < A, 


| 1 (mod 2). 

ot as d+ 6 : So dee) eae a 

similarly, if we take —-_— — o = — 1 in (C), it is found that the 
number of solutions of m = 4h? + 2po + dé is 


4P + 2Q + 2T + 2R; 
in which P, Q, R have the same meaning as before, and 7 denotes the 
number of forms (A, B, C) of determinant h? — n < 0, satisfying the 
conditions 


A=(C, B> 0, 2B < A, A 1 (mod 2). 


But 8P + 4Q + 4R + 4S is the quadruple of the number of uneven 


classes of determinant 2 — n. Denoting by F(A) the number of such 
classes of determinapt — A, we find then that the left member of (C’) 


has the value 

4 >> F(n — h*) + 2T — 2S. 
Now 27 — 2S = 0, except when n — h? is the square of an uneven 
number and for such a value of n — h?, 27 — 2S =,— 2. Hence the 
left member of (C’), by our choice of the function f(x), has the value 


4>°>F(n — h*) — 20(n), 
- . . ‘ e _ ~ : ; 
in which the summation extends to all integral values of h( 3 0) whose 
-quares are ~ n, and a(n) denotes the number of all representations of 7 
in the form 
n=st+h, 
Where s is uneven and positive. 
We evaluate the right member of (C’), namely: 
2y-df(i) — Vidf(d — vd) - ddf(d + 7), 


m= 2+ 26, d,i>O, 5 1: (mod 2), > 0. 











i 
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In view of our choice of the function f(x), the significant terms in the 
first sum are all and only those in which 7 = 1; those in the second sum 
have i = d + 1; the terms in the third sum are all zero. 

The significant terms of the first sum correspond respectively to the 
solutions of , 

m= 4n+1 = 14 205, 
that is, to the solutions of 
n= d'6, d = 2d’, 
and therefore the first sum is 
Q-*2X(n), (EB) 

where X(n) denotes the sum of the uneven divisors of n and 27 is the 
highest power of 2 contained in n. 

The terms of the second sum correspond respectively to solutions of 


m=4n+1 = (d+1)? + 2d6 = did + 2 + 25) +1; 


that is, to the solutions of 
n=d(d'+1+ 8), d = 2d’. 
Hence the second sum will be represented by 


> F. A’ +2 > ss A’, (F) 


m= Ad’, A’ =4 m= 3d’; a’ <A 
where the summations are extended to positive integers A and A’ of the 
same parity. 
(a) Suppose that n is of the form 4r.. Then the sum in (/) has the 
value 
23°7X(r) + (27 — 1)X(r)] = BLN (r) + (14+ 24 224 --- 27 *)X(r)] 
= 257X(r) + ¥(r) |], 
where ®(r) denotes the sum of the divisors of r. 
The total sum expressed in (F) is now 
SO(r) + 4devr, 
where O(r) denotes the sum of the divisors of r which are < Vr and 
e = 1 or Oaccording as 7 is or not asquare. We write 
40(r) = 4Z(r) — 4W(r), 
where Z(r) denotes the sum of the divisors of r which are > vr and 
V(r) is defined by the identity. Moreover, by definition 
40(r) + 4evr = 40(r) — 4Z(r). 
Combining the last two identities, we have for (F) the expression 
4[(r) — W(r)]. 


Since o(4r) = 0, (C’) now implies Kronecker’s first class-number relation 
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F(4r) + 2F(4r — 1°) + 2F(4r — 2?) + --- = 2X (r) + P(r) + V(r). 

(b) Suppose that nm is of the form 2s, s uneven. The sum in (FE) will 
he S&(s); the sum in (F) will be lacking. The arithmetical function 
g(2s) is double the excess * of the number of divisors of s which have the 
form 44 + 1 over that of divisors which have the form 4k — 1. When 


1 


we denote this difference (= ¥(— 1) ? ) by ¢(s), (C’) gives Kronecker’s 


second class-number relation 
F(2s)+2F(2s — 1°) + 2F(2s — 27) + --- = 26(s) + ¢(s). 
c) Suppose that n is the uneven number s. The right member of 
(") is now 20(s) + 2¥(s); and o(s) = ¢(s). Hence (C’) implies Kro- 
necker’s fifth class-number relation 
Fis) + 9F(s — 17) + 2F(s — O*)+.--= 3[ &(s) + W(s) + g(s) |. 
In a similar deduction of Kronecker’s formulas III, IV and VI, the 
analog of the above Lemma 1 is the following for m = 4n + 1: 
| $ i—1 6-1 
hi d+ 6 — 2tazRiG "\. 
oe 1)" ( M )=2 2 _ *@ 2 F(i+d’); 
in which the denotations are the same as in Lemma 1. The analog of 
Lemma 2 is here 
eae. — 
vd (— 1)? [@(d + «) — O(d — o)] = pe (— 1) 2 dO(2d), 
oe f T dé 
1 mod 2 r) 1 (mod 2 
in which the denotations are the same as in Lemma 2, except that 0(2) 
ix an arbitrary uneven function; 0(0) = 0; and 7 is even. 
sy setting O(r7) = fia + 7) — f(x — i), where f(x) is an arbitrary 
even function of x, the following analog of (C’) is obtained: 


4+. § ) fd+6 
i. (— [5 (SF - )-5(' +e) 


i-l 6-1 
~ - } — 1)? ° 2d[f(2d — i) — f(2d +2)]. 
{,d,é 0 
1 modg2 


- {2 + 245 
Two other similar pairs of lemmas lead respectively to Kronecker’s 
tormulas VIT, VIII. 


UNIVERSITY OF ARIZONA, 
Tucson, ARIZ. 


*Cf, L. E. Diekson, History of the Theory of Numbers, vol. IT, p. 235. 








CYCLOTOMIC HEPTASECTION FOR THE PRIME 43. 
By Panpir Oupn Upapuyaya.* 


The problem of cyclotomic section has engaged the attention of many 
eminent mathematicians and solutions have been obtained by them for 
particular cases. The problem of the trisection and quartisection was 
completely solved by Cayley in a paper in which he also discussed the 
quinquisection but did not complete the solution. He once again took 
up the same problem in the proceedings of the London Mathematical 
Society in 1881 but was not able to complete the solution. 

The problem of quinquisection was first solved by Rogers.7 The 
same problem has very recently been solved by Burnside.t Towards 
the end of his paper he refers to the case of heptasection and says ‘1 
have carried the case g = 7 so far as to assure myself that it is not quite 
parallel with that of g = 5; a set of three simultaneous Diophantine 
equations occur, but they are not sufficient to ensure that the equations 
expressing the product of A’s form a consistent multiplication table.” 
In view of this statement it is believed that the problem of heptasection 
for the prime 43 has not been previously considered. 

The object of this paper is to consider the problem of heptasection for 
the prime 43. <All the details of calculation have been suppressed in 
order to save space, and only the final result is given. 

Let a be an imaginary root of x — 1 = 0, and let us divide all the 
imaginary roots into 7 groups according to the following scheme: 


A=ata®ta%s+a’s+ a®+ a’, 
B=@+a%+a%+a8+a"+ a", 
C=d@t+a%*+ta"t+ a+ a%+ a”, 
D=a"+a"°+a°+4+ a+ a%*+ a", 
E=a*%+a@+4+ a 4+ a8 + qa® + a’, 
F=aa%+a"°4+a4+ a%+4+ a@9+4+ a, 
G=a'+@é4+a"4+a'4+ a" + a”. 


Calculating the elementary symmetric functions of these expressions we 
get: 
~A = -], ~AB = — 18, > ABC = 35, SABCD = 35, 
~ABCDE = — 104, ~ABCDEF = 7, ABCDEFG = 49. 
* Babu Shiva Prasad Gupta Research Scholar. 
* Lond. Math. Soe. Proc., vol. 32 (1900-01), pp. 199-207. 


t Lond. Math. Soe. Proe., vol. (2) 14, (1915), pp. 251-259. 
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CYCLOTOMIC HEPTASECTION FOR THE PRIME 43. 
The equation whose roots are A, B, C, D, E, F, G is therefore 
n' + 7° — 18° — 35n' + 38n* + 104n? + 7n — 49 = O. 


Every root of this equation may be expressed as a rational integral 
function of any one assigned root; it is therefore an Abelian equation and 
ean be solved by radicals. 

I should like to mention that I have received a great amount of help 
in calculation from Pandit Shukdeo Chaube, Babu Brahmdeo Roy, Babu 
Raichand Bothera, and Sohan Lal Dugar. 
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SUMMATION OF A DOUBLE SERIES.* 


By T. H. Gronwa tt. 


It is the purpose of the present note to show that the series 


x 


, “(m+n—2)!(m+n—1)! , , 
(1) F(x, y) = 2 } ' = 2-9", 
m=in=1 mi (m— 1)! nit (n — 1)! 
which occurs in a physical problem,7 has its region of convergence defined 
by x2/+ y <1, and that its sum is 


(2) Fiz, y) = thy ~~ 


—-vlt+rt¢ydt+r—-ywd—-rt+yl —2—-y)], 


where that branch of the square root is to be taken which reduces to + 1 


atx =y = 0. 
We begin by showing that our series converges absolutely and uni- 


formly for |x + y =1-—e, where ¢ is as small as we please. The ; 
binomial expansion of ( x + y )"™*" contains only non-negative terms, ; 
.,-(m+n)! ; 
one of which is xr.” y.":; consequently 
’ q . 
mi: Te 
(m+n)! 
A y co “er "5 
m!n! 
and therefore also 
(m+n — 2)! (m+n-— 1)! , ee 4] ae 
. r 2m 7 on « r ) 2 / Pea €)2m+ 2a—3 
(m — 1)! (n — 1)! m!n! y n 
(] a eee E 
: zr zr : 
he series }> Do(1 — €)?"*2" being obviously convergent, our statement 


m=ln=1 


is proved. 
By a well-known theorem on power series, (1) may be differentiated ' 
term by term, and we obtain 


(3) 1 OF (z, y) AA (m+n — 2)! (m+n—1)! 2, on-5 

(9, — - = = —— 3 
2y oy m=in=1m!(m—1)!(n — 1)! (n — 1)! 

for |x4i'+ly' <1. 
* Read before the American Mathematical Society, Feb. 26, 1921. 


+ kK. W. Lamson, “Reflection of radiation from an infinite series of equally spaced planes,’ 
Physical Review, ser. 2, vol. 17 (1921), pp. 624-625. 
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Now assume that 
] ] 
4) r\-< ; y\< ; 
22 ' 2Qy2 
then |x|+ /y|< 1, so that (3) converges absolutely, and for every z on 


~ 


, — 
the circle |z| = 5, we have 


' y> ea. I 

(6) (x? 42)2 <{o+ Te wg P 
2 8 2) 4 

By (5), the equation 

(7) z2— (27° + 2)(y°> +2) =0 


‘ ] ; ; ‘ . 
has no root z on the circle |z| = | when z and y satisfy (4). The roots of 


7) being continuous functions of x and y, and reducing to 0 and 1 for 
r= y = 0, it follows that when (4) is satisfied, (7) has one root z; where 


| ] ie a ‘ , 
2; < and another z, where (2.\ > 5- Solving (7), we find 


—-vl+ert+yl¢ter—-ydl—-rt+tyd-2z-y)], 


that branch of the square root being taken which reduces to + 1 at 
x y = 0. 

After these preliminaries, we use Cauchy's theorem on the binomial 
expansion of (2? + z)™*"—? to obtain 


' 


a — 2)! 1 ; ; _,dz 
(7n | i 2)! rm » _ ; (2- ot gz)mrn rm 9 
(m— 1)! (n — 1)! Jat Iieja4 2 
and consequently 
-— 9)] 4-¢@<1)] ... ss 
- (m+n 2)! (m 4 a -2 
we m!(m— 1)! (n — 1)! (n —1)! 
‘=1,2>1 1 ] 1)! > SY 
. 2(r2 tL » k—2 k (Ek — ! yr? 
= 1 aa - 2) . Yy = dz 
2at Jieyay z —(k —n)!(n — 1)! 2" 
ele 2 


Jf x(a? + eT +e)" . (EY ae 
2m J.) =| Z : < ‘ 
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284 T. H. GRONWALL. 


Since (3) is absolutely convergent by (4), it follows that 


1 OF (x, y) ae x*(a" + z)h° ( 2 ry 
2 zi => ; 1+> —{- dz 
2y ay pat 2H) g) = | : : ) } i 


and by (5) and (6), summation and integration may be interchanged; 
summing the two geometric series thus obtained under the integral sign, 
we find 

1 OF (x, y) l ( ad | yx +2 y° : j 

—— -—— =... : ——; : =7 3 dz. 

2y = =y 284. Ji. zi2e-(zr+2¢9° +2) 2 = (2 + 2) 
Assuming for the moment that x + 0, y + 0, it is seen that the residues 


of the integrand are 


(0) at g = 0, 
x*(y> + 21) ; 4 - 
> Ps <~& = @}l, 
adl—2— y? — 22;) 
r-y- 
ip l ‘ z£= y ’ 
.—-¥ 


these being the only poles inside the circle of integration. Hence, by 
Cauchy's theorem 


1 OF (x,y) _ x-(y° + 21) | 
2y oY z(1 — 2° — y* — 22;) 
v2, —[a -— (@tayyt+ea)j+2 
2,(1 = y- — 22,) 
or, since the bracket vanishes by (7), 
1 OF (x, y) r? + 2, 
= b J 
2y Oy l—2— yy? — 22, 
or finally, calculating dz, /dy from (7), 
(9) OF (x, y) _ O21 | 
Oy OY 
ie ea - | | | 
rhis, being established for 0 < 2 < 0 <lyl< » also holds for 
2 v2 , 2 v2 
xr + y <1, both members being holomorphic in the latter region. 


Integrating (9) in respect to y, and observing that both F(z, y) and 2; 
vanish for y = 0, it follows that F(z, y) = 2:, so that (2) is proved for 


x’ + y <1. Now suppose that the series (1) converges for x = 2, 
y = yo, Where |2'> 0, !yo!> 0. Then, as is well known, the series 
converges uniformly for all z, y satisfying the inequalities |x|! = p\%o\, 


y = p|Yo\, where p is any constant less than unity; therefore F(x, y) 1s 
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holomorphic for all such values, in particular for 7 = p a, y 


; ; ] : 
\ssuming 2%o\ + Yo > 1, we may take p = . and F(x, y) would 
<9) T Yo 
| 


he holomorphic at a point z, y where x + y = 1, which is impossible by (2). 
Hence our series diverges when x + y > 1, unless either xz = 0 or 
y = 0, in which case every term vanishes and the series converges. 
Whether it converges or diverges for «2 + y = 1 is left undecided. 
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ON THE POSITIONS OF THE IMAGINARY POINTS OF INFLEXION 
AND CRITIC CENTERS OF A REAL CUBIC. 


By B. M. Turner. 


1. Introduction. In the extensive study of the configuration formed 
y the points of inflexion of a real cubic, it appears that no one has con- 
-idered the possible positions of the six imaginary points of the group 
when the three real points are fixed. This is worthy of consideration for 
these two sets of points are so related that, while the three collinear real 
points of inflexion impose only five conditions and hence determine a 
fourfold infinite system of cubies in a plane, not one of the six points can 
he chosen arbitrarily. The following gives a construction for such a set 
of six points when the three real points are taken arbitrarily on a line; 
and by a generalization accounts for all such possible sets of six points. 
The construction for the six imaginary points of inflexion also serves 
ty show the positions of the twelve critic centers for the non-singular 
real cubie. 





Ne 


2. Construction. Let any three real points J), /2, 73; on an arbitrary 
real line be taken as points of inflexion for a real cubic. Let ¥ be any 
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other real point. Join Y to the points J; and construct the fourth harmonic 


to each one of these lines with respect to the other two. Denote the fourth 
harmonic to the line through J; by /;, and similarly for J, and J;.. Through 
any one of the three points, say /;, draw an arbitrary real line intersecting 
ho and hz; in Vo and V3. Draw the lines /.V3, 7;V» intersecting in V, on 
hy. The projections upon the sides of the triangle V,, V2, V3, through &, 
of the two points equianharmonic to the three points 7, are six imaginary 
points which together with J; form an inflexional group for a real cubic. 

3. Analytical proof of the construction. Let /,(/0, 1, — 1), Jo(— 1, 
0,1), Z3(1, — 1, 0) be the three collinear points and ¥(1, 1, 1) the arbitrary 
point of the plane. Then the lines joining ¥ to J; are 


—-2r+y+2= 0, r—2y+z= 0, r+y-—2z=0; 
and the lines hf; are 
hy s¥~ Ee = Q, h:2—-2z=0, h.:2t=— y = @. 
An arbitrary line through J; is ar + y + z= 0, where a is an unde- 
termined real number. This line cuts he and h; in Vo(— 1,a@+ 1, - 1 
V3(— 1, — 1,@+ 1), respectively. The lines 7.V3, J;V2 have equations 
rt+ay+2z= 0, r+yt+az=0 

and intersect on hh; in Via + 1, — 1, — 1 

The two points equianharmonie to J,, /2, Z5 are (1, w, w%), (1, w, @), 
where w = 1; and the lines joining these to ¥ are 

r+ wy + wz = 0, r+ wy + wz = 0. 


These two lines intersect the sides of the triangle V; V. V; in 


w — w, 1 — aw’, aw — 1), (w — w*, 1 — aw, aw’ — 1); 
aw — 1, w — w, aw? — 1), (aw? — 1, w — w’*, 1 — aw); 
1 — aw, aw — 1, w* — w), l — aw, aw* — 1, w — @’). 


The six points just determined together with J 
the scheme 


, may be arranged in 


(O,1,—1), (w-—w, l—aw*, aw—1), (w—w*, l—aw, aw*—1), 
aw-—1, w—w*, aw—1), (—1, 0, 1), (aw—1, w7—w, 1—aa), 
(l—aw’, aw—1, w*—w), l—aw, aw*—1, w—w"), ti, — I, &, 


whose rows, columns, right and left hand diagonals satisfy the conditions 
of collinearity imposed on the nine points of inflexion of a cubie. Then 
from the scheme, for every value of a, 


(e+yt+2)(x + wy + wz)(x + wy + wz) 


+Mar+tyt2z2(r+ayt2zy(x+y+ az) = 0 
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OF INFLEXION OF A REAL CUBIC. ISO 
he read off as the equation of the pencil of cubies with inflexions at 
nine points. 

lor this pencil the lines 


ar+yt2 (), %+ ay +z = 0, r+yt+az=0 


the sides of the real inflexional triangle; and ¥ is the point common to 
three real harmonic polars h;. Hence the result mav be stated in 
theorem: 

The six imaginary points of inflexion of a real cubic are the projections, 
yh the point common to the three real harmonic polars, of the two points 
anharmonic to the three real inflexions, upon the sides of the real in- 
onal triangle. 

t+. Generalization. The value of a depends upon the choice of the 
through one of the points 7, hence the equation 


J+ 2z)(r 4 WY +t w2)(r + w Y TT @2) 


| 


se ny az 7 Y + 2)(7r + aly —- Zig = y a az)= Q), 


pending upon two variable parameters, accounts for a two-fold infinite 
stem of cubies-——a syvzygetie pencil for each of the single infinity of 
choices of the line with a given ¥. The double infinity of choices of = 
counts for the fourfold infinite svstem of cubies in a plane with the same 

hree real points of inflexion. 
\s S varies in position in the plane, the projections through it of the 
»equianharmonie points define the totality of imaginary points on the 

es of the three real pencils 


ar+y+2 0, r+ay+z2z= 0, r+tytaz =0; 


ix, every one of these points belongs to at least one inflexional group 
\hich ineludes the three given real points. On the other hand, an 
winary point on a real line not included in the three pencils cannot 
belong to such an inflexional group, and hence the impossibility of an 
arbitrary choice of an imaginary point of inflexion for a real cubic when 


t} + 


¢ three real points of inflexion are fixed. 





; Thus is developed the following theorem: 

f The imaginary points of infle rion of the fourfold infinite syste yn of real 
cubies in a plane, with three gine n real points of in fle rion, form the totality 
maginary points on the three pencils of real lines through the three fixed 
: flerions: * and group themselves into «* sets of six points, two points on 


line of each pe neil. such that each set of six together with the three fixed 
7 points form an infle rional group. 


he first half of this theorem was also proved in a former paper by the writer. 
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Two special cases arising when the arbitrarily chosen line is taken (1) 
through ©, giving rational cubics with a conjugate point, and (2) coincident 
with the line through the three points J, giving degenerate cubics, have 
been considered in another connection in an earlier paper. 

Since three collinear points do not determine a plane, it may further 
be noted that © may be taken as any real point in three-dimensional 
space, and the theorem extended accordingly. 

5. The critic centers. It has been noted that the removal of the 
restriction that = be a fixed point gives the system of cubies in the plane 
two more degrees of freedom. A fixed ¥ is a eritic center (vertex of an 
inflexional triangle) for every cubic of the doubly infinite system. This 
suggests that, with no other restriction, four critic centers chosen arbi- 
trarily in the plane may impose eight conditions and hence determine a 
singly infinite system of cubics. 

Suppose the four points (1, + 1, + 1) to be eritic centers for a real 
cubic. Since the points are all real, three must be taken as vertices of 
the real inflexional triangle, sav (1, 1, — 1), (— 1, 1, 1), (1, -— 1, 1 
The cubic consisting of the three sides of the triangle is 


y+2jiiz2¢+r2z)(¢t + y) = O; 


and the polar line of the fourth point (1, 1, 1) with respect to this cubic is 


rty+2z2=0. On this line (1, w, w*), (1, w*, w) are the two, and the 
only two, points whose polar lines pass through (1, 1, 1). Henee under the 
hypothesis (1, 1, 1), (1, w, w*), (1, w*, w) are the vertices of a second 


svzygetic triangle which forms the cubic 
Etyt2y\(r + wy + w°2z)(r + w*y + wz) = O, 
and 


r+yt+2z 


r+ wy + wz) (xr + wy + w2 
+ ry + z)\(z2 + xr)(x + y) 0) 

is a pencil of cubics with the four chosen points (1, + 1, + 1) as critic 
centers. This is identical with the equation of the preceding section when 
a is equal to zero; hence the hypothesis holds, that is, four real points may 
be arbitrarily chosen in a plane as eritie centers for a cubic. From among 
the four points there are four choices of three, and any such three may be 
taken as the vertices of the real inflexional triangle. This gives the 
theorem: 

Four real points chosen arbitrarily in a plane as critic centers fora real 
cubic determine a syzygetic pencil of cubics as one of four. 

The nine points of inflexion for the pencil 


{ 


(r+ y+2z)(x + wy + w*2)(x + wy + wz) 


A(y + z)(2 + 2)(z + Y) 0 
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POINTS OF INFLEXION OF A REAL CUBIC. 


(O, 1, — 1), (w* — w, 1, — 1), (w — w’*, 1, — 1), 
(— 1, w — w’, 1), (— 1, 0, 1), (— 1, w? — w, 1), 


(1, — 1, w* — wo), (1, —1, w — wo’), (1, — 1, 0), 


which define the sides of the two other inflexional triangles and con- 
~equently the remaining six critic centers as 


(2a — I, 1, 1), (2w? — 1, 1, 1); 
(1, Zw — 1, 1), (1, 2w* — 1, 1); 
(1, 1, 2w — 1), (1, 1, 2w? — 1). 


The six points Just determined are the intersections of 
y—z=J, 2—-2z = QU, xr-—y=J, 


by the lines joining (1, 1, — 1), (— 1, 1, 1), (1, — 1, 1) to the two points 

1, w, w*), (1, w*, w); that is, they are the projections on the three harmonic 
polars, through the vertices of the real .inflexional triangle, of the two 
points equianharmonic to the three real inflexions. 

Then, in the figure, the twelve critic centers are V,; V2; V3; 2; the two 
points equianharmonic to J,, J2, 73; and the projections upon h,, through 
\,, of the two equianharmonic points. 

UNIVERSITY OF ILLINOIS, 

1921. 


























FREQUENCY DISTRIBUTIONS OBTAINED BY CERTAIN TRANS- 
FORMATIONS OF NORMALLY DISTRIBUTED VARIATES.* 


By H. L. Rierz. 


The problem considered in this paper was first suggested to the writer 
by experiments with actual frequeney distributions of various measure- 
ments of objects which approximate roughly to a set of similar solids. 
To be concrete, we may think of the diameters, surfaces, and volumes of 
spheres that represent objects in nature, such as oranges on a tree or 
peas on a plant. 

Suppose the distribution of diameters is a normal distribution given by 

y = y=, 
oV2a 

It seems natural to inquire into the nature of the distribution of the 
corresponding surfaces and volumes. Conversely, we should ask for a 
determination of the distribution of diameters if we knew surfaces or 
volumes were normally distributed. The same kind of problem? would 
arise if we knew that velocities, v, of molecules of a gas were normally 
distriouted, and were required to investigate the distribution of energy 
»me*. These concrete illustrations are special cases of the transformation 
of variates of a normal distribution by replacing each variate, 2, by an 
assigned function iv", where /: is a positive constant and 7 is a positive 
integer or the reciprocal of a positive integer. Edgeworth? and Kapteyn§s 
have made use of transformations of the normal curve as a method of 
representing skew frequency distributions. Apart from the possible use 
for this purpose, the frequency curves arising from certain simple trans- 
formations of the variates of a normal distribution present points of 
special interest to which it seems that attention should be directed, 
particularly because of the striking differences in general appearance from 
normal curves—a fact that seems both interesting and important in 
forming a proper conception of the place of the normal curve in the 
representation of frequency distributions. 

It is the main purpose of the present paper to exhibit certain properties 


tead before the American Mathematieal Society at Lincoln, Nebraska, Nov. 2/, 1920. 


+ Edgeworth, Proc. Fifth International Congress of Mathematicians, I], p. 427. 
t Loc. cit. and a series of papers in the Journal of the Roval Statistical Society. See vol. ol, 
pp. 670-700. 


§ Skew Frequency Curves in Biology and Statisties, 1903. 
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their mean value are small compared to their mean value, it is well known 


ame result as the transformation 2 = ke". Hence we shall in what 
Hlows deal with the transformation 2’ = 2’ 
To determine the frequency function dhe ained by the transformation, 
ro, +++, , be a system of variates expressed in a unit equal to the wr 





l : - 
y : e 2? , Zz> G, 
; VJOr 
that P ydx is the probability that a variate taken at random | 
«longs to the interval a to b. y 
Let us replace each variate x, by x,’, where x.’ = x,".. We then make WHE) og 
. ‘ba. | 
le i : 
corresponding transformation of the integral ydx by letting 2° = 2" i 


" #0). Then : 
7 9 

dx’ = nx" dx, except at x = 0 when n < I, + 

- 

and 
dv’ ’ . Ss 1 t 

dx ., except at 2’ = 0 when n > I. } 

nal” 
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the frequency curves that are obtained when the variates of a normal t? 
-tribution are transformed by substituting for each variate, x, the 
inction ka" where k is a positive constant, and where suitable restric- 


ms will be placed on n as we proceed. The case n = 1 is treated by 
sruns* and the results are simple and well known. Edgeworth ealled 
tention to the general form of the frequency curve with which we are 


meerned for n 2. Furthermore, when deviations of variates from 


hat the distributions of squares and cubes of variates approach normal 

tributions sufficiently near for certain purposes. But in certain im- 

tunt statistical applications, the deviations of variates from. their 
ean value cannot be reasonably regarded as small compared to the mean 
alue. This latter class of distributions gives special importance to 
iv problem. 

When fk 1, the problem is that of exhibiting the properties of the 
equeney distribution of the nth powers of a set of normally distributed 
iiates. This case seems to include essentially the same points of 
terest contained in the more general problem, since the transformation 

x", followed by the linear transformation .«’’ = kz’, produces the 


will ird deviation ¢. and belonging to the normal distribution 





* Wahrscheinlichkeitsrechnung und Kollektivmasslehre, 1906, pp. 126-129. 
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We may therefore write 


2 \2 
_\y z) 
] Pee l = = (1) 
P= fe ? dr= , | =, — dz’, Od 
V2rda nNwV2re a” r’ " 


where for the present we assume a = 0, and b= 0. As shown below, 
these limitations on a and b may be removed to some extent for certain 
values of n. 

The frequency curve of 2’-variates obtained from positive z-variates 
is then given by 


~ 
os 

wy 
to 


nv2az’ * 

The function (2) does not represent a normal curve when n + 1. 

In order to determine the general character of the frequency curve 
given by (2), we first examine the function for maxima and minima. For 
this purpose, we have 


1 \2 
{ mn ) on —1 
, —'‘z z ” 1 2—2n 
di ] n—l1, Ras 
A = -@ ~ _ i ——(7"— fxr’ * |- 

dx n VOT n ” 

The derivative changes signs at 
, 1 Pi fo 9 ‘ 
r= 5, \2 + Vi? —4(n —1))", (3) 


when z* > 4(n — 1), and at 2’ = O for certain values of n. 

In equation (1) we restricted a and b to be zero or positive, but when 
n is an odd positive integer or the reciprocal of an odd positive integer, 
it follows at once that (2) gives the frequency curve corresponding to 
negative values of z’ that arise from the transformation a 
is negative. By taking z sufficiently large, the function (2) may be made 
as nearly zero as we please for negative values of x’ except at points near 
the discontinuity at 2’ = 0. This discontinuity exists when n > I. 
When n is an odd number or the reciprocal of an odd number, the deriva- 
tive dy’ ‘dr’ changes sign at 2’ = 0. When n is the reciprocal of an odd 
positive integer, there is a minimum at z’ = 0, and the value of the func- 
tion is zero at this minimum. 

We shall find it convenient to consider the frequency curves given by 
(2) under three cases according asn > 1,0 <n <1,orn <0. We shall 


= 7" when x 
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limit our discussion to positive values of x and 2x’ except when there is a 
-pecifie statement extending the treatment to negative values. 

Cass i. 2 > 

The maximal frequency corresponds to the value of x’ given by taking 
the positive sign before the radical in (3). In the language of statistics, 
he abscissa of this maximal frequency is called the modal value or the 
mode. We shall find it convenient to use these expressions later in this 


‘ ~ 


paper. The curve for n = 3, # = 4 is shown in Fig. 1 for positive 


values of 2’. 


The skew appearance of the figure shows that the distribution is not 
even approximately a normal distribution. Since variates at the median 
of the original normal distribution must be transformed to the median 
of the new distribution, we may appropriately compare the value z" of 
the median of the new distribution with the modal value given by (3). 
When n > 1, it follows from (3) that the mode of the new distribution 
ix less than its median. The minimum that corresponds to the value of 

given by taking the negative sign before the radical in (3) is of special 
interest because the existence of this minimum would probably not be 
expected by ordinary intuition. Thus, when # > 4(n — 1), we have a 
ininimum between the origin and the maximum discussed above. This 
minimum is shown in Fig. 1 at a point near the origin for the case n = 3, 
4. The descent of the curve from infinity at 2’ = 0 to the minimum 

at a’ = (2 — v2) is so rapid and the curve is so near the Y-axis that it 
cannot be shown well on the seale of Fig. 1. For this reason we show the 
curve in the neighborhood of this minimum in Fig. 2 on an enlarged scale. 
The function y’ (n an odd number) has real positive values when 2° is 
negative, but the values differ very little from zero, except near z’ = 0, 
when # = 4. For the case = 4 shown in Fig. 1, the values of y’ for 
































296 Hi. Lb. RICTS. 


negative values of x’ are so near zero, except at points near the discon- 


tinuity at 2’ = O, that it is impractical to exhibit the curve on the scale 
of Fig. 1 for negative values of 2’. 


Y’ 








.004 4 
OO! 4 
a 
a i 
. x 
Fic. 2. Portion of curve of Fig. 1 from xr’ Otor 1 with enlarged horizontal seale 


Next we find dy’ dr”. It turns out that the points of inflection are 
given by the solutions of the equation 


4 
l [a — 2z2’ + (3n —4+ FP)x’ 
+ #3 — 3n)r" + (n — 1)(2n —1)] = 0. (A) 
When n = 3, @ = 4, one point of inflection is at 2’ = 1 as shown in 
Fig. 1. Furthermore, it is easily verified when # = n + 1, that (4) has 
a solution 2’ = 1, and that there is a point of inflection at 2° = 1. There 


is also, in general, another point of inflection on the curve to the right of 
the maximum. 

The general appearance of the frequency curve (2) depends much on 
the value of compared to 4(n — 1). When # = 4(n — 1), the function 
2) has no maximum nor minimum, but is a monotone decreasing function 
of z’. When z = 4(n — 1), there is a point of inflection at 2’ = @",2” 

The problem when n = 2 and # > 2 presents a point of special in- 
terest. Thus, if # were assigned larger and larger values, the r-codrdinate 
of the minimum would approach zero and that of the maximum would 
approach the median z*. This is seen from the fact that 


i(£ — we? — 4)? 
and 
fe — e+ ve — 4)? 
. qi I . : 


are monotone decreasing functions of 2. 


An analogous result holds for the minimum when n > 2, but it does 
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not hold for the maximum. Thus, when n has any assigned value > Y 2 
the r-coordinate 
, l = 
x’ = —(z — VF — 4(n — 1)" 


the minimum is a monotone decreasing function of #, and approaches 
ero as a limit when Z is increased indefinitely, but the mode does not, 
n general, approach the median £" as a limit when n is increased. How- 
ver, the ratio 


(¢ + Vi- — 4(n — 1))" 


of the mode to the median approaches the limit 1 as Z is increased in- 
definitely. 

The rapidity of approach to the limiting values depends on the small- 
ness of the ratio 4(n — 1) z. Hence, in order that the frequency curve 
may descend rapidly to a minimum in the neighborhood of the discon- 
tinuity at 2’ = 0, and in order that the mode shall be relatively near the 
median, it Is necessary that 4(n — 1) # shall be small. This condition 
is clearly necessary in order that the new frequency curve shall have 
roughly the appearance of a normal curve when we neglect the part 
of this curve which belongs to the interval from x2’ = 0 to the minimum. 

Case II. O<n < 1. 

In this case, make n = 1 m, where m > 1. This ease thus includes 
the distribution obtained by taking positive integral roots of a set of 
variates. We shall limit our considerations to the principal real values 
of the functions. 

The equation (2) may be written 


ym—1 I r)2 
P mae , - 
y ¢ a ° (0) 

Vr 
When n <1, it follows from (3) that the mode is greater than the 
median of the new distribution. There is a minimum at 2’ = 0 when 
mis an odd number > 1, and we have in this case a minimum given by 
the negative value of x’ obtained from (3). If 4(n — 1),# is small, the 


value of the funetion for x’ < 0 is too nearly zero to distinguish the curve 
from the x-axis when drawn on a seale suitable for reproduction on an 
ordinary page. Further, if 4(n — 1) # is small, the curve for x’ > 0 
inay be deseribed roughly as having the general appearance of a normal 
curve, but differing from the normal eurve both in that it is somewhat 
-=kew, and in that y’ = 0 at a finite point. 
Case IIL. n < 0. 
Letn = — m. 
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Then the frequency curve becomes 





x m 3) 
, l ; ae —— . 
y = —.3—' (6) 
a Se 
MX VOT 


By giving y’ the value zero when x’ = 0, the curve becomes continuous 
at the origin. 
The distribution has a modal value 
; (vi? + 4(m + 1)— 3)” 
2’ = . 


m 


2™(m + 1) 


This mode is less than the median 1 2”. 

From the three cases examined relative to values of n, we may now 
state the theorem that the nth powers of a set of normally distributed positive 
variates give a distribution whose modal value is greater or less than its 
median according as the value of n is or is not between 0 and 1. 

The simplicity of the examination of the frequency distributions 
obtained from a normal distribution by the transformation # = 2x” arises 
from the fact that the equation 


dy 
“= 0 
dx 
1 
° ° P yn . 
has a quadratic factor in the variable xr = x’ for which we solved to 


determine maxima and minima. 
The occurrence of this quadratic factor suggests the problem of 
finding other functions 
zg’ = f(z) (7) 
which would lead to a quadratic equation in x, and in more special cases 
to a linear equation in z, for finding maxima and minima of the frequency 
distribution obtained by the transformation (7). 
Assume that (7) may be solved for x giving a single-valued function 
r= o(2’). (8) 
Then the frequency curve of 2’-variates is 
, | ree! ds 


yY = =€ 2 ’ 
V2n7 dx’ 


dy’ PP dx \? , 
oa € ’ _— (S = 2) 
at V2r az” dx’ 


gives the maxima and minima. 


and 


— 
— 


(9) 
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We may now seek the function that will make the equation 


d?x (= ) .) 0 10 
os lo —- ZZ) = ( 
da" dx’ 


have a quadratic factor in x. 


ic f . . -- far \* ,dx 
Such a quadratic factor would exist, in general, if ( ;) / were 


dx’ J / dx” 


a linear function of x, say cx + ¢;. 


That is, 
nc Dn (2 y: (11) 
dz” az” dx’ 


Let p = dx dx’. Then (11) becomes 
dp : ; dp - ° 
dx’ “dx *” 


Crp 





and apart from the trivial solution . = a constant, we have the solutions 


: 1 
; zs (4 + 4 = co[ x +e/1l— n) ]", (12) 
; c 
and 
a’ = ¢. log ( x + aT . (13) 
c 


Thus we find that the logarithms of the variates as well as their powers 





are distributed in accord with frequency curves whose maxima and 
i minima are easily obtained because of the quadratic factor in (10) when 
| log x. The frequency distribution for the transformation x’ = log x 
is similar to that of the case 0 <n < 1 discussed above in that the mode 


f 





; ~ greater than the median. 

E ae \* Ss . ati 10 
When ) c;, Where ¢; is a constant, the equation (10) 

’ ax | dy" 


as, in general, a linear factor, and 


zs’ ce + 6. (14) 





Thus we find that a simple exponential transformation of variates 


leads to a linear factor in equation (10). 
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Another transformation that would, in general, lead to a quadratic 
factor in (10) is given by making 

d?x 

a” 


‘& ) us 
de’ 


From this equation 


which could hardly be regarded as a simple transformation in which we 
are likely to be interested unless 4 = B = 0, but this special case gives 
simply the transformation (14) 

THe University or Iowa, 


Iowa City, Iowa. 

















THE ASSOCIATED POINT OF SEVEN POINTS IN SPACE.* 
By H. S. Wuite. 


from seven points in space an eighth point can be constructed to 
mplete what Hesse and later geometricians have called a set of associated 
oints. Unless their relative situation is in some way specialized, the 
mistruetion is unique; and from any seven of the complete set the eighth 
determined by the same method. That is, the eight points are sym- 
etrically related. The most interesting properties of the set relate to 
irfaces of the second order, and it was natural that Hesse and many 
riters after him should employ quadrics in demonstrating even the 
niqueness of the eighth point according to their several modes of con- 
truction. But the construction itself is linear,—by means of lines and 
planes exclusively. Accordingly the demonstration of uniqueness and 
! -vinmetry does not actually require the use of quadries. 
j It is proposed here to follow Hesse’st construction, to obtain an 





E | explicit equation for the eighth point as a covariant of the first seven in 


he set of associated points, and to prove from the algebraic forms its 
uniqueness and the symmetry of the set. Particularly interesting are 


IE Me 


equations 15 and 16. 
1. Geometric construction. ‘The first step in construction is to select 
one of the seven given points as a center of projection, or a first Brianchon 


wmeTeD EN 


point; and to adopt some definite order of sequence for the other six, 
regarding them as the vertices of a simple gauche hexagon. We shall 
i use the numeral 7 for the first Brianchon point, and 123456 in eyclic 





order for the vertices of the skew hexagon. Next, draw three lines 
through point 7, each intersecting a pair of opposite sides of the hexagon. 
These are taken as diagonals of a first derived hexagon of Brianchon type, 
: and their intersections with the sides of the given hexagon as vertices 
; of this derived hexagon, inscribed in the first. 

The original hexagon shall be called H, the first derived hexagon A, 
| and a second derived hexagon B. Vertices of H are already named 
: 1, 2,3, ---. 6: and its sides are properly indicated by 12, 23, ---, 56, 61. 
Vertices of A may be denoted by dis, des, ete., showing on what side of H 

they lie; while its sides are named aj, ae, ete., the side a; containing 
; vertices ag; and ayo, a» connecting dy. and dy;, ete. 
; * Presented to the American Mathematical Society, New York, April 23, 1921. 





hus seeundi ordinis,” Crelle’s Journal, vol. 20 (1840), 


+ (), Hesse, “De curvis et superficie 
248-9. 


pp. 285-308. For full references see Eney k. der math. Wissenschaften, vol. I112, pp. 
301 
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Construct in the third place six additional lines, which will be proved to 
form a second Brianchon hexagon inscribed in H. The first additional 
line, 8;, shall lie in the plane of sides 61 and 12 of H, and intersect the sides 
a; anda; of A. It meets also the side a;, since it lies with a; in the plane 
612. Similarly 8. is to meet a; and as and lie in the plane 123, and so 
forth. 

It is to be proved that these six lines form a second Brianchon hexagon 
B, inscribed like the first in H. The point where its three diagonals meet 
is the point 8, whose determination is the object of this construction. Ob- 
viously points 7 and 8 are reciprocally related to the other six. It is to 
be proved also that point 8 is unchanged when points 7 and 6 exchange 
roles; from this it follows that all eight points are symmetrically related. 

Formule for the 8th point. The problem whose repeated solution 
vields the desired formula is this: given the equations of two points and 
a plane: 


Hh. = J, Ug = OV, a. = B, 


a 


to find the equation of the point where the plane meets the line joining the 
given points. It is of course 


(1) A,ug — Agua = V. 


We may adopt certain abbreviations for formule. Point 1 shall . ye under- 
stood as having £ coordin: ates z:’, z.', Z3', 20. _ equation Uy,0y! + Upr.! 
+ uzr3;) + usr,’ = 0 may be condensed to ur! = 0. The determinant 
of the setedinadion of points 1, 2, 3, 4 is denoted by 1234, separated from 
other symbols by +, —, or - when necessary. 

For the order of points on the original hexagon H, adopt first 123456, 
and take point 7 as Brianchon point of the first derived hexagon A. The 
side a; is to join points 


a, Where line 61 meets plane , and 


ae 
a 
St 


a2 “ “ 1 


These points have the equations 


" 7346 uz! — 734 x = 0. 
4451 -uax? — 745: nd = @, 


Cyclic permutation gives the four other vertices of A. Write explicitly 
equations for the points d2;, a3; on a3. Both a; and a; are to meet the 
plane 456, and their join-line in that plane is named £;. We wish to prove 
that 8; intersects By, on the line 56; that is, that the six lines 3), Be, ete., form 
a closed gauche hexagon B inscribed in H. 
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From equations (2), on the model of (1), we ean write next the equation 


of the point where line a; meets plane 456. 


7346-4561 — 7341-4566) (7451 -ux? — 7452-uz') 
— (7451-4562 — 7452-4561) (7346-ur! — 7341-ur*) = 0. 


(he italicized determinant vanishes; and by the use of identities this 


equation becomes 


7346 -4561(7451 -uxr? — 7452-uz') 


— 7456 -4512(7346-uz! — 7341-ux*) = 0. 


similarly the equation of the point where line a; meets plane 456 is 
written thus: 


7614-4563 - (7562 - ur? — 7563 - wr?) 


— 7564-2563 -(7614-uz? — 7613-uzx') = 0. 


Both these points being in the plane 456, it is possible to express their 


equations linearly in wrt, wr, and wr®. Reduced by the aid of the usual 


identities equations (3) and (4) become respectively: 


2561 - 7346-7451 -ur! + 4261 -7346-7451 -ur? 


+ 4521-7345-7461-ux® = 0. 


2563 -7615-7643 -uxrt — 2364-7635 -7614 - ur?’ 


hi -4 POF =f 
+ 2354 -7035-7614-v2° = 0. 


\ny point on their join-line, 3;, has its equation compounded linearly of 
Sa) and (4a); and the point where 3; intersects the line 56 has an equation 
ontaining only wr? and ur, hence wr! is to vanish in the combination. 


The point on s; and 56 is given therefore by the equation 


=, | 2563-7615 -4261 - 7346-7451 | — 
| — 2561-7451 -2364-7635-7614 | 
, {2563 -7615.- $521 -7345-7461 | all ae i 
4+ 9561-7451 -2354-7635-7614] 





This equation ean be written so as to exhibit better its invariance 
inder a group of permutations. 
, pee (6325-6347 -6124-6157 | 
Oo (415° ur? ' al aac al 
| — 6324-6357 -6125 -6147 | 
plied ; (5326-5347 -5124 -5167 | 
— 7416-ur' ne ‘ain wan woae oe 
| — 5324 -OIOE -5126-514% | 
\ttend to the coefficients in braces. Each is of the form that we may call 
Pascalian. Its vanishing is the condition that six points shall be pro- 


«0 
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jected from the seventh by rays of a cone of the second order. In the 
coefficient of uxr°, the point 6 is the center of projection; in that of wa, the 
point 5. It is known that when the center of projection is left unchanged, 
permutation of the other six points leaves a Pascalian invariant except as 
to sign. Odd permutations change the sign, even permutations do not. 
Accordingly the point where line 35 meets the side 56 ts this same point on B;. 
For the points 4, 1 which appear in the factors 7415 and 7416 are adjacent 
to vertices 5 and 6 in the chosen order 123456; and have the same 
relation after the order is reversed: 482165. Also the two Pasealian 
coefficients are merely exchanged. Therefore the point may be designated 
indifferently by b;, or 6,5, if it is remembered that 4 and 1 are adjacent to 
the pair of vertices 6 and 5. 

A diagonal of hexagon B is completely described, without auxiliary 
memoranda, by naming the two opposite sides of hexagon H on which 
lie the two opposite vertices of B, e.g., 3(56, 23). It is unnecessary to 
mention the point 7 as different in function from 4 and 1, since the points 
7, 4, 1 ean be permuted among themselves without altering the position 
of the points 6s, and b.;. For the Pasealians in equation (5a) are in- 
variant under such permutation, and the external factors 7415, 7416 
change sign simultaneously. Hence the notation 8(56, 23) or (65, 23), 
ete., cannot become ambiguous. 

If this second derived hexagon, B, is of the Brianchon type, its three 
diagonals intersect. If that intersection is uniquely determined by the 
seven given points, all diagonals of all second derived hexagons must intersect. 
‘ We shall prove that this is the case, and the uniqueness of the eighth 
point is thereby proved. 

Equation (5a) shall be used as a model. To avoid any possible 
ambiguity we append all seven points in a definite order as index of a 
Pascalian; thus: 


6325-6347 -6124-6157 — 6324-6357 -6125-6147 


Then equation (5a) can be rewritten: 


(5b) 7415-uxr? - 7416-ux® oe 


Pe 312647 P., 312547 


On this model, write equations of the points b,. and 63, as opposite vertices 
of a second derived hexagon. 


’ 7961 -uz! 7962 -ux? 
(6) ~ = () 
4 P er P * 
1, 234567 2, 134567 
(7 7563 -ux? = 7564 - wax! ( 
) i -5 = 0. 
3, 124567 4, 123567 
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If we add these equations, the point represented is certainly on the 


vonal 3(12, 34). For it determines with 3 and 4 a plane containing the 


nt by», and with | and 2 a plane containing the point bs;. Call this 


12, 34). Its equation is this: 


POO] - wr! (902 - ur? 7963 -ur 7964 - ur 


Py, 234567 7 Po. issse7 i Ps. r2as07 7 Ps, 23567 


(). 


point coincides with b(12, 35), whose equation is the following: 


7461 -uzx! 7462 - ur? 7463 - ur 7465 -ux 0 
Py, 2354067 Po isss67 P 3, vess07 Ps. y23467 — 


(he identity of the two points is seen upon applying to (9) the relation 
lt) 1234 -ur 1235-uat + 1254-ur? + 1534-ur? + 5234-uz' 


d consolidating the result by the aid of relations among three Pascalians 
the following: 


2345 -2367-P yy. osisep — 1345-1367-P oo. pgsse7 


1245-1267 -Ps, sraser- 
| rwe have after the first substitution: 


P, 2 67 P, 12 


E= “1254 ) , 
{} wr 


7462-1234 , 7465-1534), 
~ ("Pe wrt Paane ) 


7463 - 1234 ) ' 7465-1235 Tha 
an ~ Zz = "UL y 
P 3. 125467 Ps, 123467 Ps, 123467 
id this becomes, after three applications of formule like (11), 
7165-5231-P 5. o35167 ! 
() “UI 
P, mi eres aca 
7265-1532 P, 1 67 . 
» ul 
Po, he 3467 
me . 52 } & _ er ’ 7465 . 1235 { 
_ 68695 1253-P 5. 123567 geal wa: 2 Ux’. 


Ps, 123467 


\fter removal of three factors, this is precisely equation (8). Therefore, 
- asserted above, the index of the diagonal can be changed by substitu- 
tion of any one point, without disturbing the incidence of the line and the 
point 4/12, 34) given by equation (8). But in that manner in succession 


] derived hexagons can be reached; therefore all 


possible diagonals of second 
ntain this same 8th point, whose uniqueness is thus proved. . 
In the construction of hexagons A and B is seen the reciprocal relation 
f their Brianchon points, the 7th and Sth of the associated set. The 7th 


exchangeable with any of the first six; e.g., In equation (S) 1t 1s permutable 


LAUER TREE OUR AE Ok TI 


























wr tlw 


at 







cee) 





306 H. S. WHITE. 


with the 6th or 5th, quite obviously, hence also with the others. Therefore 
all eight associated points are symmetrically related. 

3. The extraneous factor. Equation (8) represents a class of 35 
equations, all equivalent geometrically since all represent equally the 
same eighth point of the set. In conciseness and symmetry it is not 
likely that this equation can be surpassed. Jt contains, however, when 
cleared of fractions, the extraneous factor 1234. For from the reduction in 
equation (12) we see that 
(13) 1234-12, 35 — 1235-Ho», 35 
where Hi, 33, = 0 is the left side of equation (8) cleared of fractions. 
Dividing out this factor 1234 would leave a form which does not change, 
save in sign (a skew contravariant), under any permutation of the first 


seven points: 


H 12, 34 H 12, 35 
(14) 1234 yan” 


From the structure of equation (S) it might be conjectured that we are 
dealing with a particular case of a form symmetric in two sets of co- 
ordinates, (uw) and (v7). Replace therefore the particular plane 756 by a 
parameter plane (7), and change signs of some terms by writing for index 
of P always some-cyclic permutation of the order 1, 234567; extend the 
summation to all seven points. 


r+ ux rr? ur . vr -ux' 0 


15) P, sau = P. 345671 P; 123456 


» 292068 i > ted 


or briefly 


furs , 
z. ; = 0 = S(u, v). 
int P; 
This includes as particular cases all 35 equivalent equations of type (S). 
since it 


It is, for every plane (v), the equation of the same point (2° 
8) which 


may be compounded linearly from any four equations of type 
have not a common index-point, e.g., those which correspond to the four 
faces of a tetrahedron 4567. Further, this point S(v, uw) = 0 is the polar 
of plane (v) with respect to the quadric envelope 


16) S(u, u) = 0. 


Sut because all planes have the same polar point (2°), this quadric locus 
is the bundle, counted double, of all planes through that point. 


Stu, u) = | aa* P. 


This squared equation has the merit of lacking the extraneous factors 


which occur in type (8), and is indeed of degree 14 in the codrdinates o1 


each of the seven given points, so that according to Sturm (Math. Annalen, 


1) it is free from all extraneous factors. 
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COMMON SOLUTIONS OF TWO SIMULTANEOUS 
PELL EQUATIONS. 


By A. Arwin. 


We shall in this brief paper discuss the two Pell equations 


—t=1, yf —32=1 (1) 


relative to their common integral solutions. That x = 3, y = 2,z = lis 
-uch a solution we see immediately, and ask then: Do other integral 
~olutions exist? 
To answer this question we subtract one of our equations from the 
other, and get 
x? — 3y? + 327 = 0. (2) 


very solution of this equation* may according to the general theory 
of numbers of the domain A(¥— 3) be written in the form 





x = 3pq, y = 3(3p* + 9°), z= + 3(3p* — @7), (3) 
where the double sign of z will be explained immediately. Introducing 
these values of y and z in (1) we get 

) 


q' _ 12 p-q° == 9p* = — we (4) 


| The solutions of the second equation (1) are given by the equation 





y + zV¥3) = (2 + V3)’. (5) 
If r = 0 (mod 3) were possible, then z = 0 (mod 3), and hence from (3) 
q 0. This, however, contradicts equation (4). 
When r = 3s; + 1 we have 
y + 2V3 = (2 + V3)3t, 
(2 — V3)(y + 2V3) = (2 + V3)™, (6) 
(Qy — 32) + V3(2z — y) = (2 + VS), 
or 
92 —y — (z + y) = 0 (mod 3) 


from which follows that the sign + must be used in the value for z in 
When r = 3s. — 1 it follows in the same way that the 


equation (3). 
Both of these cases satisfy equation (4). 


sign — must be used. 


+e > a Anata a 


* See for example Bachmann, P., Niedere Zahlentheorie, vol. I], p. 456. 


307 









































30S A. ARWIN. 


Upon a closer examination of (4) we find in the first place that in the 
number domain A(¥V3) it may be factored as follows: 


~I 


(q> — Op? + 3V3 p*)(g? — 6p? — 3V3 p*) = (— 2). ( 
From 


gq’ — Op? + 3VN3 p*) = (¢q — V8 y2 — V3 p)(¢+ V38y2 — V3 p) (8) 


follows then its final division into factors in the number domain 


K(y2 — v3), which is a relative domain of A(¥V3) constructed on the 
unity 2 — V3. This is a Galois domain which, on account of the relations 
y2 + V3 — y2 — V3 = V2, 2 + V3 + y2 — V3 = V6, (9) 


is identical with the domain A(v2, V3) constructed from A(v2) and 
K( v3). Its defining equation may be written in the form 

x! — 4x7 +1 =0, (10) 
and a base is given in 1, V3, y2 — ¥3, ¥342 — v3, which leads to the 
discriminant d = 2°-3° of the domain. To decide on the number of ideal 
classes in K(y2 — ¥3) it is only necessary to examine the ideals whose 


, 4! 4 ; . 
norm* is < re Vd = 5>1.e., the two prime numbers 2 and 3. 


In A( V3) we have 
2) = (V8 + 1)(vV3 — 1), 3) = (WV3)( V3), 11) 
where the parentheses indicate that there is a question of division into 


ideals. In A(y2 — V3) we have 





V3 — 1) = (1 — y2 — V3)(1 + V2 — v3) 
from which we conclude that only one ideal class exists, which is the 
principal ideal class. From the ideal equation 
— 2) = (1 — V3 y2 — V3)(1 + V3.2 — V3) 
X (y2 — V3 — V3)(y2 — V3 4+ V3) 
follows on account of (7) and (8) a number identity of one of the two 
types: 


[1 — ¥38y42—- V3 ]Em + moV3 + (ny + nzV3).2 — v3] 
[q - pv3 V2— v3] 
or (12) 


(1 — VW3y2 — V3 JL m, + mV3 + (ny + noV3)2 — v3] 
[qy2 — V3 — pv3], 


* Minkowski, H., Diophantische Approximationen, 1907, Theorem LIX, page 185. 
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where the expression in the second parenthesis represents a unit in 
Kiy2— V3), and m,, m2, ny, m2, p and q are rational integers. From 
the general theory of number domains* we know of the existence in 
A(y2 — V3) of three so-called fundamental units €,, €, and €s, which 
have the property that every other unit £ in K(y2 — V3) may be written 
in the form: 


E = + €;"e."e,’, (13) 


n, and r being integers. In the case of K ,2 — V3) we may for 
example take €, = 42+ V3, e = 1+ V2, 6 = ¥34+ V2, and have 
then 
Ih t (y2 + V3)"(1 + V2)"(V3 + V2)"(A + Bv3) 3) 

y : 0) 
x (M+ Nv2)(P + Qv6), 
where the exponents 71, 72, 73 independently of each other may take the 
values 0 or 1, and for which the equations 


A? — 3B? = 1, M? — 2N? = 1, P? — 64 = 1, (14) 


are satisfied. We have the following relations: 


24+ VBP = 24 V3 = [24+ 42 - V3] -— y2 - V3], 


V38+ V2 PRP =5+4+ 2v6 = (24+ 42+ V3)[2 + y2 — v3], 
t 72 2 1. OvV/9 r 
1+ v2P = 3+ 2v2 = [ 
1+ v2][v3 + v2] 
r , ‘ , ’ ») > os. ore? 4 ») ‘ 
2+ 73+ [v6 + v2] = 24+ V3.2 + ¥2 4+ V3], 


2 + 2 + v3 [2 — 2 — v3], (15) 


Ju 


which are not without importance. 
From (12) the following system of equations is obtained: 


L-m, + O-ms + 3n, — On» = q(1) or Q(2) 
Q-m, + 1-m. — 2n; + 3n2 = 0) “ —p (16) 
O-m, — 3mo + lenny + O-n = 0 ™ q 
— 1l-m, + 0-m. + 0-n, + 1-m = —p 0 


that is to say in ease (1) 


5a — 3p ; a @¢=— DP = 2 _ we 2 
m, = { 7 r, M. = 3: ! “ Ey nN, = 9- =e ma ea 
or the two relations: 
n,; = 3mMo, SNe = dmMo, (17) 


. Hilbert, D.. ‘Die Theorie der algebraischen Zahlkorper,” Ber. der Deutsch. Math.-Verein., 


IS97, p. 214, Theorem 47. 
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and in case (2) 


97 — 3p q — Sp _» @— op q — 3p 
m=3 - , Mm, = =] , nm, =5- 5 , No 3: = ; 
or 
Ns = ™, on, = Om). (18) 
Furthermore we have 
[m2 + 3m? — 2ny? — Gn? + Bryne P 
— 3[ 2mm, — 4nynz + ny? + 3n2P = 1. 
‘ - i 
By comparing the coefficients mj, m2, m;, and ny in i 
. S ' 
' ‘ ‘ ‘ ‘ 3 
m, + m2,V38 + [ni + no vB ]y2 — v3 (19) : 
§ 
with those in (13’) we obtain the former expressed as functions of A, B, i 
M,N, P, and Q. The different combinations 7), m2, 73 = 0 or 1 must in 
this connection be treated separately. In the systems of equations (14) 
and (17) or (14) and (18) we have thus five equations with six unknown 
quantities. The purpose of this paper is now to show how a sixth inde- 
pendent relation may be found, by means of which an algebraic equation 





in one of the quantities A, B, ete., is obtained, and which equation we then 
shall have to examine only with reference to possible integral solutions. 
We shall in the following deal only with the case 7; = ns = n3 = 0. When 


RENT ae 


we perform the substitution (+3; — v3) on FE we find that on account of . | 
(9) \6 remains unchanged, while v2 changes into v— 2, and a unit £, | 
results which has the form: P| 
E, = + (y2 — v3)"(1 — v2)"(— 1)"( v3 + 2)" ; 
x (A — Bv3)(M — Nv2)(P + Q6), : 
1.€., 7} 
E-E, = (— 1)"*"(5 + 2+.6)"(P + Q V6)2. (20) 


If the same substitution is performed on (19), and if the values m, = a, 
m, = 38, ny = 98, no = 58 are introduced, we get 


E-E, = (a? — 218?) + v6(4a8 — 188°); 





eT en 





that is to say, when only the case n; = ne = 3 = O 
P? + 6Q? = a? — 218’, P? — 6Q? = 1 
is considered, we get 
2P? = ao? — 216? + 1 
or 
6P? = 3m,? — 7m2 + 3. 








Dhaai at cinwigh 
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If the substitution (y2 — +3; — V2 — v3) is used, v6 changes into 
\6, v2 into — »%2, while v3 remains unchanged. Hence, 


E-E, = (— 1)"*"(2 + 13)"(4 +B ¥3)?, 
E-E. = (a? — 15~?) + V3(6as — 243°), 


A? + 3B? = 0? — 1562, A? — 3B? =1, 


~— sia 5 eb iat ae ee (21’’) 
2A? = ao’? — 158? + 1, 6. ° = 3m, — 5m? + 3. 
The two substitutions (v3; — +3) and (y2— v3; —y2—- 43) 
used simultaneously give us 
EE; = (— 1)"*"(3 + 2v2)"(M + Nv2)?2, 
E'- Es = (a? — 338") + v2(6a8 — 368°), 
6M = 3m,? — 11m.? + 3. (21°"") 


eliminating m, and m, from the three equations (21’), (21’’), and 
21") we get 
3P? — 2A? = M;? (22) 
which for ease (1), in which 9; = ne = nz = 0, gives us the sixth inde- 
pendent equation. To show that this really is the case, we eliminate the 
tour variables B, M, N, and Q, and obtain the two equations: 


114° — 48A°P? + 324° + 132A'P! — 6OA'P? — 64A! — 72A°P® 


PRY: on (23’) 
— 24A°P! + 144A4°P? — OP* + 54P§ — 81P*'=0, © 
and 
1A*P® — 64A'PS + SOA‘P! + 96ASP? — 14448 + 8ASP® 
+ 272A°P® — 376A°P* + 96A°P? — 144A® + 32A'P — 28A'PS (24’) 


+ 9O5A41P* — 19244P? — 36A' — 36A°P — S28A2P% + 972.42P3 

+ 324A4°P? — SIP* + 486P* — 729P* = 0. 

From (23’) we see then in the first place that no factor can be found which 

is independent of A. Furthermore, if (23’) were reducible, it must remain 

<o for any arbitrary value of P2, for example for P? = — 1. For this 
value of P? (23') may be reduced to the form 


A’ — 20A% — 32A! + 24A? + 36 = O, (23’’) 
which by a simple discussion may be shown to be irreducible. For the 
same value P? = — 1 of P we obtain from (24’) the equation 

25A8 + 220A% — 128A‘ — 360A? + 324 = 0 (24”’) 


from which it is seen that (23’) and (24’) really are distinct equations, and 
that the elimination from these of, for example, P? will lead to the desired 
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algebraic equation in A*. This equation must then be discussed for 
possible integral solutions, which in the first place must satisfy equations 
14). Finally we may easily verify that (23’) and (24’) are indeed satis- 
fied by A? = P? = 1, which give us the already known solution p = q = 1. 
In this way every combination 1, 72, 73 = 0 or 1 must be tried in the 
two cases (1) and (2). Thus we find that our problem is completely 
solved by a finite number of purely algebraic operations. It is possible 
that a discussion of (22), (14), and (17) with reference only to divisibility 
would show that no other solution than the one mentioned could exist, 
and that thus in this special case the long process of elimination could be 
obviated. A similar method may be applied on equations of the type 


ax! + 2br’y? + cy’ = A, 
where a, 6, c, and A are given integers, whenever the ultimate relative 
domain is a Galois domain, as in the above example. 


LUND, 
SWEDEN, 
October, 1920. 
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ON THE COMPLETE INDEPENDENCE OF HURWITZ’S POSTU- 
LATES FOR ABELIAN GROUPS AND FIELDS.* 


By B. A. BERNSTEIN 


In these Annals, in 1913, Hurwitz presented sets of postulates for 
belian groups and fields—three for abelian groups (finite, denumerably 
finite, and non-denumerably infinite) and three for corresponding fields.7 

(he chief characteristics of each of these sets are the simplicity of the 
tutements, the small number of postulates used, and the elegance of the 
vstems establishing (ordinary) independence.{ The object of this paper 
- to consider for these admirable sets of postulates the question of complete 
ndependence,§ which question Professor Hurwitz left untouched. 

Hurwitz’s postulates. Hurwitz’s postulates are found among the 
Jlowing eight conditions on a class A and two binary operations @, ©. 

A,) If a, b, «c a @b, ¢« Sb, and a @(e @b) belong to A, then 

b) @c=a lc @b). 

A.) If a and 6 belong to A, then there is an element x of A such that 
b. 
If a. b. ce a bcOb, andaod(codb belong to A, then 


a * 
M, 
(l h ga qt C¢ h . 

M,) Ifaand b belong to A, anda © a # a, there is an element x of A 
~uch that a r=h. 

D If a. b, S&S & & bh, @ ©) ¢, b @ Cc, (@ & h Blade belong to kK, 
then a bh @ cc) : ac b) @(a Oe). 

\,,) AK contains n (> 1) elements. 

\’) K is countably infinite. 

* Read before the San Francisco Section of the American Mathematical Society, October 
Jo, Feet. 

+W. A. Hurwitz, “Postulate-sets for abelian groups and fields,” these Annals (2), vol. 15 
191-3), p. 93. Compare his ** Note on the definition of an abelian group,” the Annals (2), vol. 8 
}w7 2 4 
for abelian groups and fields given by Hunting- 


I The postulates are based onsets of postulates 1 
’ Trans. 


See E. V. Huntington, “ Definitions of a field by sets of independent postulates, 
“Note on the definitions of abstract groups and fields 


\mer. Math. Soe., vol. 4 (1903), p. 31, and 
181. While re- 


sets of independent postulates,” Trans. Amer. Math. Soc., vol. 6 (1905), p. 
ining the elegance of Huntington's postulates, Hurwitz reduces their number by one for abelian 
vroups and by two for fields. . . 
§ Professor I. H. Moore first proposed the problem of complete independence ot a set ot 
postulates. See his “Introduction to a form of general analysis,” New Haven Mathematical 
On the significance of the question of complete inde- 
1917), p. 278 


Colloquium, Yale University Press, p. S2. 


pendence of postulates see also EB. V. Huntington, Bull. Amer. Math. Soe., vol. 23 
ind J. 8S. Taylor, Bull. Amer. Math. Soe., vol. 26 (1920), p. 149, footnote. 


313 


’ 











eerie eae y= a ee 



























314 B. A. BERNSTEIN. 


(\V’’) K has the cardinal number of the continuum. 
Let G,, G’, G”, F,, F’, F’’ denote the sets taken from the above 
‘matrix’’ as follows: 


G.: (Ay), (42), (5), 
tr: (A), (Aa), (N’), 
G": (A;), (Az), (N”), 
Fn: (A;), (As), (M,), (M-), (D), (N;), 
F’: (A), (Az), (M;), (M2), (D), (N’), 
F’’: (Ay), (Ae), (M1), (M2), (D), (N”). 


, 


Hurwitz proves that G,, G’, G” form sets of independent postulates for 
abelian groups having respectively n elements, a counta.:e infinity of 
elements, and elements whose cardinal number is that of the continuum; 
and he proves that F’,,* F’, F”’ form sets of independent postulates for 
corresponding fields. 

Complete independence. The question of complete independence of 
the postulate-sets is answered by the following 

THEOREM. Postulate-sets F', F’'’, G', G’, G, (n> 1) are each com- 
pletely independent; postulate-set F,, is completely independent when, and 
only when, n exceeds 2 and is a power of a prime. 

To prove the complete independence of F’ we take for systems having 
the characters (++++++) systems 1-32 in Table A below. By 
taking for A in this table the class of reals, instead of the class of rationals, 
we obtain systems, 1’—32’, having the characters (+++++-). 

That set F”’ is completely independent is seen from the fact that, with 
respect to F’’, systems 1-32 have the characters (+++++-—), while 
systems '’—32’ have the characters (++++++). 

Since G’ is included in F’ and G” in F’’, postulate-sets G’, G” are each 
completely independent. 

Proof-systems showing the complete independence of G, are systems 
1, 5, 6, 16,+ together with the systems obtained from 4, 5, 6, 16* by re- 
placing (1) the class of rationals by the class of n integers 0, 1, +--+, — 1 

n > 1) and (2) the operation a + b (in 4) by the operation a + b mod n. 

In order to see that F,, is completely independent for every integer 
n > 2 and a power of a prime, we observe (1) that with respect to /’, 
systems 1-32 of Table A have the characters (+++++-—); (2) that 
the Galois field of order n = q*, q prime and n > 2, gives the character 
(++++++); and (3) that systems 2-32 will have the remaining 31 
of the 32 characters (+++++ ++) if in these systems we replace (1) the 





* When x is a power of a prime. 
7 As far as K, & are concerned. 
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class of rationals by the class of n integers 0, 1 


, power of a prime) and (2) the operation a + b by a + b mod n. 


TABLE A. 








Systems Having THe Cuaracters (+ + + + + +) For F’. 
. 
Character. K. a @h. a@® hb. 
l ++ +++ 4 Rationals at+h ah 
v4 a-+ a- h 
a } 0 
t a i) 4 
a a+h 
( h, } a+b 
7 a h 1 
s e+ 6 }, + ] 
" - () a+h 
() , 0 
except: 260 = 1 i except: 10O1= 1 
2G1=0 | 
] a y ! h 
except: 1 Oa =0 
i 0) () 
i) h+1 y 
14 () } 
Ke hy h 
’ G | 
exe ‘pt a a a 
{) l l 
] Q =V 
‘7 ar 1 
1S : () I 
: 9 » + | 1 
i ") 0) h+1 
f ] 1, a) 
' except: 2 0 1 except: 2 ©0=1 
y ] 0) 
F » ) a+ h 
% excep ] ) 1 
& D3 Ms 0 0 
F except: OC 1 =] 
t 24 bh+1 b ; 
E except:0 Oa = y* 
; » 1 l 
: " except .. c 0) 0 , : 
= 0 a+ 1 hake 
x to i 
; ~ except: 001=0 i ; 
z My ” 0 0) Leret eT : 
3 except: 0 os 0 l py $ 
; () = ly h j i e 
& except: ] 7 1 ) except: 1 1 0 al | > 
| " 0 h l { ' > 
except O«¢ oO = ] (it ; { 
7 \ 4 a a+1 4 | : 
‘ 
: ] ‘ 
Finally, F,, is not completely independent when n is other than a rit 5 
. i . oe We a ig) 5 
power of a prime, or when n 2 bheeause (1) there exists no field for | i 
* Not an element of kK. 
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This completes the proof of our theorem. 


If we only wish to prove the complete independence of sets F’, F', 


, systems 1° 


systems 1-32 above. 


be 


SYSTEMS 


UNIVERSITY OF 


C 


kK. 


Rationalst 


ALIFORNIA, 


October, 1921. 


* If 0, 1 be the 


tisfied is: 


, respectively 


aah 


Of these, svstem (4) 


l ikewise the only possibility fora © bh in order that both (WV 


(4) 


] 


two elements of 


(1) 


0 1 iss) 

’ 
0 1] 0 
0 | J 
h, a hry 


is the only 


one 


TABLE B. 


HAVING THE CHARACTERS 


( hoice 


K, the only 


10d 2, at+h 


which 


positive, negative, and zero. 


contradicts 


32° of Table B below will be found more simple than 


FoR FF’ 


we have for a @ b so that postulate (A> 


t+ J mod 2. 


(D), 
contradicted. 


] mod “dl h 


both (4,) and 
) and (D) be 


Svstem (4) 1s 


Sut il 


ve taken for both a @ b and a © b, postulate ()) will be satisfied. 
+ All the rationals 
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ON POWER SERIES WITH POSITIVE REAL PART IN THE UNIT 
CIRCLE.* 


By T. H. Gronwate. 


1. Introduction. Let ¢{z) be a power series convergent for z < 1 
and such that M¢(z) = 0 in the unit circle. Since the real part of a 
funetion holomorphic in the unit circle cannot have a minimum inside the 
circle without being a constant, it follows that MNe¢(z) > 0 for z < 1 
unless ¢(z) is a purely imaginary constant. Disregarding this trivial 
ense, it is seen that multiplying ¢(z) by a positive constant, we may make 
WelO) }, and subtracting a purely imaginary constant, we may there- 


fore assume ¢(z) to be of the form 


The following question now arises: what conditions must the constants 
(yj, dy, +++, a, satisfy in order that there shall exist a ¢(z) of the form (1), 
convergent for z < 1, having the given constants as its first n coefficients, 
and such that R¢(z) > 0 for z <1? It has been shown by Carathé- 
odory,t by methods belonging to Minkowski’s theory of convex solids, 
that all ay, a2, «++, a, With the required property are interior to or on the 
boundary of a certain convex solid K,,t and may be uniquely represented 
in parametric form by 

4 a, = vyew*™! + Asew "2 H+ eee + Ane “want (y = 1,2, ---, n) 


where the a’s lie between 0 and 27 (inel.), the \’s are positive or zero, and 


Ai trArct ers $A <1 


for points interior to A, but 


Mi trot --- +A, = 1 


when the point ay, (lo, i <e Ga is on the boundary of . In the latter 


Sat : 7 9 
* Read before the American Mathematical Society, September 7, 1921. | 
+“(ber den Variabilitiitsbereich der Koeffizienten von Potenzreihen, die gegebene Werte 
nicht annehmen.”’ Math. Annalen, vol. 64 (1907), pp. 95 115, and “Uber den \ ariabilitiitsbereich 
der Fourier’schen Konstanten von positiven harmonischen Funktionen,” Rendiconti del Circolo 
Muatematico di Palermo, vol. 32 (1911), pp. 1938-217. . . 
t That is, writing a> Ty + rng (Vv 1, 2, «++, n), the points of rectangular coérdinates 
+ ili s, ae % o ; ’ ’ 
T2n form a convex solid in Euclidean 2n-space. 


Siz 


=a 
—_- 
—* 






a ee | Se et ee Aes | ere 


ee ae eee 






- 
Sh tanned 1 oe 


= , 
i; 
with ee 




















ols T. H. GRONWALL. 


case, ¢(z) is uniquely determined by the coefficients a,, a2, ---, a,, and 
has the form : 


1 eu! 7” - | em! Jk 2 1 et! =} ed 
9 fa _— ee , Te = 
(.>) yz) = 5 Mt at cae = 5 No coat mange -+- + 5 Mn etn —— 


(where \, 20, A. 2 O, ---, A, DO and dA; +A. +--- +A, = 1). 
The convex solid A, may also be defined by algebraic inequalities 


involving @;, ds, ---, a, and their conjugates 4), @, ---, @,, as was shown 
by Toeplitz* and Fischer? through the consideration of certain definite 
Hermitian forms. Writing D, = 1 and 

] ay As -e sm 

i, 1 ay ae oP 
4) D,, = D,,(a, Go, -**, Am) = | as ay io Wes 


ln Geese Gale «25 ] 


for m = 1, 2, ---, n, the necessary and sufficient condition that a, do, 
, a, shall be interior to A, is 


5) D>0 D,>O0. D, > 0, pshiee hi +e 
while for a point on the boundary of A, it is necessary and sufficient 
that there shall exist a /, where 1 = & = n, such that 


The preceding results were also obtained independently by F. Riesz.t 

It is the purpose of the present paper to prove all these results by the 
most elementary function theoretic means, the method of treatment 
resembling closely that of a preceding paper by the writer$ dealing with 
a similar problem first solved by Carathéodory and Fejér. The central 
part of the argument consists in the combination of the process of com- 
plete induction with Schwarz’ lemma, and thus furnishes a new and not 
uninteresting example of the fundamental importance of the latter in 
the theory of functions of a complex variable. 

2. The pointset A, and its correspondence with A,,_;. We begin by 
recalling some familiar definitions. A sequence of n complex numbers 
(), M2, +++, a, is called a point (all a’s are assumed to be finite). The 

*«(Uber die Fourier’sche Entwickelung positiver Funktionen,” Rendiconti del Circolo 
Matematico di Palermo, vol. 32 (1911), pp. 191-192. 

+ * Uber das Carathéodory’ sche Problem, Potenzreihen mit positivem reellen Teil betreffend,” 
ibid., pp. 240-256. 


+ 6 


‘Sur certains svstémes singuliers d'équations intégrales,” Annales de I’Ecole Normale, 


r. 3, vol. 28 (1911), pp. 33-62 
§ “On the maximum modulus of an analytic function,” these ANNALS, ser. 2, vol. 16 (1914), 


pp. ¢7-S1. 
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cighborhood ¢« of a point a), a:, ---, a, consists of all points ay’, a» 
-. a, such that 


/ 


a, —a, <<. Qs’ — Ao <e€, 


/ 


te a, ~— &, 1 < € 


Consider any point set P?. A boundary point of P is any point such 
that every neighborhood ¢€ of this point contains a point belonging to P 
ud also a point not belonging to P; the boundary point itself may or 
ay not belong to P. To every point not on the boundary of P there 
consequently exists an e such that the neighborhood ¢ of this point con- 
-ists either of points all belonging to P or of points none of which belongs 


»}P. In the former case, the point is said to be interior to P, and in the 

f atter case, exterior to P. It follows that an interior point belongs to P, 

i vhile an exterior point does not. 

k We now define A,, as the set of all points a;, a2, ---, a, such that there 

; eXists a power series ¢(z) = + a2 + doz? + +--+: ta,z" +--+ eon- 

. vergent and with positive real part for z <1. Any such ¢(z) is said 

é to be associated with the point a), ds, «++, dy. 

: Then A, contains interior points, forassuming a; < 12n, ay'< 1,2n; 

E a, <1 2n, the point a), do, ---, a, belongs to A,, since the poly- 
nomial g(z) = } + ayz + az? + +--+ + a,2" has the required properties 
on account of 8(a,2") = -— az” > — 12n for z < landy = 1,2,---,n. 
(Consequently, any point a), do, «++, @, Where a; < 1l4n, a. < 1/4n, 


a, <14n has a neighborhood 1/4n containing only points of K,, 
which proves our statement. 
We shall now perform a sequence of transformations which will 
finally lead to a correspondence between A, and AK, 1. First, consider 
associated with a point of A,,; then ¢(z) + } does not vanish for 


|, its real part being greater than }, and consequently 


. ~ 


a a ae etal iN a Ue Ue ieee ee Yo tn to, aaa 





fi. _. # 
om 2 v & ” es ' 
‘ J Z 1 = 1,2 T 
oa z i 2 
' ~ holomorphic for z < 1; moreover, the identity 
& 
1 — f ? 1 — ff 
oe = = gq=- ; og Tr & a 2MNe 
: ‘ se. "= 7 5 -iiiet+h) lo+ él? 
-hows that (f(z) < 1 for 'z < 1sinece R¢(z) > 0. Conversely, (7) gives 
i 
3 11 + f(z) 
F ‘) tal 2) = = , 
21 — f(z) 


and from (8) and (9) we obtain 
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From (9) and (10) it follows that, for any f(z) holomorphic and less than 
unity in absolute value for z < 1, (9) defines a ¢(z) holomorphic and 
< 


with positive real part for 2 1, and if f(0) = 0, so that f(z) = a,z 


+ .--, then ¢(z) = 3 + a,z + 
Now let f(z) = a,z + --- be any function vanishing at the origin, and 
holomorphie and less than unity in absolute value for .z)< 1. Writing 
1. , 
(11) giz) = --f(z) =a, + 


it follows from Schwarz’ lemma that 


(12) g(z)| = 1 for i <4, 
and, if g(z) = 1 for a value of z inside the unit circle, then g(z) is con- 
stant = a,, where a; = 1. Conversely, any function g(z) holomorphic 


and less than or equal to unity in absolute value for z < 1 defines an 
<1for z <1. Thus 


f(z) = zg(z) holomorphic for z <1, and f(z 
we always have 


(13) @,| = I. 

It now follows that the point set A, is defined by (13), so that its 
boundary points, given by a, = 1, belong to Ay, and that with any 
a, = e*' (0 =a < 27) on the boundary of A, there is associated one and 


only one ¢(z), namely 


1 e*! an 2 


(14) g(z) = . 
F gre —_— 


In fact, consider any ¢g(z) = 3 + a,z + --- holomorphic and of positive 


real part for z < 1; then (7) and (11) define a g(z) = a, + --- satisfying 
(12), and making z = 0 in (12), we obtain (13). Conversely, taking any 
a, such that a, = 1, and making g(z) = ay, (12) is satisfied, and (11) and 
(9) give 

. 11 a2 
(15) g(z) = +* 

21 — a,z 
as one of the functions satisfying all the conditions imposed on ¢(z). 
Moreover, when a; = 1, g(z) is uniquely determined and equals aj, so 


ay 


that (15) is the only ¢g-function possible, and writing a, = e we ob- 
tain (14). 
Now assume a, <1, then it follows from what precedes that (12) 


takes the form 


(12’) 


giz); <1 for |< 1. 
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Writing | 
P Q(z) —a 
It Jilz) = as 5 
1 — y4q(2Z) 
we have a@g(z) <1 for ('z < 1, so that f,(z) is holomorphie for |z! < 1, 


and f,(0) = 0; moreover, the identity 
7 1 —if,|? = 1 oe Meal. Bis a,|2)(1 — q\*) 
l—ag l—ag l — ag? 


~hows that 
IS filz) <1 for £1 4. 


Conversely, to any f;(z) holomorphic and less than unity in absolute 
value for z <1, and vanishing at the origin, there corresponds a g(z) 
obtained from (16) 


f,(z) + (; 





19 giz) =° ses ; 
7 l + ay) 1(Z) , 

this g(z) is holomorphie for z < 1, g(0) = a;, and ‘g(z)' < 1 for 'z) < 1, 

as is seen by interchanging g and f; and replacing a, by — a, in (17). 


Finally, we write 


11 + fi(z) , o(z) — 
20) ¢gi(z) = A choot gm f(z) =~ 


21 — f(z) ; gi(z) + 


toi tole 


it follows from what has been said above in regard to ¢(z) and f(z) that 
when f; = bz + --+ is holomorphic and less than unity in absolute 
value for z <1, then ¢)(z) = } + bz + --- is holomorphic and has 
its real part positive for z < 1, and vice versa. 
We have thus proved that to every ¢(z) = 3 + a@2+ --- + 4,2" 
--+, holomorphic and with positive real part for z < 1, and such that | ) 
a, <1, there corresponds uniquely, by means of (7), (11), (16) and (20), | 
agi(z) = 4 + bz + --- + b,-12"71 + --- holomorphic and with positive 
real part for §z <1. Conversely, to a given ¢i(z) = 3+ bz+:-- hate | 
b,-,2z""! + +--+ holomorphic and with positive real part for jz) < 1, at 
and a given a, where a; < 1, there corresponds uniquely a ¢(z) = 3 
az + +--+ +a,z" + --- holomorphic and of positive real part for 
> <1. It will be necessary for the following to establish the general 


form of the relation between the coefficients a and b. From (19) and (20) 


Oo NE taney Py tm 


we find 
(1 4 a:;)01\2) — s(1 — Q)) 
g(z) = 


(1+ @)eilz) + 31 — @) 
a+ (1 + a,)biz + oes +L + a)bn12""' + °°: 
"i+ 14+a4)be+--- + (+ &)b,2* + --- 


ay t+ giz t+ gz? tor) tga" Fey 
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where 


g=(1- @,4)by, 
g, = (1 — © %)b, + G,(ay, a, 1, be, «++, by-1), 


for vy = 2, 3, ---, n — 1, where G, is a polynomial. From (9) and (11) 
it is seen that 
_ 11 4+ 2g(z) 


= 21 — 2g(z) 
- ll + ee + gi + ++: + 9,.2° + 
—21- Qy\Z — Gyz7 — ts — Gaz" — 
= 24 ayz4+ az? +--+ + a,z" + 7 


where az = gi + a.*, a, = g-1 + H.(ai, gi, geo, +++, G2) for v = 3, 4, 
--, n, H, being a polynomial. Substituting the expressions of the g's in 
terms of the b’s, we find 


21) ao = (1 — a,@;)b; + a,?, 
i a, = (1 — a,@,)b,_, + A,(a1, 4, by, be, + +>, b,_») 
for vy = 3, 4, ---, n, where A, is a polynomial. In a similar manner, we 
obtain from 
.. _ lg(z) —} py — oh oy CE = Ags) 
We Fle +4 we” 6 Si +a, = (11 + he) 


the formulas 


1 ‘ 
by = = ‘lo _— (l\~), 
] = a;ay 
22) 
] - 
b, = —— BB. (e,, Gi, Ge, Ge, ***; Gua) 
1 — a,a,)’ 
for v = 2, 3, ---,n — 1, where B, is a polynomial. 

We may now summarize the preceding results in the statement that 
the one-to-one correspondence between the points a;, a2, ---, a, for 
which a; # 1 and the points a), b;, be, ---, b,—; defined by (21) and (22) 
is such that when aj, a2, ---, a, belongs to A, then b;, bo, ---, b,—; belongs 
to A,_; and vice versa. Moreover (21) shows that the a's are bounded 
when this is the case with the b's (in the exceptional case a, = 1 it 
follows from (14) that a = 1, , a, = 1) so that A, is bounded 


when A,,_; is bounded, and since this is evidently the ease with A, defined 
by (13), we have the result that 

The point set K,, is bounded for every n. 

From the continuity of the polynomials contained in (21) and (22) it is 


seen that if a),, dy, +--+, Gn, and aj,,, dy,, +, bn-1,, correspond for 
w= 1,2, --- (a), ¥ 1), and if 
lima, = 4,(.4,, 41), lima, =a, ---, lima, = dn, 
Tee 
lim bi, = by, alii” lim Piiciicn = Oni, 
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then the points a), a2, ---, a, and aj, by, bo, «++, b,_) also correspond. 
\ssume that a subset of a1,, ---, @,, consists of points belonging to K,, 
and another subset of points not belonging to K,,, then the two correspond- 
ing subsets of bi,, b2,, +++, bs-1,, will and will not belong to K,_, re- 
spectively. Hence there corresponds to the boundary point aj, a2, «++, dy 
of A, (where a, < 1) the boundary point bj, be, ---, b,-, of K,-; and 
vice versa. Therefore interior points of A, and interior points of K,-1 
also correspond. 

We have shown before (see (13)) that all boundary points of K, 
belong to A,; assuming the same to be true of K,,_;, it is also true of K,. 
for to a boundary point of A, for which a; < 1 there corresponds a 
houndary point of A,_, having an associated function ¢;(z).. From this 
¢i(z) we form the corresponding ¢g(z) by means of (20), (19), (11) and (9), 
and this ¢(z) is associated with the boundary point of K, from which we 
started; this boundary point consequently belongs to A,. Now let 


a, = 1 and make a, = e~*‘, then ¢g(z) is uniquely determined by (14), 
and it follows that a, = e-*', ag = e7**', ---,a, = eis the only point 
belonging to A, for which a; = e~*‘. This point a), a2, ---, @, is moreover 


a boundary point, since in its neighborhood there are points where a; > 1 
and which therefore do not belong to A,. 

Hence K,, is a perfect point set. 

3. Determination of the boundary of K, and the corresponding 
functions ¢(z). It will now be shown that any point a), @:, +++, @, on 
the boundary of A, determines uniquely the associated ¢(z) which is of 


the form 


9 emf + 2 oe ee 41 af 4 2 
23 o(z) = $A, + 5d. +--+ + 5, ’ 
- emt = - "i rt =» - em! —;_" 


where the a’s are all different from each other and 
24) O=a,<2z, X1,>0, DA=1 (v=1,2,°°:,hk and 1 =k =n) 


and consequently, expanding both members of (23) in powers of 2, that 


4), Qo, «++, a, admit a unique parametric representation 

(25) a, = yer" sew es HAT ™ (vp = 1, 2, +>, M). 
Conversely, given any a’s and X's sat.sfying (24), the point a), dz, +++, Gn 
defined by (25) lies on the boundary of A, (and the associated function 
is (23)). Sinee. by the definition of A,, the point a), dz, +++, @m, where 
m <n, belongs to A,, when a, de, -, a, belongs to A,, the significance 
of the number k is clearly that a), dz, +++, @m 1s Interior to K,», form <k 
but on the boundary of A,, for & = m =n. 


All these statements have been proved for A,; now we assume them 
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to hold for A,_,; and prove them for A, as follows. Let ¢g(z) be associated 
with the point a), as, ---, a, on the boundary of K, where a,;) < 1 (when 

ad; = 1 our theorem is already proved by (14)); then the ¢;(z) derived 
from g(z) in the manner explained in the preceding paragraph corresponds 
to a point by, be, ---, b,-, on the boundary of A,_; and by hypothesis we 
therefore have 


Bt 4 r 
(26 a oe ee, gs OY Ke 1 on +s 
(20) Pe ee ay Me an ee ne = 


where all the 3’s are different and 


S=A<2e, « > G, > uw = 1, 
(y=1,2,----k —land1]=k—-1lZ=n- 1), 


moreover, this ¢:(z) is uniquely determined by 6, be, «++, ba-1, that is, 
according to (22), by a, a2, ---, a,. From (26), (20), (19), (11) and (9) 
it follows that ¢(z) is a rational function of degree not exceeding k, and is 
uniquely determined by a,, as, +--+, dy. 

Let ¢:(z) be the conjugate of ¢;(z), so that 


Bit 4 


os “ls + 2 — ¢ “+ 2 
¢i(Z) = oh 24 — eo a Bae 1 P - 
er — Z Gre ae g 
from 
Li 
ev +s § 
Bi oe 
é —2z l 
_— & 


it follows that 


_— l 
(27) gilz) = - (3) 


and from (20), (19), (11) and (9) successively 


f,(z2) = ’ 
ni(3) 
g(z) = I 
(') 
(28) I\- 
j(z2) = | 


l 
¢\Z) == - (5) 
.«& 


* The connection of all these equations with Sehwarz’ principle of reflexion is obvious. 
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(his last equation shows that to a pole z of ¢(z) inside the unit circle 
here corresponds a pole 1 z outside the circle and vice versa, but. by 
vpothesis, ¢(z) is holomorphie for z < 1, and consequently all its poles 
eon the unit cirele. Let e* be one of these poles; in its neighborhood 


we have the expansion 


ea | pa yy al Z - ” l al 
l we r ff . © ay + Z > = 
(ere) +X (GLY + tae Dts Pe 09 
¢ — €'—-zZ € -—2Z 


> 
~ “ a 


vhere X # O and P contains positive powers only. Now make 


z2=e""(l — pe”), 
then 2 =]— 2p cos 6 + p* so thet ie! < 1 for : Bee sak : _ 
and 0 < p < 2 sin e, where ¢ is as small as we please. Writing \ = Xd e%, 
()- y < 2x, the preceding expansion gives 
‘nr 
gl 2 = nN ¢ : = a 
p" 
and since Rg(z) > Ofor z < 1, it is necessary that cos (y — mé) = O for 
5 te 6= 5 — « that is, letting € approach zero, 
cos (y — mai = 0 for _ > <= = 
When 6 varies in this interval of length 7, and m = 2, then y — mé@ varies 
over more than z, so that cos (y — m@é) < 0 for some value of @ in the 
interval. Hence m 1, and y — @ varies over an interval of length 7, 


which must coincide with the interval where the cosine is positive, that 
ix, the interval from — ~ to =, and consequently y = 0. Hence X is 


‘is simple, and since ¢(z) is of degree = k, the number 


positive, the pole 


A eo" a a 
[.? 7 4 , - 1 - an 
I’ of a’s cannot exceed k, and consequently ¢(z) — >> 3A, =;—— has no 
l ie — a 
¥ Y a ~~ m —. 
poles and therefore equals a constant c. Now, by hypothesis, ¢(0) = >, 
ire 1 1 ' 1 
whence ¢( 2) = — } by (28); hence )03\, + ¢ = 3, — > 3%, te = 2) 
so that ¢ = 0, SoA, = 1, and 
k’ ae oe 
ew! + 2 
¥\z) = » 2A, ayt ~ . 
; ( — 


It remains to show that k’ = &. From the preceding expression for ¢(2 
we form g(z); using >A: = i. we find 
eu 4+ 7 k’ X 
».( apt nia 1) : 
A Nie yt 
ayt 
‘|. 


~ 


}(2) ly(z) — 3 ‘ é a .. 
Q\z = { ' x 
x 1 - a; = 
s »-( 2) + . Z ¢ ' = 
oY \e 2 r ( ~{. 1) — 
eu _——— ~ 
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so that the degree of g(z) does not exceed k’ — 1, and by (19) and (20), 
the degree & — 1 of ¢:(z) does not exceed k’ — 1, or k =k’. Since it 
was shown before that k’ = k, it follows that 4’ = 4, and the first part 


of our theorem is proved. 
To prove the second part, viz., that any a’s and )’s satisfying (24) and 


substituted in (25) yield a point a), a2, ---, a, on the boundary of K,, 

at j 
; ¢ — & « °,e 

we note that since the real part of ,, is positive for z <1, the 
C — 2 

function (23), formed with any a’s and }’s satisfying (24), fulfills all the 

conditions imposed on ¢(z). Hence the corresponding @), @2, +++, Gn, 

given by (25), belongs to A,, and all that remains to be shown is that 

this point lies on the boundary of A,. We observe first that by (24) and 

(25) ‘a,  < 1 unless k = 1 and a, = 1, which case has been dealt with 


previously. From (23) and (24), (28) follows, and forming ¢(z) by means 
of (23), (9), (11), (19) and (20), it is seen that (27) is a consequence of 
(28). From (27), we conclude that to a pole z of ¢i(z) inside the unit 
circle there corresponds a pole 1 2 outside the circle and vice versa, but 
¢i(z) being holomorphic for z < 1, all its poles therefore lie on the unit 
circle. The real part of ¢;(z) being positive for z < 1, weconclude, by 
the reasoning previously applied to ¢(z), that all the poles are simple, 


that their number does not exceed k — 1 (since the degree of g(z) does not 
exceed / — 1), and that we have the expansion 
b’—1 ft 1» 
giz) = 2) Moe +e, 
1 ts 


where i’ =k, ¢ is a constant and all up, > 0. From the way ¢)(z) Is 
obtained from ¢(z) defined by (23), it follows that ¢)(0) = 3, ¢1(*) 
= —},s0 thatc = 0, Dou, = 1. Hence ¢;(z) is of the form (26), and 
since our theorem is assumed to be proved for A, —;, the point 61, be, 

, 6, -; to which ¢;(z) is associated, lies on the boundary of A,-:. From 
the correspondence between A, and A,_;, it now follows that a,, db», 

, @,—-, lies on the boundary of K,. 

4. Alternative proof of the results of the preceding paragraph. ‘The 
proof now to be presented is as simple as the preceding one and has the 


advantage of showing in addition that the poles e™‘, ---, e™* of ¢(z) on 
hand. and Bit B,-;4 ( ° B,t 1+ a 

one hand, and the poles ¢*', ---, e>* of ¢,(z) together with e = 14 
r ay 


on the other, separate each other on the unit circle (except in a limiting 
1 


case, where e* and e** coincide). Eliminating the intermediate func- 


tions from (9), (11), (19) and (20), we find 
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11 — a, — (1 —a))z 1+a,+ (1+ a,)z 
1) (2) 121 + a, — (1 “T G@1)Z 1+4a,-—(1+a))z°'* 
2 11 —4a,+(1—a,)z 
; “ee ; T $1lz) 
21 + a, — (1 7 Gz 


To prove the first part of our theorem, assume ¢(z) to be associated with 
4 point a, ds, ---, a, on the boundary of K, where |a,! < 1: it follows 
that ¢i(z) has the form (26), and consequently that (27) holds. Writing 


r ll—a,+(1—a),)z , 
lywi2z) = - = tT ¢1(2) 
21+ 4, —(l+a;,)z ’ 
it is seen from (27) that 
l 
viz) =¥(4), 
and consequently ¥(z) is real when z = 1. Making z = e®*®*, where 


# is sufficiently small, we now evidently have the following expansions 


] 
! Z = . — P HW 
y bi, 6 
—— ; 1+ 4 
when ce does not coincide with e%*! = as 
1 + ay 
—- la, !2 
y¥ Z = = ° — P f) 


] | a; . G 


when v = k and e**! does not coincide with any other e*; 


oes l1— a, , l (2) 
ve (u. 4 ot) is 


when @! (y < k) coincides with e%!. The coefficient of 1 @ being positive 


8 B.,t _B,t 
‘es Daa ai" 


in all three cases, it follows that, « é being arranged in 


order on the unit circle, the interval between two consecutive ones contains 
an odd number of zeros of ¥(z). Since the degree of ¥(z) is k — 1 or fk, 
according as ePat does or does not coincide with another Fr! where v < Dy 
it follows that each of these intervals, the number of which is & — 1 or 4, 


contains exactly one simple zero of ¥(z), and that this function has no 
a z - 1 B, 

other zeros. By (29), the poles of ¢g(z) are the & zeros of ¥(z) when e™ 
ae ; a 2 8 

does not coincide with anv other c®, but when this is the case, then e** 


is a simple pole of ¢(z), the other poles being the & — 1 zeros of ¥ 


>) 


Consequently 


~ 


_ > git By-i1 yA 

where emt _—s emi separate and are separated by ¢ , St 4 > < ’ 
° ° . B, : shia Aca > avi Say 

except when e® coincides with another e%, in which ease one e*", say 
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a,t 


separate and are separated 


e™ eoincides with e®! and the k — 1 other « 


by 6!) ---, ee", The proof that 5° A, = land c = Ois the same as in 

. I 

the preceding paragraph, and we may either use the method given there to 
a I 

show that all A, are positive, or we may use ¢(z) = — ¢ ( to show 


x,t 


that all \’s are real, and then make z = pe* and let p approach unity to 
conclude that A, > 0. 

To prove the second part of our theorem, we assume ¢(z) to be of 
the form (23) with given a’s and X’s satisfying (24). Then evidently 
28) is true. Compute the corresponding ¢i(z); we find from (29) 


4 aad ay —_ (] — Gs Zz ] — (ly a (1 — G2 ) 
= : _ a ¢ 
2() 121 + a, — 1+ a, Zz 1+ = (] + a;)z2 
(SU) ¥Gi\Z) = emer ; 
Fs 11+ 4, + (1 + a,)z 
g\z) — ~ 
21+ 4, — (1+ a))z 


Writing 


ll] + a, + 1 + a,)z 


f PS s 
Wile) = Qiej) = ae ’ 
21+ 4, —(l+aj))z 
it follows from (28) that ¥;(z) is real for z = 1. The degree of y;(z) is 
: ° But ] - 1} . . ° 
} or k + 1 according as e*' = does or does not coincide with any 
] — @s 
of the e*', and it is evident at once that ¥,;(z) = 0 for z = O and z = =, 
so that there remain k — 2 or k — 1 zeros respectively to be located. 
Making z = e'”*"', we have the expansions 
l 2 
¥i(z) = \A,--. + P(A) 
4 


x 


when e** does not coincide with e*, 


l 
¥il(z) = — (1 —\,)- + P(6) 
6 
when e** coincides with e&', and for z = e«°”! 
I ) 
yi(z) = — + P(@) 
9 
when e*' does not coincide with any e*'. Hence arranging e*", ---, e%* 


and e*' in order on the unit circle, obtaining & or k + 1 intervals according 
as there is coincidence or not, it follows that the two intervals adjacent to 
e*' contain an even number of zeros of ¥(z), the remaining k — 2 ork — 1 
intervals an odd number. But there were exactly k — 2 or k — 1 zeros 


to be located, and it follows that they are all simple and situated one in 
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ch of the intervals not adjacent to aa Now reasoning on the poles 


30) as before on those of (29), we find that ¢; z) has the form 


r-1 Fo | a 
Fa g : > 2 ba. —— 
= hC eZ 
th the separation of the e*‘ and the e' found previously: from (30 
is seen at once that ¢:(0) = 3, gy 2) = - 1 hence Yu, = 1, ¢ = 0. 


We prove as for ¢(z) that all u's are positive, and hence ¢, 2) has the form 
ZO), being therefore associated with a point b,, +++, 6, , On the boundary 
f A._;, and it finally follows that a,, a2, ---, a, is on the boundary of K,.. 

». Proof that A. is a convex solid, and parametric representation of its 


interior points. Let ¢:(z) and ¢2\z) be two functions associated with the 


olnts d;’, do’, ---, a,’ and a,”’, ao”, ---, a,’ both belonging to A.. The 
function ¢(z) = (1 — teil(z) + tgsiz) where 0 =t = 1 evidently is 
holomorphie and of positive real part for z <1, and ¢0) =}. Con- 
~equently, ¢{z) is associated with the point a,, a: ---, a@,, where a, 

1 — tha,’ + ta,”, so that this point also belongs to A,. Therefore 


A, is a convex point set, and being perfect, bounded, and containing a 2n- 
dimensional neighborhood of the origin as interior points, A, is a convex 
2n-dimensional solid according to Minkowski'’s definition. 


It is readily seen that when a,, as, ---, a, belongs to A,,, then fay, fay, 

-, fa, is an interior point for0 = ¢ < 1. In fact, there exists a neighbor- 
hood ¢ of the origin such that all its points belong to A,; to any point 
a;', do’, ---, a,’ such that a,’ — ta, < e1 —?t) for y = 1, 2, ---, n we 
adjoin another a,"’, a."’, ---, a,"’ by the equations a,) = (1 — fia,” + fa,. 
It follows that (1 — t) a,” = a,’ — ta, < 61 —f) or a,” < «, so that 
ay’, as’, +++, a,” belongs to K,, and consequently a,’, a2", +--+, @,° also 
belongs to A,,. since it lies on the segment joining a,”, a), ---, @,"’ and 
My, Qo, -++,a,. Thus the neighborhood (1 — te of tay, ta, ---, fa, belongs 
to K,, and tay, tas, ---, ta, is therefore an interior point. 

This result may also be expressed as follows: when a), @:, +++, @, Is a 


point interior to A,, but distinct from the origin, then there exists one and 


° ay Qo» a, — . 
only one t, where 0 < ¢ < 1, such that the point 7 ia is on the 


boundary of K,. By (25) and (24), this boundary point has the unique 


parametric representation 


, , *« —= » ese 
= ss hem + Reem tt es thee me y = I, Z, » Wt) 
t 
“~~ , — at . al | —- ] 
with 0 - "am Ir, all as different, A, > QO, > AX, = 1 (vy = l, 2, 2A 


and 1 =k<=n. Writing ,’ =.,, it is seen that the interior point 
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@;, dz, «++, a, has the unique parametric representation 
(25’) a, = Ayer! + New ees + ApEO™! (vy = 1, 2, ---, n) 
with the a’s all different and 
(24’) ¢sa<2r, w.>0, Fr <1 
(y=1,2,---,k and 1 =k =n). 


Making all \’s equal to zero, this result holds also for the origin. To 
prove that conversely the point defined by (25’), from given a’s and \’s 
satisfying (24’), is interior to A,, we remark that 


a;t | at ! a,t 
; eo + Zz er +2, ewe" + 2 
(23 ) giz) = Ly + Yh, + ae ess ee yn, ’ 
; - ~ “ss oe * p@et - at 
é “« ¢ “ ¢ & 
where Ay = 1—A,; — As — ++: —A > O, is evidently a ¢g-function 
associated with the point a), a2, ---, a, defined by (25’) which therefore 


belongs to A,. The point is an interior one, since if it were on the bound- 
ary, (23) would give ¢(z) uniquely and in the form 

nt « 4 oe 

gy) a hs Ss 2 

em! — 2 em’ — 2 
which cannot coincide with (23) unless m = k, a,’ = a,, \,’ = A, and 
consequently A» = 0 contrary to (24’). It should be noted that (23’) 
is not the only ¢(z) associated with the interior point a;, de, +++, An. 

6. The characterization of K, by algebraic inequalities involving 
@;, 42, +++, a, and their conjugates. These inequalities are already stated 
in (5) and (6), the D’s being defined by (4) and D) = 1. For n = 1, 
these inequalities reduce to D,; > 0 in the interior and D,; = 0 on the 
boundary of A,, and since (4) gives D,(a,;) = 1 — a,4, = 1 — a, 2, the 
desired result is obtained immediately by comparison with (13). From 
what has been said before regarding the correspondence between A, and 
K,,-;, it is obvious that the inequalities (5) and (6) follow in the general 
case by complete induction from the identity 


31) D,,(a1, dz, +++, Am) = (1 — aya,)"D» 1(b;, be, +--+, Dus), 


m=1,2, -+-,N, 


which we shall now proceed to prove. We begin by showing that when 


;, 42, +++, 4, 18 on the boundary of K,, then D,,(a,, a2, +++, Gm) = O for 
m =k, where k is the integer occurring in the parametric representation 
(25). In fact, by (25) and (24), the element in the pth column and qth 


row of the determinant (4) is seen at once to be 


3 


,(q—p)art 
Dy errant, 


9=1 





“oh eae ore 


nny eRe eS 


NONE A at i aapeteme 


PORTE NID 




















“EE Sapraberece 


FP IIL REE DOR DES NNT a3 mae 


Oe ee. Stas 


fi onl 


Re REET 








POWER SERIES IN THE UNIT CIRCLE. 


—— 
we 
— 


ind expanding the determinant in powers of the \’s, we find 


1,02, °° ¥m +1 = 1,2, 0,8 
since there are only k < m + 1 different a’s, any one of the determinants 
'o the right contains the same a, in two columns, sav the pth and rth, 

nd the latter column is obtained from the former by multiplication by 


a 


‘p‘, so that the determinant vanishes, and consequently 
2 D,(@\, Q2, +++, Am) = O for r=m sen 


vhen a), @2, +++, @, is on the boundary of K,,. 
Next, we observe that (31) is obtained at once by direct calculation 
the determinant (4) for m = 1 and m = 2, using the expression (21) 
for a. in the latter case. 
Now assume the inequalities (5) and (6) proved for Ay, Ke, «++, Kya, 
nd that the identity (31) holds for m = 1, 2, ---, n —1. Assume 
1 and that 5,, be, ---, b,-) satisfies D,—1(b;, bo, «++, b,-1) = 0 and 


the further conditions 


33) D,(b,)>0, D.(b;, 62) >0, ---, Da-slb;, be, ---, b,-2) > 0. 

Then b,, be, +++, by.) is on the boundary of A, —; (but by, bs, ---, by~» 
nterior to A, +) and consequently, calculating a2, ---, a, from (21), the 
point ay, de, , a, is on the boundary of A,, so that D,(a,, a2, +++, @n) 


0 by (32). In othe. words, taking arbitrary fixed values of 6, be, 
.b,-9 satisfving (33) and a variable b,_;, and calculating a), dz, +++, dy 


iy (21), then D,.(ay, ae, «+, a,) becomes a polynomial in the two variables 
and 4,_,, which vanishes whenever the polynomial in the same two 
variables D,_,(b,. be, +++, bao) vanishes. Consequently the former 


polynomial is divisible by the latter: 


4 D, Qs. Ge, *-*, 8; ) ; . 
° Baie, Go Big Gi, ~~ +5 Bane, Fn atly Ba--**; Bed 
where ¥ is a polynomial in 6,—, and i,_;. By (4), D, is linear in each 
of the two variables . and 4@,, the coefficient of a,4a, being — D, 0(Q1, Qa, 
- a,_«). hence using (21), we see that D,, is linear in each of the variables 
and +, ,, the coefficient of 5, h,-1 being — (1 - a,4,)°D,—2(a4, Qe, 

-, a,-0). The coefficient of 5 ibn. in D,-1(b;, be, -*-, b,1) being 
D,,3(b;, be, «++, b,—3), it follows from (34) that y cannot contain 


or 5,3, and comparing coefficients of b,—1/,-1 on both sides, it 1s 


een that 


= \e . ag. 2 Deel. 
| — a,qy) D, 9 Gi, (lo, es. ad, a} y D, 2 by, bo, , ( 3 
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By hypothesis, (31) is proved for m = n — 2, so that 
D,-2(a1, Qo, m9 %, Gaus) _— (1 — aa)" i, 3(0,, be, -++ Ob, s) 5 
i—2 1 2 


introducing this in the preceding equation and dividing by D,—3 which 


does not vanish by (33), we find y = (1 — a,a@,)" and (31) is proved for 
m =n (being an algebraic identity, it evidently also holds when the 


conditions (33) are not satisfied). The induction proof of the inequalities 
(5) and (6) is now complete. 
New York City, 
August 10, 1921. 
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ALGEBRAIC SURFACES, THEIR CYCLES AND INTEGRALS. 
A CORRECTION. 


By S. LEFSCHETz. 


1. In a paper under the same title (these Annals, vol. 21, 1920), whose 
notations shall be used here, I gave a treatment of the topology of alge- 
braic surfaces. My first object here is to call attention to two incorrect 
proofs kindly pointed out to me by J. W. Alexander. I then propose to 
vive analytical proofs in place of one of these. 

The defective proofs refer to two theorems on linear cycles, correct 
themselves, the second part of the theorem in No. 8 and the theorem in 
No. 9.—That the proofs could not hold was discovered by Alexander by 


‘ 


means of the ‘‘quasi-algebraic’’ manifold 


27> = xr(r — a)(x — b)(x — y); yi, jai, |\8| < 1: 

2 = r(x —aj)(rxr — DB) (« — ‘); y = 1, (% conjugate of y). 
This manifold behaves in many respects like an algebraic surface. How- 
ever its linear index R,; = 1, whereas by the reasoning of the paper (No. 
10), apparently applicable here, it should be even.—Modifications neces- 
sitated in the discussion have fortunately resulted in the discovery of new 
and very interesting properties. The whole question will be treated else- 
where at length in the near future.* Suffice to say for the present that 
the solution of the difficulties was found: (a) For No. 8 in a new proof 
involving the fact that the curve H, belongs to a linear system ? at 
least. (b) For No. 9 in a further study of the linear cycles of the curve 
based on the following added precision to the Picard theorem given in 
No. 11 regarding the behavior of a cycle T, of H, when y is near a criticai 
point a,: The increment of 1, when y turns around a, is equal to (T;6,) -4;. 
This seemingly unimportant point proved of the utmost value. 

2. Of the theorem in No. 8 there is a very simple analytical proof. 
The question is to show that if IT, is invariant and bounds on the surface 
so does its locus 13 when y varies. It suffices to show that I’, itself bounds 
on H,. Now it has been proved independently of our theorem (loc. cit., 
No. 15) that T';, zero cycle of the surface, is related by a homology to 
the vanishing cycles 6,. Hence all reduces to showing that an invariant 
sum of (6)’s bounds on H,. Let T', = >5 4.6; be such an invariant evcle. 
There is an integral of total differentials of the second kind with a period 
+ 1 relatively to [; (Picard). But its periods relatively to the (6)’s are 
all zero since these eycles are deformable into points of the surface. Hence 
the period relatively to IP must also vanish, a contradiction which proves 


the theorem. 
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